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HNPEAUCIIOBUE

DTa KHHMra 3akJabIBaeT MTPOYHbIK DyHIAMEHT ISl U3YUYeHMS MPAKTHYECKH BCEX
CMELHUANU3UPOBAHHLIX KYPCOB, YHTACMBIX B TEXHUYCCKHX BY3aX, YHUBEPCUTETaX U
akameMusx. Ee HerocpencrBeHHast Ueib — JaTh MaTeMaTHUCCKOe cOecredeHue st
COBPEMEHHbBIX KOMIBIOTEPHBIX U UH(POPMALIMOHHBIX TEXHOJOrMA. MaTtepuan KHUTH
cocTaBisieT 0a3y A1l TAKMX BaXKHEHILIMX HA CETOAHSIILHUHA AEHb Y3KO CNIELIUalu3upo-
BaHHBIX JMCUMIUIMH KakK «Teopernueckast uHpopmarukar, «MeToabl U aJrOPUTMbl
MIPUHATHS pellieHHI», «DYHKUHOHAAbLHOC M JIOTHUECKOE NPOorpaMMUpPOBaHHE»,
«CTPYKTYpBl U OPraHu3alus JaHHbIX 151 KOMIbIoTepoB», «KoHCTpyHpoBaHue npo-
rpaMM», «CUCTEMHBIN aHAJIN3 U MOJCNIUPOBaHUE», «Teoprst UCKYCCTBEHHOIO UHTE-
JIeKTa» U T.11. Bce 9T KypCeol AepKaTCs Ha Tpex KUTax — JIOTHKe, ajiredpe v rpadax. B
pe3yabTaTe CUCTEMATUUECKOTIO U J100OPOCOBECTHOrO U3y4YeHUsT Marepuaia YUTarelb
y3HaeT 6a30Bble MaTEMaTHUECKUE MOJEJIH U AITOPUTMbI, KOTOPBIE B AanbHeH1lieM Io-
3BOJIAT €MY NTPOPECCHUOHANBHO GOPMYJIUPOBATH U pElIaTh MHOXKECTBO 33/1a4 B KOHK-
PETHBIX 06J1aCTIX MHOOPMATHKU U BLIYUCTUTENbHON TEXHUKU. OH CMOXET ITPaMOTHO
IMPUMEHSATh NOJYYEHHbIC 3HAHUSA JJIsi aOCTPaAKTHOrO MPOEKTUPOBAHUS JIOTHUECKUX
CTPYKTYDP H BBIYHCIUTENbHBIX NpolieccoB Ha rpadax. KHura Aaet npeactTasieHUs O
HOBEMIIMX TeHACHIMSIX B PA3BUTHU MaTeMaTUYECKOTro HHCTpyMeHTapust. Ecau paiu
BLIOOp NMaJ Ha TOJydeHHe ACHCTBUTEILHO Cepbe3Horo obpa3oBaHus B 00JaCTH MH-
bopMaTUKU, BLIUUCAUTENLHONH TEXHUKHY U KOMMYHHKALIMOHHBIX CETEH, TO HACTOSI-
1Iasi KHUTA KAaK Pa3 U CJAYXKUT KPaeyrojibHblM KAMHEM TaKoro odpasoBaHus.

Aemop
1. JOI'MKA

1.0. BBenenue



Jloruky, KoTopas 31eCh U37araeTcst, MOXHO Ha3BaTh MO0 Popmansroi, TMOO mamema-
muyeckoi. V13-3a 1OoCNeHETO HA3BAH U1 UMTATE b BIIpaBe NOTPeOOBATh OT HAC aHanm3a
CJIIOXHBIX THOCEOIOTHYECKMX ITPo0JieM, A UMEHHO: PACKPLITUSI IIPUPO/IbI MATEMATHUYE-
CKOT0 IOKA3aTEIbCTBA ¥ PACCMOTPEHHS) BOITPOCOB B3aUMOOTHOILIEHMS IOTUKH C OCHO-
BAHMSAMM MaTeMaTHKK. Koe-uTo 00 9ToOM cKa3aHo byaeT, HO B 0011eM MBI HAMEPEHBI
3aHATBCS TOTUYCCKON «TeXHUKOM».

DopmasibHas JOTUKa ASJIUTCS Y HAC HA TPH nojapasaena: goeuky byas, aoeuky ewvi-
CKasbieanuil U aoeuky npeduramos. «Jlornka bysisi» OCHOBBIBACTCS] HA OMHOMWEHUU IK -
BUBANCHMHOCHMU, TIPU KOTOPOM TpaBasl HaCcTh PABEHCTBA BCETAa COAEPXKUT POBHO CTO-
JBKO XK€ «MCTHUHBI», CKOJILKO M jieBasi. CTPOro roBopsi, B 3TOM C/Iydae He ITPOUCXOIUT
TipupanieHy®e HOBOTo 3HaHus. [ Ba nocaeaywuiux nojgpasaena, «Jlornka BpiCKa3blBa-
Hul» 1 «Jloruka npeaukaTons», 0a3UPYIOTCS YXKE HA OMHOUWEeHUU NopAOKa, TIPH KOTO-
POM ITpaBasi YacTh BLIPAXKEHUSI (3aKAI04eHUe) CONEPXUT OONbLLIC «MCTUHDI», UEM JIeBast
{(nocviaku), T.€. <UCTHHHOCTL» 38KAI0UEHUS OKA3bIBAETCS BblilIe «ACTHHHOCTH» MTOChE-
JIOK, 0 YeM MOXHO CYAUTDb, B UACTHCCTH, 110 KOJHYECTBY eIMHUIL B mMabAuyax ucmuH-
Hocmu. MMeHHO 3TO 00CTOSITeIbCTBO, MO HallleMy MHEHMIO, CO3AAET cyOBeKmUEHbLI
sghexm o6vsichenus ¥ BHOCUT ACUMMETPUIO BO BCSIKOE 006eKmugHoe NPUMUHHO-CAe0-
CMBEHHOE OMHOWEHUE.,

C caMoro Hayasa Mbl 00pallacM BHUMAHUE HA KOHCIMPYKMUSHbLE U aKcuomMamuye-
CKUI TIONXObI B TOAYYEHUM KAaKoro-anbo 3HaHus. IepBhiii 13 3TUX [IOAXOTOB COCTO-
UT B TIOUCKE aAEKBATHOM KoHCmpyKkmusHoi Modeau. PonoHayanbHUKOM TAKOTO IMOJX0-
J1a MOXXHO CUMTATh HeMenkoro MblcauTens Jleitbnuna (1646--1716). B psaae ceux pa-
00T, NOCBSNIEHHBIX AOTHKE, OH HEM3MEHHO MBITAJCS PCAIM30BATh HICIO Pa3ICKEHHS
TOrO WYX UMHOTO NMOHATHS HA MPOCTbie cocTapsioiiue. IpuseneM ero riaBHyio Ue
TaK, KaK OHa U3j10KEHA B CAMOM Havyai¢c OJHOH M3 IePBhIX ero pador «BJIeMeHThl YHU~
BEPCA/ILHOTO xapamepa»‘:

[IpaBHUNO NOCTPOCHMS XapaKTCPOB CJIe1YIONICE: BCAKOMY TePMUHY (T.€. CYOLEeKTY WK Ipe-
ANKary IIpCJlJ'IO)KCHMH) MPHUITUCHIBACTCH KﬂKOC'-H]A6yHb YHCT0 IIpH COGJI}O}ICHI/II/I OOHOTIoO yCJio-
BUS — YTOOBI TEPMULY, COCTABAEIIHOMY M3 KAKUX-JIMOO APYTHUX TCPMUHOB, COOTBETCTBOBAJIO
YNCII0, 0OPA3OBAHHOE M3 YMCET 3THX TCPMIHOB, YMHOXKCHHBIX APYT Ha apyra. Hanmpumep, eciu
MPEACTABHUTD, U TO TCPMUIT «XKHUBOTHOC» BbIPpAXACTCH YHCIOM 2 (V]JH/I, B 6oJlec OGULCM BUAC, a),
TEPMHUH «pa3yMHOE» — yepe3 4ucao 3 (miu, B 6once obLeM BUAE, F), TO TEPMHUH «4EIOBEK» OYy-
JeT BBIPAXEH uepes wieao 2 x 3, 1.¢. 6, obpasopaliilioe M3 YMHOXEHHbBIX APYT Ha Apyra 2 u 3
(oo, B Gosce OOUICM BUIC, YHCIOM ar).

JleitGnuu I.B. Cou. B 4-x romax. T. 3. — M., 1934, ¢. 506.



JIelOHMLY HE yAaI0Ch HAWUTH MOAXOISALLYIO MaTeMaTHUECKYIO CTPYKTYpY, KOTopasi
OBl a7IEKBATHBIM 00Pa30M BOCITPOM3BOMN/IA JIOTUUECKHE COOTHOLLEHHSI; er0 «JIPaBmiIo
MIOCTPOCHUS XapaKTepOB» B CETOAHsILIHEH JIOTHKe He Hcnoiblyveresa. Ho ot camoro
KOHCTPYKTMBHOTO ITOIXO/ia COBpeMeHHbIE JIOTMKM He oTKasahuch. B kauecTBe gBHO
BBIPAXEHHBIX KOHCMPYKMO6 LTUPOKO UCTIONB3YIOTCS Mabaulybl UCMUHHOCMU K OUazpam-
Mot Dilnepa — Benna. 3aMeTHM, TIO~-HACTOSILIIEMY HOBOE 3HAHME B HAYKEe WIK B 00bIIeH-
HOM XHU3HM YeI0BEKA BO3ZHUKAET Oaronapst uHOyKyuu, Haxoasecsi B paMKax KOHCT-
PYKTHUBHOIO MOJX0/a, IIPHU 3TOM MBIC/Ab PAa3BUBAETCS OT YACTHOI'O K 00UIeMYy.

B nipoTHBOBEC K KOHCTPYKTHBHOMY BBICTYTIAET aKkcuomamuveckuii nomxon. OH yxe
OTHOCHUTCS K Oe0yKmuUeHOMYy METOAY 10KA3aTe/bCTBA, MPU KOTOPOM OCYILECTBASIETCS
JBIDKEHHE MBICITH OT ODLLEro K YaCTHOMY. DTOT MOAXOA TaUT B cede psi CTIeKYAITHB-
HBIX, CXOMACTUYECKMX WIN COMUCTHYECKUX JOBYILEK; B YACTHOCTU, De3 uepapxuue-
CKOM MOJEIH TTOC/IeNOBAaTeIbHASI MAHUITY/SILIUS CTIOBAaMW MOXET TIPUBECTH K 102UYe-
ckum napadoxcam. I'maBHOE OTJIMYME aKCUOMATAYECKOTO TOJX01a OT KOHCTPYKTUBHO-
IO COCTOMT B CTENEHU HAIJISUIHOCTH UM OOpPa3HOCTH UCXOAHBIX JIOTHYECKUX TIPHE-
MOB: AeTIYKTUBHO-aKCUOMaTHUYECKHU I TOAX0 ropasiio B 60/blIEH CTENEHU OITUPAETCS
Ha (GopMaIN3M 3HAKOB, YEM HA CTPYKTYPY MOAEIH. SIpuallliuM rpeicTaBUTESIeM CUM-
BOJBHOTO hopMain3Ma 6b11 Apuctorensb (384—322 rr. o P.X.). YToObl MpoULTIOCT-
PHUPOBATH €ro CII0CO6 MBILLICHUS, TIPUBEAEM BTOPYIO IJ1aBy nepBoil KHUTH «IlepBoit
AHAUTUTHKU»:

Bcdkas xKe IOChUIKA €CTh ITOCHIIKA WIIM O TOM, YTO ITPUCYLIE, HIK O TOM, YTO HEOOX0aMMOo
MPHUCYILE, WIH O TOM, YTO BO3MOXHO MPHUCYIIE; U M3 HUX B COOTBCTCTBHHU C KAXKABIM CIIOCOOOM
CKa3aHHOTO OJHM YTBEPAHUTE/IbHbIEC, IPYTHE OTPHULATCAbHBIC, U TaJIee, U3 YTBEPAUTENbHBIX U
OTPHLATEIBHBIX ONHH — 001LMe, Ipyrie — YacTHBIC, TPETbH — HeonpeaeacHHble. ITochuika o
TIpUCYIIEM, €CITH OHA OOLIEOTpHULIATEIbHASE, HEOOX0ANMMO 06paTiMa B OTHOLLIEHWH CBORX TEp-
MMHOB; HaIlpUMeDp, €CIM HHKAaKOe Y/IOBONLCTBUE HE CCTh O1aro, To U HUKaKoe 61aro He ecTh
yIoBOJILCTBUE. OO1IEYTBEPAUTELHAS XE NOCHLIKA XOTS U HeOoOX0AUMO 00paTHMa, OIHAKO HE B
OOIYIO, 4 B YACTHYIO; HaNIpHUMeD, eCJIM BCSKOE YIOBOABCTBUE €CTh 01aro, TO Kakoc-HUOYAL O1a-
ro €CTh YAOBOJBLCTBHE; U3 YACTHBIX MOCLUTOK YTBEPAMTE/IbLHAS HeobXonuMo o6paTuMa B Yact-
HYIO Xe (160 ecTi Kakoe-Hubyab 671aro OyaeT ya0BOJIbCTBUEM ), OTPHULIATEbHASI XKe HeoOXxonH-
MO He ob6paruMa, HO0 eC/IM HEKOTOPBIM XKUBBIM CYLIECTBAM He npUcyLIe ObITh YEIOBEKOM, TO
OTCIOAA HE CASAYET, YTO KAKOMY-TO YEJIOBCKY HE TPUCYILUE ObITh XKUBbIM CYIICCTBOM.

Hrak, nycthb cnepsa nocwiika Ab 6yacr obueorpruarenbHoii. Ecau A He npUcylle HM oll-
Homy B, To u B ne 6yaer npucymie Hu ogHoMy A. 160 ecau 6b1 B 65110 npucyllie KAKOMY-TO A,
HanpuMep B, To GbU10 GBI HenpaBHILHO, YTO A He Tipucyle Hu ogHomy B, Tak kak B ectb ka-
koe-1o B. Ecnu ke A npucviie sceM B, To u B Gyaet npucyuie HexotopsiM A, nbo eciau b He
65110 6B IpMCYLIE HUA OAHOMY A, TO M A He 6bU10 Obl NpUcyLe HA oaHOMY b; HO Belb GbL10
TIPEATIONOXEHO, uTo A ripucyiie Bcem b. Towro Tak xe, ecnyu mocbUika yacTHas. B caMowm gene,
€cJy A nipHcyine HeKoTopeiM B, To 1 B HeoGxonuMo npucyite HekoTopeiM A, Eciin B He 6b110
OBl IPUCYITIE HU OMHOMY A, TO 1 A He ObLIO ObI pucyule HU ogHoMmy b, HakoHew, eciin Obt A He-
KoTopsiM B He Mpucyle, To He Heo6XxoMMo, YToObl M B He 6BU10 NpHCyLlle HEKOTOPBIM A, Kak,
HAMpUMep, eclii b eCTb XXUBOE CyLIECTBO, A A — YEJIOBEK: Belb He BCAKOMY CYLIECTBY IIPUCYILE
GBITh YEJIOBEKOM, OIHAKO BCAKOMY YETOBCKY MPUCYLIE ObiTh KHUBBLIM CVILECTBOM'.

ITonoGHBEIMH CUMBOJIBHBIMU HIpHeMaMU Oy/IEM TMOJb30BATHCS U Mbl, XOTA Nogaya
MaTepHana B apMCTOTEAEBCKOM JIOTHKE CYUIECTBEHHO OTIMYAeTCs OT npeijaraeMoit
Hamu. IlpHuBeneHHBIN OTPBIBOK OTUACTH KacaeTcsl AeHCTBUH ¢ KgaHmopamu obuHocmu

Apucrorens. Cou. B 4-x tomax. T. 2. — M., 1978, ¢. 120 — I21.



U CYuyecmeo8aHs, KOTOPBIC TOXE PACCMATPUBACTCS HAMU, HO C 3aMETHBIMH 3JIEMEH-
TaMH KOHCMPYKMUBU3MA.

Lleas nepeoeo pazdena: Halle XKHO OBIAACTD 3/IEMEHTAPHBIM annapatoM GopMaTbHON
JIOTHKU. 31eCh MBI He TIPETeHAYEM Ha PACK PhITHE KAKHUX-TO TOHKUX TICUXOJIOTHYECKHX
1 GHI0COMCKUX XapaKTePUCTHK TCOPUU MTO3HAHUS U T.I., B HACTHOCTH, MbI OCTaBJIsI-
€M B CTOPOHE aHaJIU3 TAKUX FTHOCEOJIOTHUECKUX KATETOPHH, KaK «TTOHATUE» U «CYXKIE-
Hue», UHCTPYMEHT, KOTOPBLIM Mbl HAEEMCs1 BOOPYXXUTh HPWISKHOI0 YATATENs, KO-
HEYHO, [TOMOXET €My MPABHILHO MBICIUThL, HO POBHO HACTONBKO, HACKOJILKO 3TOMY
YUHT, CKAXEM, DIIEMEHTapHasi reOMeTpHsi: 06a MpeaMeTa AMCUUMILTMHUPYIOT YM, OJ(Ha-
KO He [al0T rapaHTUPOBAHHBIX AJIMOPUTMOB IPOHUKHOBEH S B HEM3BEJaHHYIO Peallb-
HOCTh. Jloruka, Kak v reoMeTpHst, Pa3yMeeTcsl, MMeeT OTHOLIeHHe K MpaKTuKe (Hhc-
qHC/IeHUE NIpeanKaToB B pamkax si3bika [TPOJIOT, aeiicTBust Hal MHOXECTBaAMHU YH-
ceJl U BBICKA3BIBAHUSAMMU), OJIHAKO IOJJIMHHAS UEHHOCTb JIOTHKHU, KaK, BIIPOUEM, U
moboi Apyroil 6a3080i HAYKH, BCE XK€ COJAEPKHUTCS B HE CAMO, 6€3 IpUMEHEHMA €€ K
KaKUM-JIU00 APYIUM cdepaM YeJI0BEYECKOro 3HAHUS: 43bIKY, MAaTEMATHKE, THOCEO-
JIOTHU U TICUXOJIOTHH.

1.1. Onepanuu gdoruku byas

Onepauuu OyIeBOi JOrUKU yo0OHO BBECTU 4Yepe3 MOHsITHe «MHOXecTBO». Ilon
MHOMCecmeoM Mbl OyieM TOHUMAaTh COBOKYITHOCTD 3/IEMEHTOB 10001 IPUPObI, IOA-
jgaropxcs cyety. CyeT MOXeT NpOoAoXAThCT 6ECKOHEYHO JOJro WK, Ha4aBLUKCh,
TYT € U KOHUMTBCS BBUAY OTCYTCTBHSI 21eMeHTOB. TeM He MeHee, npoyedypa cuema,
CMBICJI KOTOPO# COCTOMUT B YCTAHOBJEHWM B3aUMHO OJHO3HAYHOIO COOTBETCTBHS
MEXJY 3JIeMEeHTAMH ¥ UMCJIAMU HATYPAJILHOTO psiia, JUTSI MHOXXECTB SIBJISIETCS OTIpeie-
Jsmo1eit. Bonpockl, cBsi3aHHbIE C HECUETHBIMU MHOXECTBAMM, HAMHW pPaCCMaTpUBaTh-
¢ He OynyT.

[lycte mjaHa HekoTopasi COBOKYITHOCTH MpeJMeTOB, KOTOPYIO Mocie IepecyeTra
MOXHO ObIJ10 OBl 0003HAYUTH KaK

V={1,2,..,11}L
TIpenrnonoxuM nanee, 4To YacTb IPEAMETOB, d UMEHHO: 1, 2, 4 1 6, UMeeT KpYyIJyio

dopMy, a yactb — 2, 3, 4, 8§ U 9 — okpaluieHa B Hesblii LiBeT. B 3TOM Cciiyuae roBopsT,
4TO MHOXECTBO V UMEET IBA HOOMHOMCECMBA
A={1,2,4,6} un B={2, 3,4, 8,9}

KpPYIIbIX ¥ OebIX peaMeToB. MOXHO rOBOPUTH UHAYE: UCXOJHOE MHOXECTBO HAa3bl-
BaThb YHOAMEHMAAbHbIM, 3 TIOIMHOXECTBA A U B —- MPOCTO MHOXECTBAMHU.

B pesynabTaTe Mbl IONYYUM YEThipe KJ1acca 3JIeMEHTOB:

Cy=1{5,7, 10, 11} — aseMeHTBI, KOTOpBIE He 00J1aJA10T HM OAHUM M3 Ha3BaHHBIX
CBOMCTB,

C, = {1, 6} — sneMeHTHI, 06Ja1a10LI1E TOTBKO CBOUCTBOM A (6bITH KPYI/IBIMH),

C, = {3, 8, 9} — snemeHTHl, obnanawLMe TONBKO cBOHCTBOM B (ObIThH GenbIMM),

C; = {2, 4} — snemMeHTBI, KOTOPBIE 001a1a10T OXHOBPEMEHHO JBYMS Ha3BaHHLIMH
CBOMCTBaMM.

DTH Kiacchl u3o0paxkeHbl Ha rpadudeckoi auarpamMme Diinepa — BeHHa
(puc. 1.1).



Puc. 1.1 Puc. 1.2

YacTo AMarpaMMbl He UMEIOT BCCH MOJTHOTLE OOLIHOCTH, HAaN pUMep Ta, UTo N300pa-
keHa Ha puc. 1.2. Ha Heil yxxe MHOXECTBO A 110,1HOCTbI0 BKIoueHo B B. [lns Takoro
CJIy4Yas UCTIOBb3YETCs CIeUMAIBHbII CUMBON @Katouenus (<)

AcB={1,24c{1,2, 3,4, 6.
Ecau onHOBpEeMEHHO BBLITTOAHSIOTCS ABA YCIOBUSI:
AcBuBcA, o A=B,
B 3TOM CJIy4yae rosopsit, 4To MHOXeCcTBAA ¥ B noanocmero sxeusanenmnbi.

INocne Toro, kKak onpeaeseHbl YeThHIPE Kaacca d7ACMEHTOB M AaHbl HeOOXOnNMble
CBeJleHUd 0 quarpaMmax Ditnepa — Benna, BBeseM onepatimi Ha MHoXecTBax. B ka-
YeCTBe MEPBOU PACCMOTPHUM OTlepatnio OOBeAUHEHUS.

O6seduneHuem MHOXECTB

A=1{1,2,4,6tu B=1{2,3,4,8,9}
Ha30BEM MHOXECTBO
AuB={l,23,4,6, 8,9},

rIe U — CUMBOJ OOBEJIMHEHHMSI MHOXECTB.
Takum obpazom, oOBCIMHEHUEM OXBAThIBA-
loTcsi TpM Ki1acca anemedntoB — Cy, C, u C;,
KOTOpbie Ha aarpamme (puc. 1. 3) saliTpuxo-
BaHBI.

Jloruyecku onepauuio oGbeAMHEHUS OBYX
MHOXECTB MOXHO 0OXapakTepU30BaTh CI0OBa-
MU DJIEMEHT X ApUHAoAexcUm MHOXECTBY A
unu Mmuoxectsy B. TIpu sTOM cBIZKA «Mnmu»
OJIHOBPEMEHHO 03HAYAET H CBA3KY «U». PakT
[IPHHAINICKHOCTY 2JEMECHTA X MHOXECTBY A
obo3nauaercs Kak x € A . [TosroMy To, 4yTO X
npusaonescum A uau/u B, Bbipaxaercst (hopMynon:

xeAuB=(xecA) vixeB),
CIe v — CUMBOJI JIOTHUECKOM CBA3KU Ual, KOTOPast Ha3blBAETCS Ju3sloHKYuUell.

C TOUKM 3peHUSA AOTUKH, BMECTO OHOI ApedmemHnol NepeMeHHOM X YI00HO BBECTH
IBE jfo2u%eckue NePeMEHHbBIE X; 1 X;. OONacTLio onpefeieHus X; M X, OYAYT yXKe He
YUCAA HATYPATLHOI'O PSlia, 8 TONLKO ABA TOrMuecKux 3HaveHust: 1 wis ucmunnozo 3Ha-
yenunsd v 0 st 20%cH020.

Puc. 1.3



JdonyctuM, 4to x = 7. IToCKOABKY 3TO YMCO HEe MPHUHAJIEXUT HH MHOXECTBY A, HY
MHOXECTBY B, TO 1 Torvuyeckue 3HaueHUs nepeMeHHbIX OyayT: x; =0, x, = 0. O1a KoMm-
OuHauus nepeMeHHLIX oTBeyaeT knaccy C,. Tellepb npennonoxum, yro BHIOpaHO
gnucno 4. OHo BxoaunT kak B A, Tak u B B. CiienoBarenbHo, x; =1, x, =1, 4T0 COOTBETCT-
Byer kiaccy C;. CyuiecTBYIOT ellie ABa BapHaHTa, HApUMeD ISl yucia X = 6 umeeM
x=1,x,=0, v x=8 — 3navenus x, = 0, x, = 1, xoropsle orsevator knaccam C, u C,.

IlepeMeHHBIE X; U X, ONIPEAEASIOT HEKOTOPYIO A02UHECKYI0 QYHKUUIO:

y =7, x),
KOTOpas B C/Iydae Ju3sroHKyuUY MOXeET ObITh 321THCAaHA KaK HPOHO3ULUOKHAA CEA3KA:
y=Xx VX,

Jlerko yemarpupaeTcst, UTo Uue10 7 He BXOAUT B 00beAMHEHHOE MHOXECTBO A U B,
no3TOMY NpH x; =0, x, = 0 3HaveH e nornyeckoi PyHKLMHM y paBHO Hyn10. Koraa xe
BbIOMparoTca uncia 4, 6 i 8, 1o Bce OHM HelpeMeHHO MOoMNaayT B 3alITPHXOBAHHYIO
o6aacTb AMarpaMMel, CieI0BaTeIbHO, TIPH 3THX 3HaYEeHUAX (PYHKIIUS y paBHA eIUHU -
ue. Bee ato ynobHo odopmute Tabnuiei (tabn. 1.1), KoTopyio Ha3bIBAOT mabauiyei
UCMUHHOCMU.

Ta6nuua 1.1

X1 X0 Y= X1 v X
0 0 0

SN S NV AU B
0 1 1

1 1 1

Mexay Tabauued UCTHHHOCTY W AMarpaMmoii Ditiepa — BeHHa cyniecTByeT B3a-
MMHO OJIHO3HauyHoe cooTBeTcTBUE. [ToaTOMY YKCTO e IMHUALL 71 y Bcerna OyaeT coB-
NnajaTh ¢ YUCIAOM 3alITPUXOBAHHBIX obsacTeit Ha juarpamme. YeTbipe KOMOUHALIMN
apryMeHTOB X; U X, OyayT orseyath ucTblpeM obactsaM C,. Kpome Toro, HeTpynHo
NOJACYUTATD, UTO YMCIO KOMOHUHAUMIA HYICH M eNMHML 1U1st GYHKLIMM y paBHO 16, 3Ha-
YUT M 0BIlIee YUC/IO BO3BMOXKHBIX Onepaluii Ha ABYX MHOXECTBAX TOXE PaBHO 3TOMY
XKe YMCay.

Ilepeceyenuem MHOXeCcTBA 1 B HazbiBaeTCs1 MHOXeCTBO A B, conepxariee te ve-
MEHTHI U3 A 1 B, KOoTOpble BXOAST OAHOBPEMEHHO B 00a MHOXeCTBa. 114 Haluero yuc-
JIOBOTO NpUMEpPa Oy/ieM UMETb:

AnB={1,2,46n{2,3,4,8 9={2,4=C;,

Huarpamma Biinepa — BenHa s nepece-
yeHus u3obpaxeHa Ha puc. 1.4.

To, 4TO X NMPUHALIEXKUT OAHOBPEMEHHO
JIBYM MHOXeCTBaM A u B, MOXHO IipecTaBUTh
BbIpaxK€HUEM:

xeAnB=(xeA A(xeB),
T[Ie A — CHMBOJ JIOTHYECKOM CBSI3KH «M», KOTO~
past Ha3bIBaeTCs KousionKyueld. Ecin B Tadan-
1€ UICTUHHOCTH JJisl AU3BIOHKHIWK (Tadba. 1.2)
BCE HYJIM 3aMEHUTH eIMHULIAMMU, 2 BCE AUHU-
Lbl — HYJSIMM, TO B UTOre TOJIyduM Tadn. 1.1.

Puc. 1.4



DT0T HaKT onpeneseT B3aUMMHYIO 0¢olicmeeHHocmb KOHBIOHKIIUM U JU3BIOHKIIUM,
s mo6oii Tornyeckoii oniepaliny MOXHO HAWTH ABOHCTBeHHY10. [IpeacTasum cebe
omepaiuio, B pe3yjibTaTe KOTOPOH OKaxyTcs 3aiuTpruxoBaHHbiMu obnact C; u Cs,
obpasywlme MHoXecTBO A (puc. 1.5). 3aTeM elle 0HY Ollepaluio, KOTOPas OXBATUT
e npyrue obnactu Cy u C,, He Bxoasiue B A , 4To 0003HavYaeTcs KaK A (puc. 1.6).
Ecny 06beIMHUTD 3aIITPUXOBAHHbBIE 061aCTH Ha 06e X AUarpaMMax, To IONyYUM Bce
3alITPUXOBAHHOE MHOXECTBO 1; nepeceueHue xe A 1 A JacT nycroe MHOXecTBo 0, B
KOTOPOM He COMEPXKHUTCS HU OJIHOTO 3JIEMEHTA!

AUuA=1 AnA=0

Taonuua 1.2
X4 X Y =Xy A X
o o [ o ]
1 0 0
O_ﬁ__l_‘ 0
1 1 1
Puc. 1.5 Puc. 1.6

AHajnoruyHble paBeHCTBA BBITOJIHAIOTCA M U1 JTOTHYECKUX PYHKUUH, KOTOPBIE
UMEIOT COOTBETCTBYIOILIME HA3BAHUSI:

y=xv x=1— Tasrojiorus,
y=x A x=0 — nporuBopeyue.

Tasmoaoeus — 3TO BCeraa UCTUHHOE JIOTHUYECKOE BbIpaXkeHUe, Kakoe 06l TpH 3TOM
3HaYeHHUE He IPMHUMaJa TepeMeHHast x. [Ipomueopeyue, HaTIpOTHB, BCETa JIOXHOE
BBIpAXEHMUC.

MHoxXecTBO A donosHaem MHOXECTBO A 10 (yHIAMEHTaIbHOrO MHOXecTBa V
(v 1); oTcrona Ha3BaHKE: 00NOAHUMENbHOE MHOXECTBO A W JononHeHue Kak orie-
parus. JloTmonHeHHe K IOrH4ecKoi IepeMeHHOM X, T.¢. X (He-X), Ha3bIBAeTCA B JIOTHKE
Yallle BCETO OMpUlUaHuem X.

ITocne BBeme HUs onepalLIMii Niepeceye HUsL U JIOTIOJIHEeHU Bee deThipe obiactu C, Ha
Iavarpamme Oiepa — BeHHa MOXHO BbIPA3UTL CASAYIOLIUM 00pa3oM:

Co=AnB,C,=AnB,C,=AnB,C;=AnB.

ITyrem oGbenrHEHHst COOTBETCTBYIOLIMX 06acTeit C; MOXHO MPeICTaBUTE JIIOOYIO
MHOXECTBEHHYIO ONEPALIKIO, B TOM YHC/E U caMo 00beHHEHHE:

AUB=ANB)UANB)U (AN B).



Bce 9710 pacnpoCTpaHseTcs M Ha JIOTHKY:
YP=Xv X=X AX) VXA X V(X A X). ‘
Ha puc. 1.7 v puc. 1.8 mprBeaeHb AMArpaMMBI IBYX HOBBIX OTIepalyii, KOTOPhIE Ha-
3BIBAIOTCS COOTBETCTBEHHO cmpeaka Tupca v wmpux Hleghghepa. DT nMArpaMMBI 10~
TIOJHSIIOT OOBEAMHEHE U TIepeceueHUe N0 pyHAaMeHTAIbHOro MHOXecTBa V.

Puc. 1.7 Puc. 1.8
Ha a3bixe nornueckux popmyn 3ToT GaxT BeIpaXKaAeTCs CASAYIOIMM 00pa3oM: U1t
crpenku [Tupca —
(xyvx)vigix)=1, (xvx)axdx) =90,
st wrpuxa [eddepa —
X vx)vx | x)=1, (xv X5) A (X | x,) =0.
M3 Tabauu HCTHHHOCTH 11 2TUX onepatmii (tabur. 1. 3 utaba. 1. 4) BuaHo, 4To

y:xli/XQ:x]Vxl:;l A;zz(xlV;z)A(;lez)/\(;lV;2),

y=x | X)=X AXy =X VX = (X AXp) V(X AXY V(X A X,

Ta6bnuua 1.3 Tabnuua 1.4

xi X y=xix x| X y=xl|x
0 0 1 0 0 1
1 0 0 1 0 1
0 1 0 0 1 1
1 1 0 1 1 0

Paznocmbuio Mexy MAOXeCTBaMY A 1 B HazbiBaeTCH COBOKYITHOCTD TEX JIEMEHTOB
MHOXECTBA A , KOTOPbI€ HE BOLLLIM B MHOXeCcTBO B :
A-B=1{1,2,4,6}-{2,3,48,9={1,6}=C,.
Huarpamma Ditiepa —- BexHa iu1s Hee npuseneHa Ha puc. 1.9.
HotoaHeHHEM K pasHOCTY CYKHT umnaurxayus. Tabauibl MCTHHHOCTH JUTSL pa3HO-
CTH ¥ UMIUIMKALIMU TpejicTaBieHnl Tabsn. 1.5 u tabn. 1.6.
YEX o X X —X =X V= (X AX) V(X AX) V(XA X),

(xl —X2)\/(xl—“)xZ): 1, (xl_x?_)/\(xl*‘)xz):()'
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\
Puc. 1.9 Puc. 1.10
Tabnuua 1.5 Tabnuua 1.6
X X Y =X - X X1 X2 Yy=Xx - x
0 0 0 0 0 1
1 0 1 1 0 0
0 1 0 0 1 1
1 1 0 1 1 1

Ha muarpamme Bitnepa — Benna ans umrunikaunu (puc. 1.10) nokazano wacmuy-
Hoe BKJIIOUeHHE MHOXECTBA A B MHOXeCTBO B, KOTOpoe HYKHO OT/InYaTh OT HOAHO2O0
BKiItoueHus (puc. 1.2).

Ecnu yrBepXaaeTcs, YTO «3JIeMEHTLI MHOXEeCTBa A BK/IIOUEHBI B MHOXeCTBO B», TO
obnacte C; 0053aTE/IbHO L0JKHA ObITh 3ALLTPUXOBAHA, TAK KaK OHA COOTBETCTBYET
ucTHHe, a obsacth C; ¢ TakOH Xe HeoOXOAMMOCTHIO J10JIKHA ObITh OCTaB/IeHa OeNIoMN,
MOCKOJIBKY €l OTBeYaeT IIPSMO IIPOTHBOMNOI0XHOE YTBepXKaeHHe. OTHOCUTENBHO 00-
nacreit Cy u C;, Haxoasiiuxcs B A, 3aMeTuM ciienyionee. Mbl He UMeeM IpaBa OCTaB-
JISITh MX 6€JIbIMM, TTIOCKOJILKY OHM NPSIMO HE HPOTUBOPEYAT NEPBOMY YTBEPXKIECHHUIO;
HO, TaK KaK JIOTHKA 08Y3Ha4Has, Mbl 003aHbI BCe »Xe 001acTH, [onajarolme B A, 3a-
INTPUXOBaTh. B mpex3naunoit noruxe 3t o6JacT JOKHBI OBITH 3a1ITPUXCBAHBI
KaK-TO MHade, a B Tabiuue UCTUHHOCTH JUTst UMITTMKaumu (Tabn. 1.6) Ha MecTe nep-
BO#1 U TPETbEil CTPOK JUIS Y AGJKHEI cTOSITh He 1, a 1/2, 4TO 0TBEYAET COCTOSIHUIO Heon -
pedeaenrocmuy. ONHAKO TPEX3HAUHAS U IPYTHE HEKAACCUYeckue TOTUKH HAMH paccMar-
pUBATLCST HE OYAyT, BIIPOUYEM, K 3TOMY BOIPOCY Mbl £11l€ BEpHEMC B pasjiefie, KOTO-
PRI MOCBALIEH A02UKe @bickasbiéanuii. Ceiyac Auillb OTMETUM, UYTO B KAUACCUHECKOl
08y3HQUHOU A02UKe UMILTMKALMS TIepe/laeTcsl CIoBaMu «ecau A, To B».

Ocraercs TIPUBECTH €1UE ABE B3AMMHO JONOJHSIOWMX ONEPaAUUY — CUMMETpHIe-
CKYIO Pa3HOCTb U 9KBUBAJIEHTHOCTb.

Cummempuueckas pazHocms 1ByX MHOXeCTB A U B ecTb 00be/iMHEHHE IBYX pa3HO-
creu:

A+B=A-B)u(B-A)={1,3,6,8,9=C,uC,={1,6} u{38, 9}

BreusarenmHoCcme OTIPENICISCTCH TEMU 2JIeMEHTaAMY MHOXeCcTB A U B, KoTopbIe jUtst
HUX ABAAIOTCS o0uMMu. O1HAKO 31eMeHTbI, He BXOIsIiltue HU B A, HU B B, Taxoke cuu-
TAITCH SKBUBAICHTHBIMHU:

A~B=AnB UANB)=C,uC,={2,4,5, 7,10, 11}.
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Puc. 1.11 Puc. 1.12

Ha puc. 1.11 u puc. 1.12 nokasaHa wTpHMXOBKa auarpaMMm Diepa — BenHa, a
Tabs. 1.7 u Tabn. 1.8 npeacrasasiioT TaGiMibl UCTHHHOCTH COOTBETCTBYIOILIMX ONepa-
uit. V13 ycosusi IONMOAHUTEILHOCTH OTlepallMii BHITEKAIOT CACAYIOLIME COOTHOIIIE-

HUS:
(x; +x3) v (2] ~x9) = 1, (X, +x) A (X ~x9) =0,

Ta6nuua 1.7 Tabnuuya 1.8
N X2 y=x +x X x Y=Xx~X
0 0 0 0 0 1
1 0 1 1 0 0
0 1 1 0 1 0
1 1 0 1 1 1

B zaxinioueHue OTMETUM, YTO CUMMEMPUMECKAS PAZHOCMB UMEET HECKOJIbKO Ha3Ba-
HUI: cmpo2as Ou3stOHKYUS, UCKAIOYAIOUWAS AAbINEPHAMUBA, CYMMA no Modyaio dea. DTy
ornepaumio MOXHO MepeaaTs CIoBaMu — «1nb0 A, 1160 B», T.e. 970 NOrnyeckas cBsas-
Ka «WIH», HO 06€3 BKJIIOYEHHON B HEE CBSI3KU «1».

1.2. ®opMmblI npeacTaBiaeHus 0yaeBbIX PyHKUIMH

Joby1o OyiieBy pyHkuMo y = f(a, b) MOXHO NpeACTABUTL KaK HEKOTOPYIO KOMOWHA-
Mo obnacreit:
Co=anb,C,=anrb, C;=anrb, C;=anb

Toraa, B 3aBMCHMOCTH OT 3HaUEHUSI (BYHKLIMU M 3aaHHBIX C,;, KOTOPBIE B 3TOM CITy-
yae Mbl OyneM MMCHOBATb KOHCHMUMYyeHmamu, TONyYUM HIECTHAALATDL JIOTHYECKHX
onepauuvi:

y=larbafO,0))viarnbaf(L,)]viaanbaf@, D]vianbaf(d, )]

Fopo6Has dopma rpeacTaBaeHUsI TIoruiecKuX GyHKUHI Ha3bIBAETCS COBEPUIEHHOU

duszstonxmugHoil Hopmanvrou gopmoii (CJAHD).

12



B noruke byns NeiCTBYST npuHyun 060UcmeeHHOCMU, KOTOPBIN TJIACHUT: MPH OHO-
BPEMEHHOII 3aMEHEe CUMBOJIOB A < v U 1 < () BCe jlorndeckue paBeHCTBA OCTAIOTCS B
cune. Hoatomy Hawry CAH® MoxxHO npencTaBUTh HECKOJIBKO HHAYe:

y=lavbvfd,DlalavbvfO, Dlajavbvf(d, 0O}Afavbvf(0,0)].

Bra bopMa npeacTaBIeHNS HA3bIBACTCS COBEPUICHHON KOHBIOHKMUBHOU HOPMAAbHOI
gopmoii (CKHD). 3nech yxe KOHCTUTYEHTb] NPEACTABIEHDI HE B BUJIE KOHGIOHKMOE,
Kak B CAH®, a B Buae dussronkmos. CoeIMHEHbI KE 3TH IU3bIOHKTb! KOHBIOHKLHEHR,
orciona u Hazanue — CKHO.

CymecTByer emie M TpeTbs QOPMa — CO8EPUICHHAS NOAUHOMUAALHAS HOPMAALHAS
¢opma (CITHD). Ee nerxo nonyunrts u3 CAH®D mytem 3ameHbl:

avb=a+b+tab, a=1+a

[Tockonbky KoHCTHTYEHTH He TiepecekatoTest (C,C;=0), Mbl MOXEM Cpasy Xe 3amu-
carb (B CITH® cuMBOI KOHBIOHKLIMU ONYCKAETCs):

y=[1+a)(1+8) /0, 0] +[a(l+b)f(1,0)]+[(1+a)bf(0, ] +[abf(1, D] =
=/£(0,0) + a[ £(0,0) + /(1,0)] + b[ £(0,0) + £ (0,1)] + ab[ £(0,0) + £(1,0)+ £(0,1) + £ (1,1)].
B 1abn. 1.9 npuseseH NOJHBIN CITUCOK JAeMEHMAPHBIX A0UHECKUX (YHICYUT OT ABYX
apryMeHTOB U B Tpex cogepuienrvix popmax — CAH®, CKH® u CITH®. Cosepinen-
HbIe (DOPMBI NIPEJCTABNIEHHH NO3BONAIOT BLIPA3UTH AHATHTUYECKON (POPMYITO JTI0-
Oy10 PYHKUUIO, eCIU U3BECTHA e€ Tabiuita UCTUHHOCTH.

Tabnuua 1.9

y =f(a, b) !T ClIHCD CKH® = CITH® ]
=0 :(avb)/\(avb)/\(avb)A((lvb)=
yi=anb =(@avb)r(avb) r(avb)=ab
y=b—a =anb=(avb rlavbyr(@avby=>b+ab
y;=b =(@arb)v@arb=(avbh r(avh=>h
y,=a—b —anb=(avbh A(avb) ~n(avb)=a-+ab
ys=a =(a/\—l;)\/(a/\b):(avb)/\(avZ):a
Ye=a+b :(a/\B)v(—t;/\b):(avb)/\(zvi)):a+b
y;=avhb :(aA—l;)v(;.Ab)v(a/\b):(avb):a+b+ab
yo=alb ’ —anb=(avbr(@vbya(@avb=1+a+b+ab
Yo=a~b =(@arbyviarb)y=(@avhr@avb=1+a+b
Vip=4a =(@nrbyv@nby=(avbr(avb=1+a
yu=a—b =(@rb)vianb)v(arb)=1+a+ab
ylz_E =(@nrbyv(arby=(avbr@avb=1+b
ya=b—- a | :(—(;/\—l;)\/(a/\z)v(a/\b):avzzleb-'rab
y14—alb ”—‘(EAZ)\/(G/\Z)\/(EAI)):1+ab

t =(@nbyv(@and)v@anbyvianb) =1
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IlycTe 3amana KoHnkpeTHas Tabauiia uICTUHHOCTH (Tabn. 1.10) mist pyHKUMH, 3aBU-
cslleit oT Tpex apryMeHTos. Torna, BLITUCIBASI COOTBETCTBYIOLLME KOHBIOHKTBI TIPO-
TUB €IMHUYHBIX 3HaYeHUi1 y, Mbl nonyyumM CAH®, Ecnu e MBI BHIOHIIEM TU3BIOHK-
Thl IPOTUB HYJIEBbIX 3HaYeHMit y, TO B pesybTate yxe noaydum CKH®. Hakonen,
CITH® o6pasyercs nytem 3amedbl B CAH®: v Ha+ U xHal +x.

Yeqno = (G A X A X)) vV (3 A X AX) v (X3 AXAX) Y (X3A X AX),
Yekno = (v vx) A (v v A v v Ay Xy,
Yoo = (3 + DG + DX + X000, + 0+ Dxgpxg + X3 (x, + D)(x + 1),

B nocnenHeM ciyuae BbIpaXXeHNE VIS Yerpg JIETKO MOXHO YIIPOCTUTD, €CJIM pac-
KPBITh CKOOKM M B3aHUMHO COKPATHTbL BCE OIMHAKOBbIE claraeMble, BXOASILUE B Gop-
MyJly 4E€THOE YKCIO pas:

YerHe = Xp -+ Xy + X3,
ITono6Hoe yrmpollieHue, KOTOPOE HA3LIBACTC MUHUMUIAUUEH N02UMeCKOl (DYHKLUU,

MOXHO OCYIIECTBUTD U 1o oTHOUIeHUO K CAH® u CKH®.
Ta6nuua 1.10

X1 X2 X3 y
0 0 0 0
1 0 0 1
0 1 0 0
1 1 0 1
0 0 1 1
1 0 1 0
0 1 1 0
1 1 1 1

B noruke Byns peficTByeTt 3akon ckaeusanus:
(arbyviianb)y=a, (avbr(avbh=a.
Ilpumenenne 3THX 3aKOHOB 1103BOJISIET HAHTH H0J1e€ KOMIIAKTHBIE AaHATUTUYECKHUE
BbIpAXXEHUS JJ1s1 33JaHHON DYHKIMU Y, T.€. MUHUMAABHYHO OU3BHOHKMUBHYIO HOPMAAL-

HYI0 POPMY Yrina- TIPUBENEM COOTBETCTBYIOLLME HOPMBI IPEACTABNECHUA GyHKIMH Y,
3amaHHou Tabsu. 1.10:

yMﬂH(D = (X3 A xl) \ (X2 A x]) A\ (XJ A x2 A xl),
n s CKH®, r.e. munumanrsnyro KH®D:
YMKHO = (X3 v X)) A (X3 VX5 v X)) A (X v X)),

ITocie Toro, Kak HalaeHbl MUHUMAaLbHbIE HOpMaabibie Gopmst (MHD), uX pekoMeH-
JIyeTcs MPOBEPUTH HA BCEX HaBOpax apryMeHTOB X;. [TepeMeHHbBIE X; WJIA X; 4aCTO Ha-
3BIBAIOT mepmamu. UMEeHHO nojiHbid HaBop U3 1 TepMOB 0Gpa3yeT KoHcmumyenmy. B
MIpoLeCCe XE& MUHUMU3ALMH HEKOTOPLIE TEPMbl U3 KOHCTUTYEHT Iponaayr. Torma
OCTaBUIYIOCSI YACTh IU3BIOHKTA WIN KOHBIOHKTA HA3bIBAIOT UMHAUKAHMOU.

Kak MBI TONBKO uTO yOeaMINCh HA IPUMEDPE, UMITJIMKAHTBI MOSIBNSIOTCS B PE3ylb-
TaTe CKIIEHKYU cMeHCcHbIX KOHCTUTYEHT, PA3InJaloxcs oaHUM tepmoM. OmHako s
byHKUMA, 3aBUCAIIUX OT MHOTHX MEePEMEHHBIX, HEKOHTPOJIHPYEMBbIi Tpoiece
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CKJIEHKH HEU30eKHO NMPUBOINT K JIMILTHUM UMTUIMKaHTaM. TpebGyemoe Yucio UMITIU-
KAaHT MOXET 0Ka3aThCsi FOPa3/l0 MEHLILIC BO3MOXHOTO UMCIA CMEXHBIX CKileeK. B ra-
KHUX cygastx UcTHHHY10 MH® 1101y4aioT ¢ noMouisio crielina bHbIX METOI0B MHHM -
MM3alli{, TPU U3 KOTOPHIX MBI celtuac pasbepem. [Ipu aToM ciemyeT MOMHHUTD, 4TO
paccMaTpuBaeMble 1ajice METOIbl MUHMMU3aLMK KacaloTcst Tojibko CAH®. DT me-
TOABI HA OCHOBAHMH IMPUHIIHIA ABOACTBEHHOCTH JIEFKO MOT'YT OLITDH PACTIPOCTPAHEHbE
u Ha CKH®.

IlycTes GYAYT 3a1aHBI HOMEPa HABOPOB UeThIpeX NepeMeHHBIX, Ha KOTOPBIX JIorMye-
ckasi GyHKIHS NPUHUMAET eIMHUYHOE 3HAYEHUE:

fQ2,5,6,7,10,12,13,14) = 1.

Beipazum a1y noruyeckyo ¢pyHkuuio B CJITHD (cMMBOI KOHBIOHKIIMK NUCATE HE
OyneM):

/(0010, 0101, 0110, 0111, 1010, 1100, 1101, 1110) = XX3%,X; V X4X3%5X; V
\ X4X3X2xl A\ X4X3X2xl \4 X4X3x221 \ X4X3x2xl V4 X4X3X2x1 \4 X4X3X2x1.

Ha nepsoMm stane MunumMuzauuu ucxonyio CJIH® MoxXHO yrpocTHTB 3a cUeT MC-
MOJIL30BaHUA 3aKOHA CKJIEUBAHUS, TOr/Ia NOJYIHM:

f = xz}l A\ }4x3.X] \4 }1X3X2 A\ x:;}le 4 X4X3§2 4 X4xS}1.

OOGpailiaeM BHUMAHHUE Ha TO, UTO OJHY H TY Xe KOHCTUTYEHTY (WMIUIMKAHTY) MOX-
HO CKJIEUBATh C IPYTMMH KOHCTUTYEHTAMHK (MMITJIMKAHTAMU ) MHOFOKPATHO, TaK KaK B
Joruke byns neicTByeT 3akoH udemnomenmHocmu.

a=ava=avava=.., a=arad=ardnra =...,
MO3TOMY JIOOYIO KOHCTUTYEHTY MOXHO PA3MHOXHTh.

Ha BropoM sTane Bocnonb3yeMmcst mabauiieti Kyaina (ta6n. 1.11), B COOTBETCTBUH C
KOTOpPO#t JaHHBLIA METOoJ MHUHUMM3ALMU MOJYYMUJI CBOC HaUMEHOBaHUE — Mmemod
Kyaiina. B Tabnuue no BepTUKAIU TiepCUMCIeHbl BCE NOAYUYEHHble HA TIEPBOM ITare
YOPOLUEHUS] UMILIMKAHTBI,  TI0 FTOPU30HTAIM — MCXOAHbIEe KOHCTUTYEHTHl. Ennnuua
BTaba. 1.11 CTOUT TaM, IJie UMILUIMKAUTA «HAKPLIBaeT» KOHCTUTYEHTY. [lesio B TOM, 4TO
KOHCTHUTYEeHTa BCermna MOXeT ObITb 3aMEHEeHAa MMIUIMKAHTOMH WK naXe OTIHeJNbHBIM
TePMOM MO 3QKOHY HO2A0UEHUS:

a=av(arby=av (anabc)=..,
a=anr(avb=anr(avabe)=.. .

Ta6nmua 1.11

X, x3x,x; | 0010 | 0101 | 0110 | 0111 | 1010 | 1100 | 1101 | 1110
= ~10 1 0 1 0 1 0 0 i
01 -1 0 1 0 1 0 0 0 0
011 - 0 0 1 1 0 0 0 0
-101 0 1 0 0 0 0 1 0
110 0 0 0 0 0 1 1 0
11-0 0 0 0 0 0 1 0 1
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IMocne sanonxenus Tabauibl KyaiiHa y Hac mony4uaoch Tak, 4YTo MOYTH B KaXKAOM
rpade 0Kazanoch Mo ABE CAWMHULILL, MEXY TeM AOCTATOUYHO UMETH OAHY eAWUHUILY
B rpade. IMoaromy, No BO3MOXHOCTH, HYXKHO HCKIIOUYUTL U3OBITOUHBIC eIMHULDI.
BoIGop eAUHULL TPOU3BOAUTCS U3 COOOpaXKEeHUI MUHUMAJIBHOCTU HUCIa TEPMOB (BBI-
OpaHHbIe eAMHULbI 3aTeMHeHbl). B #TOre 0Kazajioch, 410 MOXHO 000HATUCH TOJIBKO
TpeMsl UMIUIMKAHTAMU BMECTO ILEeCTH:

[ = X0X) V X4X3X] V XgX3Xs.

C noMolu b0 TabAML HCTHHHOCTH JIEIKO ITPOBEPUTD, uTO noJiyderHas B MH® ¢yh-
KUMSA BOCNPOM3BOJIUT BCE 3HAUECHHS UCXOAHON GYHKUUU. OTMETHM, YTO B OBLUEM
clIy4ae pelieHWH 110 KpUMTEprUIo MUHUMYMA TEPMOB MOXET ObITh HECKONBKO.

He MeHece 3(pheKTUBHBIM c110c0H0M MUHIMMHU3ALMU TOTHYECKUX QYHKUME SIBISECT-
¢ Memod couemanus undexcos. Jns ero uzaoxenusa coctasum 1abia. 1.12, B rpagax
KOTOPOH 3aMMCaHbl BO3MOXHBIC COYeTAHHS MHAeKCOB. B mocienueit rpade Bbimuca-
HbI 3HAYEHUSI PYHKUMH. AHATU3 TaDAMLIBI HAYMHAETCS CleBa 110 croiouam. [Ipuauun
UCKITIOUeHHUA I, j-Kona caenyioiumit. Ha rnepeceueHud i-cronbua, HaripuMep ¢ coyera-
HHUEM MHJIEKCOB 23, U j-CTPOKH, HanpuMep 3-¢it, naxoautes kox 10, 4To COOTBETCTBY-
eT UMIUIMKAHTE X,X;. CJEM0BATENLHO, B 9TOM CTO/I0LIE Be3ie, e BeTpeyaeTcs Kox 10,
T.€. BcTpokax 2, 3, 10 1 11, 9TH KObl HCKJIOYAKOTCS, NOCKOJILKY 3HaYeHHEe QYHKIUH B
3-eit crpoke paBHO HyJ10. Tenepb Bo3zbMeM CToi0ell ¢ COMCTAHUEM HHAEKCOB 124,
3nech BO 2-0# U 6-0it crpokax ocrasierbi koabl 010, a B 10-01 1 14-0it cTpokax — xom
011. CnenaHo 3TO MOTOMY, YTO 3TH KOABI BCTPEHAIOTCS TOJILKO Ha CTPOKAX CO 3Haye-
HUEM PYHKUMH, paBHbIM eauHuIle. Hanpotus, koi 110 aToro xe cronbia BcTpeyaeT-
Cs KaK ITPU eAMHUYHDBIX 3HaYeHUsIX (DYHKIIWH, TaK U ITPH HYJIEBBIX.

Tabnuuya 1.12

nit1i213laj12]13]14]23]24134] 123 | 124 | 134 | 234 [ 1234
0lo/0o]ofolo00]o0]o0oj00{00]00] 000 | 000 | 000 | 000 | 0000 | O
1]1]o]ojo]10]10]10]00]00]00] 100 | 100 | 100 | 000 | 1000 0
2]ol1]ololo1!{oo]oo]10]10l00] 010 | 010 | 000 | 100 | 0100 | 1
3|1]1{o0lo]11]10]10/10!10{00] 110 | 110 | 100 | 100 | 1100 O
4]0]o]1]0j00lo1]o0]o1]00]10] 001 [ 000 | 010 | 010 | 0010] 0
s |1]0l1]ol10]11]10]01]00] 10| 101 | 100 | 110 | 010 | 1010 1
6[0/1]1]0/o1]o1]o0|11]10/10] 011 | 010 | 010 | 110 | 0110 1
711111 ol 11]11]10[11110]10] 111 | 110 | 110 | 110 | 1110 | 1
8 |ojo]of1]o0joolo1|oo/o1]o1] ooo | oo1 | 001 | 001 | 0001 | O
9/1lolol1]10]10]11]00l01]01] 100 | 101 | 101 | 001 | 1001 ]| O
10/o]1]of1]otloofo1{10/11]01] 010 | 011 | 001 | 101 | 0101 ] 1
1110l 1110111011701} 110 | 111 | 101 | 101 | 1101 ]| O
12]o0]o]1]1]oolo1]o1{ot1jo1][11] 001 | 001 | o11 | 011 | 0011 1
wl1lol111 1011110101 11| 101 | 101 | 111 | 011 ] 1011 ] 1
1410101101101 |01 | 1] T T L T T O T T Ot rttetetideiaiviond
sl [l [ n [ [FAERAY Db emend 1111 | §

16



MTak, BCE KOJBI Ha CTPOKAX, 3aKaHUMBAIOWIMXCS HYJIEBbIMHU 3HaYeHUAMU PYHK-
MM, HCKJIIOUAIOTCSl aBTOMATUIECKHU. Ecjiv 9TY KOAb! TIOMAJAOT Ha CTPOKH, 3aKaHIHU-
BAIOILMECH eMMHUYHBIM 3HadeHneM GyHKINH, TO OHU TAKKE HE yunThiBaloTcsi. OcTa-
JOTCS TOJTBKO T€ KOJIBl, KOTOPbIE PACTIONOXKEHBI HA CTPOKAX € eAMHNIHBIM 3HaYeHUEeM
$yHKIUM (3TH KOIbI 3aTEMHEHDI).

Jlasiee pyKOBOJCTBYIOTCSI CJ/IEAYIOLIUM NPABHJIOM. st Toro uyto6bl QPyHKUHS NPU-
HsIa 3HaueHue, paBHOE eJMHuUlle, JOCTATOYHO TOro, yto6bl TOJABKO Kakas-HUOYyIb
OJlHA MMILIHKAHTA Ha CTPOKE MPUHSIIA €IMHUHOE SHAUCHHC. [pexe BCEro oCTapIsi-
eM MUHIMATBHYIO IMIUTMKAHTY XpX|, KOTOPast NEPEKPHIBACT CAMHMULBL B cTpoKax 2, 6,
10 u 14. 3aTeM, eCTECTBEHHO, 0OpalllaeMes K 12-0ii cTpoke. 31eCh OCTABJIsAEM €ANHCT-
BeHHBIH Ha cTpoke ko 011, 4TO OTBEYAET UMIUIMKAHTC X4X3X,. DTa Xe UMIIMKAHTA
OTBETCTBEHHA 32 13-yI0 CTPOKY, OKAHIMBAIOLIYIOCS TOXE eavuuien. OcTajoch pac-
CMOTpeTh 5-yio 1 7-yi0 cTpoKH. OOLIEH JUIst HUX ABAACTCA MMITTMKAHTA X4X3X . TaKUM
06pa3oM, TpeMsi UMIIMKAHTAMM Mbl FIEPEKPBUIM BCC eMHUYHbIE 3HaYeHUsa QYHK-
IIMM, YTO COBIANAET C PE3Y/ILTATOM, NOJy4EHHBIM Ha OCHOEC tabnnu KyaitHa.

XoTst Tabu. 1.12 6oyee rpoMO311Ka, YeM Tadi. 1.11, MeTon coueTaHUs MHAEKCOB He
cunTaeTcs Gonee CIOKHBIM, yeM MeToa KyaitHa, eciv TOMHUTD, 9T0 110 COCTaBJIEHUA
ta6mmu KyaitHa HeOOXOIMMO NPOU3BECTU MHOTOHUCICHHDIC CKJICIIKM KOHCTUTYEHT U
AMIDIMKAHT. Pean3alins Ha KOMITHIOTEPE aJIrOPUTMA METOA COHETANMS WHIEKCOB
OKa3bIBAETCH CPABHUTENBLHO 1pocToif. M HanpoTHB, BHEUIHAA IPOCTOTA ¥ HATJISI-
HOCTb mpembe2o Memoda MMUHIMM3ALNK JIOTUHECKNX (dYHKUMK C TIOMOUIBIO Kapm
Kapro 060paunBaeTcs CI0XKHON [IPOrpaMMOoil TPH peajin3aliiy AlrOpUTMa Ha KOMITb=
J0TEpe.

Ta6nuua 1.13

X1 X X1
X 1100 | 1110 0110 X,
x 1101 111 0111 xa
X2 1001 }_1011 0011 | X
X 1000 1010 | 0010 X

X3 X3 X3

Ta6bnuua 1.14

__'i___ Xo X4

X4 X3X /

0 1 1
0 1 1 0 ‘
m 0 ﬁ\xug;z

Kapra KapHo uist 4eThIpeX ePeMEHHbIX PEACTABICHA B pune Taba. 1.13. Kaxnas
KJIeTKa KapThl COOTBETCTBYET KOHCTUTYCHTE. 3arioTHeHHast KapTa npejicTapieHa Tabil.
1.14 (dyHKLMs B3SITA Ta Ke, YTO U B EPBLIX ABYX meTonax). CoriacHoO 3aKOHY CKAeusa-
HUsl, J(BE CMEXHDIC KOHCTUTYESHTBI C EAMHUYHBIMU 3HAYEHUSIMU BCETIa MOXHO 00Be-
JMHUTH AUIs1 TI0JlyYeH st COOTBETCTBYIOIEH UMITHKAHTBL. [TprueM CMEXHBIMH CUH-
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TAlOTCs1 U T€, KOTOPBIE JIeXKaT Ha rpaHuLax KapTel. Kakue HMEHHO eAMHUIIBI TpebyeTCs
O0BEeAMHUTH LIS MOJIYYeHUSI TOAXOASI el MUMITIMKAHTbI, IETKO ONpele/INTh BU3Yaib-
Ho. Creayer Takke TOMHUTD, UTO B COOTBETCTBUHN C 3dKOHOM UOeMROMeHMHOCMY OTHA
M Ta XKe eamuuua Tabi. 1.14 MoXxeT CKAeUBATLCI € ABYMS MW TPEMS CMEXHBIMH €11~
HULAMMU.

PaccMoTpeHHBIe 3eCh TPU METO/1a MCTTOJb3YIOTCH JUISI CPABHUTENILHO HEOONIBLIOTO
yucsa nepeMeHHbIX. ECau Xe YuCei0 UX CTAHOBUTCS CAMLIKOM OOJBIIUM, TPeOYIOTCS
DoJiee U3OLLIPEHHbIE NPUEMb! OTGOPA UMITIMKAHT.

ITpencrapnenue pyHkunii B CIIH® n CKH® o6pa3oBaHo TpeMsi oniepalusiMu —
OU3BIOHKIIMEN, KOHBIOHKIIHEH 1 oTpulianueM, a CITH® — cioxeHueM O MOAYIIO
JIBa, KOHBIOHKLMEN M eAMHULEH Kak onepauueit. B joruke byisa aeiicTByer npunyun
Cynepno3uyuu, KOTophlil rnacut: modas cioxHas GyHKUIHS MOXET ObITh MpeAcTaBe-
Ha B BU/JIC COBOKYMHOCTH DIEMEHTAPHBIX (GYHKIUMH [BYX apryMeHTOB, HallpuMep:

F(xl,X2,X3,x4) = ((xl 1 XQ) —> (X2 A\ x;)) J/ (;3 + X4) =

= Jo { fill fra(xr, x2), f5(x5, X915 S5l fr0(x355 X4), x4]}

Tadn. 1.15 asngercs Tabnuucd UCTUHHOCTU Ads HaweW CNoXHOW GYHKUUU
F (x,x5,x3,x,;). Ha BCcex Habopax apryMeHTOB, KPOMeE ABYX, 9Ta GYHKIIMS paBHA HYIIO.
IToaToMy ee MOXHO TIPEACTABUTH B BHAE OJHOIO KOHbIOHKTA, KOTOPBINA BbIpaXaeTcs
yepes3 ONeparuio BbIUYMTAHHSI:

F(x), Xy, X3, X)) =Xy A X3 A Xy = (X — X3) = X .
Tabnuua 1.15

x| olt1lolt1]ol1lol1]lol1]ol1]ol1]0]1
X olojt1|l1jolol1]/1]olo[1]1]olo]1]1
x5 ololojol1[1 1l 1lofojolol1]1]1]1
X, olololojolojolol 111|111l 1]q
fa=x1 X |1 |1]1/0,1 11101/ 1]110]|1]1]1]0
f=xovxs JOlo| 1 1]t 1] 1l1lololtl1l1[1]1]1
fio = X3 1{1/1/1]o0lololoj1l1]1]1]o]o]o]o
fo=fio+xs |1 /1111 /0]0l0ololojololo|1!l1][1]1
fi=fuofh JoJol 111l rjoo 1111
fi=fuls Jolojojolojololol1]1]{o]jololololo

3aaanuMCst BOTIPOCOM: HEPE3 KaKUe elIe CHCTEMbI TJOTHUECKUX OMepalHii MOXHO
BbIPA3UTh MTPOU3BOJILHO B3STY10 Oy ieBY (DyHKLMIO? B CBA3M ¢ 3TUM BOIIPOCOM OIpe-
JEJIUM TISITh KAGCCO8 QYHKUUI.

Dyuryusa, coxpanalouas Hyieeoe 3naverue Ha Hynesom Habope Tepmos: £(0, 0) =0,
onpeaessier 0-kyacc. K 31oMy knaccy oTHoOCATCs Bee 2eMeHTapHble QPyHKIMU ¢ 0
o 7 (cM. Taba. 1.9).

AHQJIOTUYHO OTIpenessieTcsl 1-Knace, coxpausarowuli koHcmaumy 1 Ha eAMHUYHOM
Haoope: f(1, 1) = 1. K I-knaccy otHocsTest HederHbie (hyHKLIMH.

Kitacc auneiinbix gynicyuii (2-xnacc) onpejeasieTcst JMHEHHOCThIO TOJMHOMUAIb-
Hoit popMbt. Tak, HATIPUMED, SKBUBAICHTHOCTD SBASCTCA TUHEHHONK GYHKUMEH, TAK
Kak fg =1+a+b,acrtpenka llupcasa cuer HeimHeHHOro ciaraeMoro ab yxe He Oyaer
ABJIATLCA TAKOBOH: fy =1+ a+ b+ ab.

18



Knacc camodeoiicmeennoix gynkuui (3-xnacc) onucoisaeTcss GOpMyJIon:
f(a, b)=f(a, b). Takux 371eMEHTApHBLIX (PYHKLHH BCETO YCTHIPE.

Hakonell, KJiacc moHomorubix (pyHkuui (4-xnacc) onpenensercs HepaBeHCTBOM:
fla, by<f'@.b'),npua<a’,v b<b' Hanpumep,nycrba=0,a'=1,b=1ub’'=1, torma
IUTSE IU3BIOHKUMH OYIeM UMETh!

(fr=avb=1)<(fr=avb=1).

U xaxue 6b1 HAOOPBI a, a’, b ¥ b'Mbl He Dpasiu, eCU BLITTOAHAIOTCA YCIOBUsI @ < a'u
b < b’, Bceraa 6ymeT UMeTb MECTO f; < f7; 3HAUUT, IUIBIOHKUUSI ABJISIETCH MOHOTOHHOI
byHKIIMEH.

[MprrannexHOCTD dNIeMeHTAPHOI (PYHKLIMK K TOMY MK HHOMY Kitaccy ( K) oTMede-
Ha efuHHMLEH B Ta0st. 1.16. [To aT0# Tabanie yxe JIerko MOXHO GIIPeNeIUTh CUCTEMY

bazucHbix QyHKYUil.
Tadonmua 1.16

Kilnihlbhb|lh fllhifh|hfh | B 1K A lhilblelhslfhalhs
o {1111 ]1][1l1[1]ojojlolo]loloio]o
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
2 1 0 0 1 0 1 1 0 0 1 1 0 1 0 0 1
3 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0 0
4 1 1 0 1 0 1 0 1 0 0 0 0 0 0 0 1

CucreMa ¢GyHKUMM sBasteTCS GasuCHOMN, €CIM OHA NEepeKpPhIBACT HYJISIMM BCE CTPO-
ku 0-, 1-, 2-, 3-, 4-knaccos. Hanpumep, CITH® obpazosana yHkuusimu f, f, fis-
o151 o17rX Tpex hYHKIUMIA HYIU CTOAT BO BCeX MATH croabuax tadn. 1.16. Cnenoparesib-
Ho, B CITH® moxer ObITh NIpEACTABNIEHA 110048 CKOAb YTOAHO CNoXHAasA QYHKIUS.

CAH® u CKH® obpazoBaubl GyHKLUMSAMY [, f7, f1o- [lepekpbITUe HYISIMM BCEX
IISITH KJIACCOB OCTUIAeTCsl yKe ABYMst QyHKUUAMM: 60 f; U flg, 1u0O f7 U fi, T.€. B
3tuXx opMax MMeeTCs HEKOTopast U3BbITOYHOCTL (DYHKLMH.

HMTorom Teopur nsiTH KJaccoB PpyHKIM sapasiercs meopema Ilocma, xoTopas ria-
CUT: LIS TOTO 4TOOBI chicTeMa (PYyHKIIMI ObLia 6a3MCHOMN, HEOOXOMUMO M AOCTATOUYHO
yToGBI OHA BKJIIOYAsA B ceOsI XOTS Obl 0IHY (DyHKUMIO, He nprHaaexauryio 0-, 1-, 2-
3- m 4-xiraccam (yclioBHe HaJIMYMs HyJIeH Ha Bcex cTpokax Tabi. 1.16). OxHako ms
YCTAHOBJIECHHUs OA3MCHONM CUCTEMBI (PYHKLMI BOBCE HEOOS3aTEIbHO BBOAWTH ISATH
KJaccoB PYHKLIMIL: 1OCTATOUHO 3HATh B3aMMOCBSI3b MeXay onepauusamu. Koib ckopo
ObIIO YCTAHOBJIEHO, UTO BCSKAs JIOTMUECKasl oNiepalys peacTaBuMa yepes Tpu Oye-
BBIX, TpeOGYeTCs IMIUIb BHIPA3MTh 9TH TPH depe3 BCe ocTajibHbIe. Ha ocHoBe Tabani uc-
TUHHOCTH MOXHO YOeIUTLCS B CHPABEUIMBOCTU CEAYIOLLNX PABEHCTB:

a->b= a-b,
a=1-a=a—>0=1+a=a~0=ala=ala,
anb=a-b=(a|b)(a|b)=(alal®!b),
avb=a->b=(ala)|(b|b)=(al bl (alp),

a+b=-a+b=a~b=a~b=a~b.

l=a—>a=ava=a~a,
0=a-a=ara=a+a

1.3. Meroasl f0Ka3aTeNbCTBa B JOruKke bys
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B KadecTBe OCHOBHBIX 3aKOHOB JOTHKK by/s yamie ApyruX HA3bIBAIOT!
1) 3axonbt udemnomenmuocmu.

a=ara, a=ava,;
2) 3aKOHbl KOMMYMAMUGHOCMU:
arb=bra, avb=>bva,;
3) 3akoHbr accoyuamueHocnu;
ar(brcy=(@anbyrc, aviibvey=(avhvc,;
4) 3aKoHbl ducmpuiymueHocmu:
anbvecy=(@nbvanc,
avbrc)y=(av b ~n{av o),
5) 3aKoubi HyAA U eQuHUbI
a/\;:O, arl=a, avE:l, avil=a,;
6) 3akonbl noeaoweHus!
aviarb)=a, anr(avb)=a;
7) 3akoust de Mopeana:
avb=anb, arb=avb;
8) 3akonvl ckneusanus:
(avZ)/\(avb):a, (a/\Z)V(d/\b)Za.
He Bce BoceMb 3aKOHOB He3aBUCHMBI IPYT OT Apyra. Tax, HarnpuMep, 3aKOH WAEeM-

MFOTEHTHOCTH MOXHO TIOJYYUTh M3 3aKOHA TIOrICLIEHHUS C UCIIONb30BAHHEM 32KOHA
TUCTPUOYTUBHOCTH:
a=av@nby=(avayr(avby={(an{avd)vian(avhbh)=ava.
3aKO0H NMOIIOWEHHSs! MOXET ObITh BBIBEJEH U3 3aKOHA HYJIS Y €JUHHIILL:
avi{ianby=(@a~r)viarb=ar(Avb=anrnl=a.

3aKOH MAEMIIOTEHTHOCTH OTHOCHTEILHO AU3BIOHKIIMH HENOCPEACTBEHHO BEIBO-
JIMTCsI U3 3aKOHOB HYJISI U €AMHMHUBL:

ava=(avayrl={ava)r(avay=aviara)=avl=aqa.

ITpy nokazaTenbCTBAaX NOTHYECKHUX BhiPAXEHMI Mbl JOJDKHBI BCEra UMETh B BUAY
TIPUHIIUIT ABOMCTBEHHOCTH. Tak, BbIIICNPUBEACHHAS LIEIOYKA PABEHCTB ISl 3aKOHA
TTOMIOINEHUA MOXET ObITh TIPEACTABICHA CNIEAYIOUINM 00Pa3oM:

anfavbhy=(av®)r(avbhy=avOrb)=avi=a.

HTak, B KAYECTBE He3a8UCUMOU CUCINeMbl 3K0HO8 MOXHO BRIOpATh 3aKOHEL: KOMMY-
MAMUBHOCIHU, ACCOUUAMUBHOCIIU, OUCTMDUOYMUBHOCHIU, HYAR U eOUHULbL.

B sioruke HIMPOKO UCIOIB3YIOTCS JIBA NOAXOAA — AKCUOMAMUHECKUL I KOHCMPYK -
muegnbii. TIpy aKCMOMATHYECKOM [0KA3aTeNbCTBE HCIOJIB3YETCH KECTKasdg cucmema
akcuom, COCTOSIINAS, HANTPUMED, U3 YeThIPEX TOJILKO YTO Ha3BaHHbLIX. Bee ocTanbHbIE

TOXJIECTBA HEOOXOMUMO TPEACTABIATD Yepe3 3TH 3aKOHBL. IIp1 KOHCTPYKTHBHOM Xe€
JIOKA3aTEeNbCTBE MBI JIOJIKHBI GYIEM BOCIIONB30OBATLCS CLCMEMOL KOHCIMPYKMOE, TIPH-
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MepaMu KOTOPBIX SIBJSIIOTCS JUarpamma Oiinepa — BenHa u tabiuua MCTUHHOCTH.
IIponeMOHCTpHUpYEM pa3inuue ITHX ABYX MOAXOIO0B.

Jg moKa3aTebCTBa IPOCTOro ToxaecTsa (a A 0 = 0) npuBepxeHel aKCHOMATHY -
CKOTO IIOXO0JA MMPUBEAET PUMEPHO TAKYIO LIEMTOUKY NPeobpasoBaHMU:

arl=an(arnay=(arna)ra =((ara)v0) ra =
=((ara)viara)ra =(ar(ava)ra =(ar)ra =anra =0.

M caemaer OH 3TO TOABKO P TOro, YTOOB! (POPMANBHO FIPHBSI3ATHLCS K [TPOBO3IIA-
LIEHHOM BBILIE CUCTeMe akcuoM. BMecTe ¢ TeM JUTsl KOHCTPYKTUBUCTA HCXOJHOE TOX-
JIECTBO IMPAKTHUYECKW He NMOoTpedyeT HUKAKUX 10Ka3aTeNbCTB.

KapTuHa BBITASAUT NPOTHBOIIONOXHbBIM 00pAa3oM B OTHOLIEHH U, HAPUMED, 3aKO-
Ha IHCTPHOYTUBHOCTH. AKCHOMATHK B JaHHOM Cy4ae He IPECANPUMET HUKaKUX AeH -
CTBHH, 8 CTOPOHHUK KOHCTPYKTUBHOIO TMO/AX0a 0613aH PO MOHCTPHUPOBATL 3KBU-
BAJIGHTHOCTD JIEBO# M IpaBOW 4acTel TOXIECTBA;

av(b/\c)z(avb)/\(avc).

{IpoBenemM [I0KA3ATEJABCTBO C IMOMOILUIBIO
Juarpamm Disiepa — Benna. C 3Toi uesblo
MTOCTPOUM [(BE JHATPAMMBI, U300PaXCHHBIC HA
puc. 1.13, koTopble OTBEUAIOT ABYM OINEpallm-
sIM JIEBOW 4aCTH TOAJICCTRA.

Terieps nocrpouM elille TPH AUaATPaMMbl

(puc. 1.14), cOOTBETCTRYIOIIHE TPEM Olepatv-
M, (PUTYPUPYIOLIMM B MPABOH 4aCcTH 3aKOHa
Puc. 1.13 JII/ICTp[/I6yFMBHOCTH.

(avbyrn(bvo

brc av(bnro

Puc. 1.14

Kax BUAHO U3 AMarpaMM, pe3yabTaTbl TOCTPOEHMS JOTHUECKHX Ofiepallluil 1eBoil u
MpaBoOi YaCTH 3aKOHA AUCTPHOYTUBHOCTH MOJHOCTHIO COBIAIH,

okaxeM ¢ moMolLblo aMarpaMm Ditnepa — BeHHa cripaBeiMBOCTL Bosee ClIoX-
HOTO TOXAECTBA!

a+b+c+d=a~b) > (c+d) A((a+b)|(c+d).

Ha puc. .15 u3obpaxeHsl iBe onepaunuy — a+ b u c+ cl, — (UTrypUPYIOLIUE B JIe-
BOHM 4aCTH MPUBEIACHHOTO ToxaecTBa. CienyeT 3aMeTUTh, UTO JAUarpaMma Diliepa —
BenHa, HapycoBaHHAS C TOMOILIO KPYTOB, LIS YeThIpeX IepeMcHHbIX a, b, ¢ 1 d He
ABJIAETCS ITOJHOM, ITOCKOJIbKY OHA COAEPXKUT TOALKO [4 obnacreit, a Heobxonumo 16.
IloaTOMY B pOH MCXOAHbBIX 061acTeit BLIOPAHDI DTHUIICHI.
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Puc. 1.15

Ha puc. 1.16 u3oGpaxeHsbl yeThipe AMarpaMMbl, COOTBETCTBYIOIINE OTepalMsIM
MPaBOM 4acTH TOXAECTBA; TOCAENHSIS U3 HUX SIBAsieTCs pe3yabTupytoineid. Ho Toyno
TaKasi XXe Pe3yJbTUPYIOIIAsl [UarpaMMa IMOIYUUTCS TpU cloxXeHuu no mod (2) aByx
nepsbiX auarpaMm: (a + b) + (¢ + d). Tak Kak pe3yIbTUPYIOLINE AMarpaMMbl JIEBOH U
NpaBoOil 4aCTU OAMHAKOBLIE, IPUBEICHHOE HAMYU TOX/IECTBO SIBJISICTCS BEPHBIM.

(a~b)—> (c+d ((a~b)—> (c+d) A
~((a+b)[(c+d)

Puc. 1.16
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B ripaBuaLHOCTH TOXAECTBA MOXHO yOEeIMTLCSI C TTOMOLIBIO TabnMiibl MCTHHHOCTH
(ta6. 1.17). OHa nokasbIBaeT, YTO HAbOPh! 3HAYIEHMI U3 HYJIEH M eIIMHULL 11151 IEBGH Yac-
TH ( /1 ) coBIany ¢ HabopaMu NPaBoi YacTH ( fi; ), 3HAYUT, MCXOAHOE TOXKIECTBO BEPHO.

Taonuua 1.17

a2 ol1loj1]o ‘IBQ_J,,I,,AO_JW 0j1]0/1]011
b oloj1j1itoloj1f1jojoj1|[1]o0jol1]1
c olojojol 111 1]ojojo0lo{r]1{1]n
d olololololololol 1 it il 1i1i1i1
fi=a+b [0 1]1l0]0l1{1]ol0o}1][1]o]lo0|l1 1]0
h=c+d |0]0[0]0 1t|1|1]|1i1{1]1]1]0]0l0]oO
i=f+h |Ool1l1]0 ti0(oj1lt1]jojol1jOoj1]1]0O
fh=a~b tjojojtrj1tojofl1jrjojoj11l0]0 1]
fa=fhhof O ij1 0 111 111111 ]orti]1]o0
=AlhHh J1lilrj1|1joloj1 1i0{0 1 111 ]1]1
fa=finfy ol1|1]of1jojoj1jtjojol1i0o]j1l1]o0

MOXHO CTaBUTL 0OpaTHYIO 3aaauvy, T.e. 110 U3BECT-
HOW AuarpaMme HaxoauTh OTBCUAIOLUCE €/l KOMITAKTHOE
aHajuTHUEeCKOe Bhipaxenue. ITycTh AaHa auarpamma,
u3obpaxeHHas Ha puc. 1.17. HaitneM cooTsBeTCTBY1O-
mee ¢l aHAIMTHUYECKOE BbIpaxenue. Ins aToro 3a-
ITPUXOBAHHBIE 00JACTH NMPEACTABUM B BUIE KOHCTHU-
TYEHT:

Ci=anbnrce, C=anbnrc.
HMckoMoe BhIpaXeHue 11oayvyaeTest nmpu oObeIMHEHUHN
3THX KOHCTUTYEHT:
x=CvGC =br{lanc)v(anc)=bnr(a+c).

TpebyeTcst BLISCHUTD, OYIET AW BLITTOIHATLCS 33KOH ACCOLUATUBHOCTH OTHOCHTE-

sgbHO mwiTpuxa Heddepa:
(alb)yjc=alb|c)?

31ech MOXHO He Tpuberath K TablIM1IaM HCTHHHOCTH WM AuarpaMMmam Dilnepa —
Benna. JocratouHo 3HATL CBA3b MEXIY OMEPaLMsIMU, YTOOLI NMOKA3aTh JOXHOCTh
3TOI0 3aKOHA:

a|(bicy=1+a(l+bc)=1+ a+ abc;
(@i b)yjc=1+ 1 +abye=1+c+abc.

TMo3nuust KOHCTPYKTHBUCTOB COCTOMUT B TOM, 4YTOOLI 11000€ TOX/AECTBO B MaTeMa-
THYEeCKO# JIOTUKE NOJIYYUJIO CBOE yoeauTeabiioe 000CHOBAHUE, OYAL TO 3aKOH JUCT-
PUOYTUBHOCTH JUISI IM3BIOHKIIMKM U KOHBIOHKLIMM HIX 3aKOH aCCOLUAaTUBHOCTH LI
ITHX OTIEPALMI — HUYTO HE JAOMIKHO OPATHCS: B KAUECTBE «aKCHOM», T.€. YTBePXACHUHI
0e3 J0Ka3aTeabCTB. AHATOIMYHBIA KOHCTPYKTUBHBIA TIPUEM MOXHO HCIMOJBb30BaTh
JUI 1OKa3aTeNbCTBa TABTOJIOTUM:

(arala— b)) >b=1.

Puc. 1.17
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JokazaTtenscrso:
al+a+ab)y >b=ab—>b=1+ab+abb=1.
B caenyouieM npumMepe nojIMHOMUATbHASE PopMa yKe HE MCIIOIB3YeTCs, a J0Ka3a-
TEALCTBO BEISTCA NOCPEACTBOM OyIIeBbiX orlepauuil. TpebveTcs noKas3ars:
((a+ by —>(avb)r{avbh) >a+b)=aib.
JoxazateabCcTBO:
((@a+b) > @v b)) {avb —>at+hb)=((avb r(avb) > (avh)n

Al@avbyv {avb) ~@avb)y=0a ~byv@avbviavh)a(avhv
viavbh)= La((a anbyv(avh)y=avb=alb.
Yacro BeTpeualoTesi 10Ka3aTeabCTBa cMetaHHoro xapakrepa. Hanpumep, tpebyet-
€A YCTAHOBUTD, HTO
KUB:I, ecan A < B.

Koraa BcTpeuaeTcsd CUMMBOA BKAIOUEHMS, €TI0 JIYULIEC BCETO TEpPEeBECTH B TOXIAECTBO.
Ecnu A noanoctbio BkIodeo B B, 1o ¢ noMoulbio guarpamm Ditnepa — BeHHa nerko
MPOBEPUTH, UTO
AnB=A wmnm AuB=B.
Hastee, ucrnons3yst MocjaeaHee PABCHCTBO M aKCMOMB! OYJICBOR JTOTUKHU, MOTYUUM:
AUuUB=AvAUB=AUAUB=1TUB=1.
Ipeanonoxum, TpedyeTcst TOKA3aTh TOXICCTBO
AnB=B unu AUB=A

B nasHHOM ciaydae J0OKasaTejJbCTBO MOXHO FPOBECTH, 110 KpaliHel Mepe, ABYyMs

criocodamu. [lepBblit ciocob:
B=BuUl=BUu@AUA=AUB"AUB=An(AuUB)=
=(ANAVANB=00U(ANB)=AnB.

Bropoi#t cnoco®:

AnB=(AuB)~B=B.

[Tpu BTOpOoM cnocobe A0KA3aTEALCTBA HCITONbL30BAICH 3aKOH MOTIOLLeHUS, KOTO-
phiii, BOOOILE roBOPS, HE BXOAUT B CUCTEMY NPOBO3IJIALICHHBIX paHee aKCHMOM, HO
CIPABEIUIMBOCTH KOTOPOIo, TEM HE MEHEe, IErKo YCTAHOBHTL OTAebHO. OTCIONa BbI-
BOJI: BCSIKOE 10KA3ATEALCTBO 3aBUCHT OT TeX CPCACTB, KOTOPBIMW MBI pacrosiaraem.

3akoH ne Moprana MOXHO JJOKa3aTh CCAVIOIUMM 00pa30oM. «YMHOXUB» TOXACCT-
BO CJieBa U CTipana Ha CKoOKy (a v b), noayuum:

(avb)r(avby=(anb)n(avbh).
Taxk kak a A a =0, To 1eBast UaCTh TOX/ECTBA paBHA HYIM10. PacKphbiBasi CKOOKM B IIpaBoit
4acTH, yoexaaeMcs, YTO U OHa TAKXKE PaBHA HYJIIO.

IMo ananoruy ¢ 3TUM 10Ka3aTeILCTBOM KAXKETCSI BIOJIHE I]paBJIOIIOI[O6HbIM KW TaKoC
D0Ka3aTeJbCTBO 3aKOHA MOTJIOLLIEHMS:

a=anr (avbhb).
O06e yacTH TOXICCTBA «YMHOXaeM» Ha CKOOKY (a v b):
anrn(avb)y=an(avb)@vh.
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Hcmonb3ys 3aKOH MASMIIOTEHTHOCTH, IIPUXOAUM K TOXIECTBY:

an(avb)y=an(avbh).

OHaKO TaKOe AOKA3aTEBCTRO ABJISIETCS] OMMOOUYHBIM, TIOCKOILKY MPOU3BOIBLHOE
«YMHOXEHHE» B TOTHKE HEJAOMYCTUMO. BO3MOXHO JIMLIbL TAKOE «YMHOXEHUE» U «CII0-
XeHME», KOTOPOe OTBeUaeT 3aKOHAM HYJISl M einHulLbl, T.e. ara=0, ava=1. Ins
WIUTIOCTPALIMM CKA3aHHOTO BO3bMEM 3aBEIOMO JIOXKHOE TOXIECTBO:

(arb)yvia ne)yvianc)y=(anrb)v(anc).

Bocnonb3yeMcs 3aKOHOM TIOMIOLIEHUS B BHIE!
a=av (anc).

«CIOXHUB» €70 ¢ UCXOJHBIM BbIPaXKEHHEM, TTOTYUNUM:
(@anb)va@aroovanceyva=@rbyviarcvancva,

9TO JOJDXHO JTIOKA3BIBATEH CITPABEIMBOCTE MCXOAHOTO BbhlpaxeHust. OnHAKO ¢ MOMO-
B0 TAOJMLL HCTUHHOCTH (Tab. 1.18) Nerko ycraHaBiuMBaeM, 4YTo 3TO He TakK. [IBe ca
Mble HIXKHHE CTPOKHU, COOTBETCTBYIOLINE ITIPaBOH ( fr ) U NeBOi ( f ) YacTIM UCXOAHO~
IO BBIPAXEHMSsI, OTIIHMYAIOTCSA ApYTr OT Apyra. CinegoBaTelbHO, TOXIAECTBO 3aIlIUCAHO
omtn60uYHO, MCTUHHBIM TOXIECTBOM SIBASIETCS:

(@arbyvi@arc)yvbrey=(arb)v(a o).
Tabnuua 1.18

a

b

[4
Lh=anrb
F fg:ZAC

A=anc

R=hHVvih

|

OO |00~ O

i

~ lololwloixalx
— o= lol~|olo
ol|l=|o|lo|=lo|=
~lol=iol=i=lo
IO IS N ] UGS PR pUI DI

O |lo|(o|o|O|O(C O
OO O OO0 |O|—=

L=hvhvE

—
—_
—_
—

—
—

3aKOHYMM 3TOT MOAPA3NEa Pa3THIHBIMU APHUMEPAMH PEIUCHMS 33124,
1) JlokaszaTh TOXIAECTBO:
a->bnrc)y=a|(b]c).
Tloxazatensctso: a—> (bAc)=av (lﬁ) =avlc)=al b | ).
2) JlokasaTh TOXIECTBO:
a+(bnrcy=(a->b) ~({(a+c)rb).
JoxkazarensctBo: (a — b) ~ ((a+c) A b)= (1 +a+ ab) ~ (ab + bc) =
=1+ +a+ab)+ (ab+ bc)y=a+ (b c).
3) loka3aTh TOXAECTBO:
(anbrc)y>@avbvey=(@—>b)vb->c)vic—a).
Joka3arenbCcTBO:
(@rbrc)viavbvo=@vbveviavbye =
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=(avbhyvibveviecvay=(@—->bv b vica).
4) Hoka3aTb TOXIECTBO:

((@ad by >(@a+b)~((a-b) > (a|b)=avb.
JlokazaTedabCTBO:
(@ib) > (@+b)~{a-b)—>(alb)=avbv({(anb)vianb))a
Altlavbyviavb)=avbyA{avbviavb)) avl)=
=(xAalxvy)al=x, r}lex:avb,y:Zvi).
5) Joka3aTh TOXICCTBO:

AUOAAUBABUCOAN AUB A BUC)=0.
Jloxa3aTenbCTBO:

ANCAnAUCO=XnX=0, tieX=AnC.
6) Jloka3aTh TOXIECTBO:

AUVBUO+ANBnCO=(AvuBUCO-(AnBnC().
,HOKaSaTCJ'[bCTBOZ
AUBUO+ANBACO)=(A"BNnO"ANBAC)U((AUBUO) N
UAUBUCO)=0U((AUBUONAUBUC)=AUBUC)-(AnBAC).
7) dokazaTb TOXIECTBO:

(AUuB "BUC)U((AUC)ABUC)N(AUB)=1.
JlokazarenbCTBo:
(AUBABUC)U(AUC)ABUCNAUB)=
=BUANO)U(AUCO)ABUARO)N=BuX)uXnBuUX)=
= BuX)uXnB=BuX)uBuX)=1, rmeX=(AnCO).
8) IlpeobGpazosary B CAH® dyHKIMIO:

f:(x+%)—(x—>¥). . ~ B
Pewenue: feppo=(x+2)—(x—=>p=xv)AXv)Arxay=

:(}\/z) /\x/\j):X/\)—)/\z.
HpaBI/UII)HOCTb HAX0XICHUA fCﬂH(D MIPpOBEPHUM C NOMOUILBIO Ta6III/ILU>I HUCTHUHHOCTH

(tabn. 1.19).
Ta6bnuua 1.19

x|y | z X+ z Xy f
0 0 0 1 1 0
0 0 1 0 1 0
0 1 0 1 1 0
0 1 1 0 1 0
1 0 0 0 0 0
1 0 1 1 0 1
1 1 0 0 1 0
1 1 1 1 1 0

9) HMcnosb3ys omnepalini Hal MHOXeCTBaMH, TpeacTa-
BUTD 3AIUTPHXOBAHHbIE 001acTH pyc. 1.18 B BUIe KOMITAKT-
B HOTI'0 aHAIUTUYECKOTO BbIPpAXKEHUS.

C 3aIII'FpMXOBaHHbl€ 00/1aCTN MOXKHO NpCacTaBUTL YCThi-
PbMsA KOHCTUTYCHTAMM!
(Amﬁmé)u (ANBACO)u ANBNQOu (KmBmE)=
=ANBAOUBACYUANBACOUBNO)=
=ANB~C)Uu@AnB+Q)=
=ANB~C)ANB~CH=A~(B~C).

Puc. 1.18



1.4. 3aganus Ha npaKkTHYecKy10 padory no jJoruke byas

1) B ta6a. 1.20 3apanbl HomMepa HAbOPOB apryMeHTOB, Ha KOTOPBIX JTOTMYECKAd
byHKIWMA IpUHUMAaET 3HaueHUe, paBHOoe eantnie. Heobxonnmo 3anucatsb 3Ty (PyHK-
uuo B CAH® u npousgecTy e MMHUMU3AUMIO MeTOAOM KyaliHa, MeTONOM coyeTa-
HMS UBJIEKCOB U MeToaoM KapHo (pe3ynbTarsl MUHUMH3ALIWHK JUTSE BCEX TPeX Ciyvyaen
JOJIXKHBI COBITACTD).

Tabnuya 1.20

Neo Homepa KOHCTUTYEHT
11 4aTe6 8] 9 ]10]11115] -
2l 21316 |7 | 8 14|15 -
3]l el 214015 61 71 9/]11
4 | 1 1 3] 5 7 18 l1211a4] -]
5 |1 ] 21516 10|12 13] 14 |
6 o !l 3! 7119 101211314
710l 215 1 8110111]14]15 |
8 o 1+ 2147 1011 12]
s ol 57 81 9112 13]15
10|l ol 11 21319 12114115
11l ol 1 a6 7 81915
121 o1 31 a5 718 1011
B3|lol 23 [ 7|8 121415
14y ol 219 10111121131 15
5] 112156181 9110/ 14
160113 617 19 | 11113] -
171116 7.9 13 1 14 | 15
81 1 121 4 101111314 -
JECE B N 13 | 14 | 15
20| 1 1 21314l 91215 —
21| 2 1 3|1 4| 7 (10112 13| 14
22V 2 1315 |8 10l 11]12] 14|
231 3 a5 | 7 81 9 1011
141l s 719 l1wlnnlilis
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2) Jlornueckyo (pyHKUMIO Ballero BApUaHTa U3 NPEeabIAYILErO 3a0aHUsI 3aMULIUTE B
CKH®. Kax HyxHo Monubuuuposars MeTon KyaiiHa, MeTog cOYeTaAHHS MHAEKCOB U
MeTon KapHo, utobbl npucnocobuts ux K CKH®? I[TpousseyiTe MUHMMM3ALMIO Ba-
wel Gyskunuy, 3anmucanHoi B CKH®, sceMu TpeMst MeTogaMH.

3) Huxxe npuseaeHbI IOTUYECKHE BhIpaXkeHUs. MakCUMaJIbHO YITPOCTUTE BhIPaXKeE -
HUE CBOEr0 BapUaHTa, BOCIOJIb30BABLUMChH 3aKOHAMH JIOrMKM byis. 3areM ¢ nmoMo-
LIbIO TAOML MCTUHHOCTY CPaBHUTE Balle YIPOILIEHHOE BhIpaXeHWe ¢ MCXOAHBIM.

Lav@ab)yr@anBvd)ve)vey (av(bnd),
2.((aveya(avd) A(((evic A B) Ae)va),
3.bvdyr(drcyvianeyvdnrc)vianc)a(bvd,
4. (aveyr(avbyabve)a(avb) rbvo),

5.(anc)v ((va’) A(EVE’) A (dv b)/\(zvd)) v(a/\Z‘),

6. (bveya(avbh)vdace)y ((Bra)ve)a(av b)),

7. (a/\Z')v(;/\i))v(bA C)v(_t;/\b)v(C/\E),

8. ((av (cvbae)) Alendyn(cnd) a(cv (dnac)vd),
9. (avayrBvd)yrbve)a(evd)vbve alevd),
10.(ave)r((@andyvbadyv(and) v(brd) A (ave),
1. (dre) v dAb)v (cnb) An({(dAb)v(chb)A(ava),
12.cnd) v bre) alavd ~({((cvb)rd)v(cn b)),

13 ((avbh)abrcadyv(@nbrcrdyvbvevd,

4. ((anb)v(an 5)) v ((E v b) A (cv dy ~ (t—l v Z) A (dv c)),
15.(brcyvievdyvaya(avbyvevd a(cvd) ~a,

16. (Bve)advbre))vidnanayv {(cvb) A dve),
17.(bnd)yv ((cvd) A (ave)yn dv ) a (avZ‘))v(Z/\d),
18. ((cvdy n(dva)v ((bvb A(cva)a(cvd)a(dva),
19. (a/\a) v (((Z'/\E) v dyAlcv b)) v (((—lvz) A(cv b)),
20. ((dv (dAre) ndyv by A((bvd nbva)),

2. (ba(eva) vd) vdy (bv(cra) abv(an ),

2. (ecvayr@avb) aaveynbva)vbadyv(bnad,
23.(dv@and)yva) by (dv(dnre))a(cna)n(dn a)),
2. (crbyvdrc)v(bre)v(dnc)v(bnad.

4) AHATUTHYECKUM CMIOCOHOM, T.¢. Ha OCHOBE hOPMYIT B3AMMOCBI3H MEXTY JIOTH-
HYECKHMMMU OlepalusiMU, TOKAKUTE CIPABCAJUBOCTE HUXKCITPUBCACHHBIX TOXIECTB.
3aT€M C IIOMOINLIO AHarpamMm 3]71)1(3])1! — BeuHa NMOATBEPANUTE CITPABCIITNBOCTL 9TOIO
JlokazarenncTra. [pejacraBuTe 01HO M3 BhIPAXKEHUH (ITpe/IBAPUTEIBHO €10 YIIPOCTHUB)
B 6a3unce 3aeMeHTapHbIX QyHKLMIE. B Habope HoMepoB 6a3ucHBIX (PYHKIMUN A0/KIib]
dburypuposath uMgpbl Bawero papuanrTa. HanpuMep, ans sapuanrta 12 Moryt GuITh

B34ThI cleayleuie QVHKLMN: f, f5, fj,. Henocralomme dyHKIMKU oTOUpaloTcs Ha
OCHOBE TEOPHU KJIACCOB.
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(@] b) | (@~b) | ((c+d) > @d-0)=((b—>c)—>(a-c) ! ((a]d)]|(d— b)),

(aro)l - r(ald)-(brd)={alb)(a+b)— ((c+d) r(d-> o),

aibv@+b)-(c-d)l(c~d)=(c>aa(c—b) - ((ald)viad),
(a~b-@ib)dc~Dic-d)={c-a)l(c-b)) (ald)l®la),

(@Abyv@+b) - (d-o)ld~e)=a>)ab->0) > (ald)|(b]d),
avbh)-@+bh)yvc-dic~d)=(c-a)i(c-b)Ar(avd-(®bia),

(d-b) > (c-b)l{cva)(d->a)=(c|d|(c+d)]|((a~b)— (a-b)),
@by -(@+B)v(d-lc~d)y=(ald)l(b-d)ra>c)-(b-c),

e-ayvic~a)~((d-b) L (d~b)=(avbrlcb)—>{d-a)v(cnrd),

10. ((c~B)-(bleyi(a~dl@-d)=(bldl(cid)| (a-bl(a-0),
1. (@a-d)via~d) - ((b-) 4 (b~0)=(b—>d) r(alh)—>((cvd]|(a—>c),
122.(bld)iciadyrn@@asb)-(@a-)=((bve)-(b+c)va-d)i(a~ad),
B.((codc+d)(a~b) > @nrb)=a>c)>@a-d)l{b->d|b-c),
B A((bAd)d (Br) A ((d—a)—(c—a)=((c|d)|(c~d) > (a+b) (b a),
15. ((d——a)v(d~a))—((c—b)i(Z‘+b)):((ll\/b)/\(dm)b))—)(((,‘/\d)v(c—-a)),
16.(c>d)y~(c~d)v@arb)l(@+b)=((brc) i (b-d)r(a]o)-(a~d),
17.(c> b > dib) L ((a>d) i (a> ) =((cvd) (c~d) | ((a+b) — (a-b)),
18.((arl-a)alc>d~b-d)=(b|o) | (b~0) - (a+d) A(a— d),
19. (bl v b+d)-(a-c)da~c)={c—> b rd— ) (a-b)v (anrd),
20.(drayd(bad) | ((@a-)dGB-c)=a+b)~bBrapl((c~did-o),
21. (ad by v (@~ ) - ((c—d) L (c~d) = ((a—>d) rn (d > b)) > ((c > a) | (c > b)),
2. ((coa-(@+e)v{d-bLB~d)=alb)i(c-b)A{d>a)~(cnd),
23.((c1b) [ (c~B) | (@a+d) > (@-d)=(c>d) > B-d) L (b|a)| (a— ¢),
24. ((cib)v(c+b))—((d—a)¢(d~a)):((d—>b)A(d—»c))—»((bi a)v(c¢71)).

O 0 3 N L AW =

5) Bocronb3osasniuch TabiaMIaMi UCTHHHOCTH, MPEACTABLTE JJOTUUECCKHE BHIpa-
XEHUs BalIero BapuwaHTa ABYX nocienHux 3aganuit B CITH®. 3arem npoussenute
MHHUMU3AUMIO (Pe3y/IbTaTbl PACYETa IPOBEPLTE € MOMOIUBIO TabAUIl HCTUHHOCTH).
Haxounen, onpenenute, K KakuM kiuaccam (0, 1, 2, 3 unu 4) oTHOCATCS BALLK AOrU4e-
CKME BbIPaXKEHMUSI.

6) Jokaxure aHAJIUTUIECKUM NYTEM CIHPABEIUVIMBOCTL TPEX TIPEUIOXEHHBIX BaM
BBIPAXKEHUU.

. A-B)+(C-D)=A+C,eciu AnB=CnD;
AUBUANBACU@AANBAC)=1;
(a~by-(aiby=anb.

2. A-B+B-O+B-A+(C-B)=A+C;
(AUB)NBUC)U(AUBNBUC)=1;
a->b=(a+b)~(b-a).
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10.

11.

12.

13.

14.

15.

A-B)+B-C)+(C-A)=B-A)+(C-B+A-0);
(AuB)-COc(AuB-0);

(@il @iby+(@laylBlb)=a+b.
AUB)+(CuD)=B+C,eciuAnB=D,CnD=A;
(BrOUANO)A((BAOUANC)=0;
a—>c=(avbnrc)) > (avb) o).
A-B-C)-((A-B)-0=AnC; _
AUBABUC)U(AUB N BUCY=1;
bvicra)viavibrce)=avh.
ANBACOUANBIUANC)=A;

AnB=A, ecm AuB=1;

(a|(bic))+(b|(alc)+(cl(alb)) =(a—>(bvc)r(b—(avec))r(c—(avh)).

AUB+Aul+BUO=A"NB+ANC)+(BNC);
(AUuB)-C)c((A-Ou(B-A);

((ad b)yv(a|b) > (anrb)|(a+b)=1.
((AuB)mC)u(Km(EuE)):KuC;
A-B-O)c((A-BuBnO);

al (b-a)~b)=0.
ANnB)-(CuD)=(A-C)n(B-D);
ANnBul)c((AnByuC);
a~blc)={a+b)rc)+(a-c).
A-B)+(B-A)=A+B;

P-Q=AnC, eciu P=A-B-0),0=A-B)-C;
(a~b)-(alb)=(asa)l (bib).
AnB)UBAC)A((ANBUBACY=0;
A-B-C)cAuBnO);
bv(arnce)>bveyray=b—a.
AUB)+(CuD)=A+B+C+D,ectuAnB=CnD;
A-B)-C=(A-O-B-0);
(@arnbrc)v@aveyab)=avh.

(AN +BAD)c(A+B)yu(C+D)y;
A+B-O=A-BuQ)uB-(AUOC);
(ajby>bvey=bve.
(BAOUANBUANC)NA((ANBUBAC)=0;
A-B)u(B-A=B-A)+(A-B);
(alb)y+blcy=(a+c)-b.
P=(A-B)-C,Q=A-B-0O,eciu Pc=Q;
A-BDuB-COu((C-A=AuBUC)+(AnBnC);
(avbveoy~(arnbrc)=(a>bDr(b>c)r(c—>a).
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16. (AU +(BuD)c((A+B)yu (C+D);
(BnAUCON(AUCUB=B~C
((@a+b)y-cy|((a-by+c)=a— (bv o).

17.(CABUBRAUBAOUANBUNAND=1:
AnBUC=An{BuC(C),ecu CcA;

(a~b)d ((alc)>(crd)=(b-a)-c.

IBA-BuO=A-B)~rA-0):

PcQ,ectu P=(A-B)-C,Q0=A-(B-0C);
((a|b) > Bve)d(e~dy=(d-c)-b.

19 A-BuQ) uUB-ALVOY)UC-AUBY=A+B+C+ANBNCO);
((AuB)-Oc(AUBUC -(AnBNQ);
(a-by-c=(a~blbvoe.

200A+B=(AuUB)+ (AU B);
ANB)UBNROUANO=AUB~BuUOONAUO);
@-b+@a+cyrb=a+blc .

2L AUB)+ (BUA)=(AnB)+ (AUB);

AUB NBUOcAUO;
a+{(c-b)=@~c)+bjc).
"222A+B=(A-B)+ (B -A);
Co(AuB),ecuCoA,Co B3
(@ib)d (@il @ldy=avh.

2. A-B+(A+OnB)=(A-0O)+((A+B)nC);
AuBNC=AuUBNO),ecnuAcC;
(aib)y>(bve)vic~-dy=d—->(cvb).

24. A+(A-B)~(1-B)=0:
(A-CQuB-A)c(AuB);
a~b|lcy=(a>by~{a+c)~b.

7) Huxe npupeaeHsl AnarpaMmbl Diiepa — Benua. [IpeacrasbTe 3aiTpuxoBaH-
Hbl€ U OTAECIBHO HE3ALITPUXOBAHHbBIC OOIACTH MAKCHMAJIBHO KOMIIAKTHbLIMY aHATH -
TUYECKUMH BBIPAKEHUAMH, B KOTOPbIX OB UCTIONBL30BANOCH MUHUMATBLHOE KOAHYECT-
BO JIOTHYECKKX ornepaumniit 1 6ykB. C 570il LeJbIo CHAYANA BbIPAZUTE BCE 3ALITPUXO-
BaHHbIC 00JIACTH 'iepe3 KOHCTUTYCHTbI-KOHBIOHKTBI, 4 HEe3aUITPUXOBAHHBIE — Yepe3
KOHCTUTYEHTBI-AU3BIOHKTDI, U TOJILKO M0C/IE HTOTO MPUCTYITaiiTe K YIIPOLEHHIO CO-
BEPIUCHHBIX (OPM (pe3y/ibTaThl MPOBEPbTEe Ha TAOIMLIAX HCTHHHOCTH).
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1.5. Beeaenue B JIOTMKY BbICKa3bIBAHU M
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Ion evickasvieanuem Mbl GYAEM NTOHUMATH TPAMMATHUECKH NPABUJILHOE ITOBECTBOBA-
TEJbHOE MPEHIOKEHHUE, IIPO KOTOPOE MOXHO CKa3aTh, YTO OHO MO0 UCTUHHO, THO0
JIOXXKHO, HanpuMep:

«KueB — cronmua YkpauHbl»,
«ITapux — cronuua Poccum».

IlepBoe BLICKA3BIBAHUE SIBJISICTCS UCIMUHHBIM, BTOPOE — AOHCHBIM.
BosbMeM nBa npocmaix BbICKa3biBaHUS:
A = «Ha yanue uzner goxab»,
B = «Hajg Moe# ronioBolt pacKpbIT 30HTUK».

C MOMOIUBIO MATH JIOTHUYECKUX CBSA30K MOXHO 00pa3oBaTh CACAYIOLUIUE CAONCHbIE
BBICKA3bIBAHMA.

1) ompuyanue; A = «Ha yauue xe uet 10Xnb»;

2) Ou3eIOHKIUUS:

A v B = «Ha yauue xe WieT 10XIb 111 HAJ MOSH FO0BON PACKDPHIT 30HTHK)
3) rxouslOHKYUA:

A A B = «Ha yauile naer J0XIb i 11 MOEIt TOJIOBOM He PACKPBIT 30HTUK»;
4) umnauxayus.

A — B = «Ecau Ha ynule UACT A0XAb, Mo HaJ Moeil ToOIOBOM pacKpbIT 30HTHK»;
5) axeusarenmuocmo!

B ~ A = «Han Moeii ronoBoil pacKphIT 30HTHK moeda u moabko moada, Ko20a Ha
YAUIE UIET JOXIb».

Jpyrue nornyeckue CBI3KH, U3BCCTHAIC HAM 110 JIOTHKE byJist, B IOTMKe BHICKA3bl-
BaHUA He UCNOJB3YIOTCH. Terepb CAEIaeM IT0 MOBOAY KAXIOM M3 ISTH YKa3aHHBIX
CBSI30K HEOOJIbILIME 3aMeyaHusl.

Ompuyanue. BEICKa3bIBAHUC A MO-IPYTOMY MOXHO TTPOYMTATH TaK:
«Hcmunno To, UTO HA YIULE UACT A0XIAb».

IMosTomy, ecin A =0, TO 3TO 03HAYAET, YTO HA YAULIE HE MIET NOXAb. [loToNHs0LIee
BbICKa3bIBaHHeE A TAKXKE OPUEHTUPYETCS HA MCTUHHOE BBICKA3bIBAHUE, T.€. ETO CIIEAYET
NMOHUMATh Kak

«Hcmunno TO, UTO Ha YIKIE He MAET AOXAb».

Torma A=1 6yaeTt 0603HAYATL TY XK€ CAMYIO CHTYAUMIO, 9YTO U B IPEABIAYLIEM CIIyYae,
T.€. OTCYTCTBHE HOXJIS.

Jussronxyua. B Halliem KOHKpeTHOM NMPUMeEPE AM3BbOHKLMA [BYX BEICKA3bIBAHUN A
¥ B, B npyuHUNITE, MOXET IMOAPa3yMeBaTh 1 KOHBIOHKIIMIO 3TUX K€ BblCKa3blBaHHUM.
OHAKO YaCcTO TpaMMaTHYECKHI COI03 wau He BKIIo4YaeT B ceba colo3 u. Hanpumep,
IycTh OYIYT JAHBI B OPYTUX BICKA3BIBAHUS:

P = «ITerp HaxonauTCsl B KUHOTEATpe» ,
Q = letp Haxonurca B bacceliHe» .
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Ecnu puist Hac He cTonb BAXXKHO, 1€ HAX0OUTCA HeTp, TO Mbl, KOHEYHO, MOXKXEM NUCIIOJIb-
30BaTh COKO3 Uau C BKIIIQUYCHHLIM B HETO COIO30M U, d)OpMaJIbHO 3amnucan:

P v Q = «IleTp HaxoauTCs B KHHOTeaTpe uau/u B GacceiHe».

Ho ecim HaM HYXXHO TOUYHO YCTAHOBUTH, rae HaxoauTcs I1eTp, To MbI 00s13aHBI UCKITIO-
YUTH Cilyyait onHoBpeMeHHoro ripucyrcteusi [leTpa B xuHoTeaTpe U 6acceiiHe, T.e.
¢GopMaTBbHO 3a1MCcaTh:

PvQAPAQ).
TTomo6GHbIe BHICKA3BIBAHMSI HA3bLIBAIOTCS Ccmpoeoil OussioHKyuel, KOTopas O3HAa4vaeT
«aubo P, au60 Q , Ho re P u Q onqHoBpeMeHHO». M X0Ts, ¢ TOUKU 3peHus JOTHKY By,
9Ta JIOFUYECKasl oliepailus PaBHOCUJIbHA ONePalluU CUMMempU4ecKoil pa3Hocmu:

P+Q=FvQr((PvQ),
MICTOPHYECKH CIIOKUIIOCH TAK, YTO CHMBOJ «+» B IOTMKE BbICKA3bIBAHMIA HE UCTIONB3Y-
eTcs.

Konstonxyusn. Jlorndeckuii coio3 u HeoOA3aTENBHO JIOJIKEH MPEIACTABISATHCA Yepe3
rpaMMaTHYeCKHit coro3 u. B yacTHOCTH, BhIllIE TPUBEIEHHOE BEIpAXKEHHE MOXHO MPO-
YUTATh HECKOJIBLKO MHAYE:

A A B = «Ha yauue uaet n1oxab, @ HaJl MOeil TOMTOBOU #e PACKPBIT 30HTHK».

Co103b1 ¢ M HOTIO CMBICJTY HaCTO COBITAIAI0T C COXO30M U, TTIO3TOMY OHU UCHOJIB3YIOTCA B
CJIOKHBIX KOHBIOHKTHUBHbLIX NMPEJTOXEHU X,

OnHako A3bIKOBAsI CUTYalUsl MOXET CTaTh TAKOM, YTO COIO3 U IEPECTAET UIPaTh
POJIb KOHBOHKUUU, TTPUBENEM ABA CJTIOXHBIX NPCIIOXECHUS!

«EMYy cTano cTpaiuHo u OH yOun 4eaoBexka.»
«OH yOui yenoBeka u eMy CTajlo CTPaUIHO.»

31ech HEKOMMYTAaTUBHOCTD JABYX MIPOCThiX MPEIOKEHMI CYEBUIHA, IIOCKONBKY Mbi
HMeEEM JeJI0 CO CKPbITON uMAALUKayuell, KOTIa OJHO ITPOCToe MpeLIoXeHue 00ycIoB-
JIABAET APYroe.

Hmnauxayus. BoicKazbiBaHWe TUTIA «ecaid A , mo B » HOCUT 06sacHaouull XapaxkTep.
OHoO Kak 65! pa3bsICHSIET HaM, NTOYEMY HMeeT MeCTO coBbiTHEe B — MOTOMY YTO HMEJIO
MeCTO COOBITHE A . DTO CBOMCTBO HMIIJIUKAIIMU OCOOEHHO LIEHHO ISl JOTUKH BhICKA-
3bIBaHUI, O YeM Mbl TOAPOOHO OCTAHOBUMCS B CJIEAYIOLIEM Moapaselie.

OOBICHAIOIUINI XapaKTep UMIUIMKALIMM TECHO CBA3AH C APUYUHHO-CACOCMBEH-
HBIM OMHOWEeHUeM, TIPH KOTOPOM A BBbICTYTIAeT B POJIM NMPHUUYMHEBL, a B — crencTeus.
IIpruuHHO-CcleacTBEHHAas CBSA3b MeXay A U B rpaMmMaTHuecku MoxeT 6bITh 0op-
MJIEHA NPEINOXEHUSIMU, «A SIBJISIETCS 1I0CTATOYHLIM OCHOBaHUEM sl B», «B |, mo-
TOMY 4TO A», «B TIpU yCJIOBUH BbiNojHeHUs A» U T.0. Ecau nog A 1 B noHumMarth
NpeXHHUEe BBICKA3BIBAHUS, TO pe3ylbTaT MPUYUHHO-CIEACTBEHHOTO OTHOIIEHUS
MOXHO 0(pOpMMUTD cJieayloleit Tabauie nctuHHocTH (tada. 1.21). Bropas ctpoka
TabAMLBI TOBOPUT 00 OTCYTCTBUU NPUYUHHO-CAEACTBEHHOTO OTHOUICHUS MEXIY
coObITUAMU A u B.
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Ta6nuua 1.21

A B A->B Pe3ynbtathbl
0 0 1 OCTaHyCb CyxXuMm
1 0 0 BbIMOKHY

0 1 1 OCTaHyCb Cyxum
1 1 1 OCTaHyCb Cyxum

Dreusarenmnocms. BoicKazbiBaHUE «A DKBUBAJIEHTHO B» MOXeT OBITH C yCrexoM
3aMEeHEHO Ha «A paBHO B», «A ToxaecTBeHHO B», «A paBHOCUIBbHO B», «A TOTAa ¥ TO-
JIbKO Torna, koraa B» v T.41. Tak Kak 9KBHBAJICHTHOCTb BBIPAXKAETCS Yepe3 KOHBIOHK-
LMIO ABYX UMIUIUKALIMIA:

A~B=A->BArB->A,
TO 3TO OTHOUIEHHME YaCTO BO3HUKACT NPH OAHOBPEMEHHOM BbINMOJHEHUH IBYX YCI0-
Buii: «u3 A cinenyet B> u «u3 B cneayer A». TakuM oGpaszom, IpU 9KBUBAJTIEHTHOCTH

JBYX COOBITHIT HEBO3MOXHO OIHOMY U3 HUX [IPUMIMCATHL POJIb TOJBKO MPUIUHBI, a APy~
TOMY — TOJIBKO cleaAcTBUsl. Hanpumep, nBa cobbiTys:

R = «Hapacranue aHapxuM B o0LIECTBE»,
S = «IlaneHue aBTOpUTETA BAACTU»,

SIBJISTIOTCS BIIOJIHE PABHOITOPSIKOBBIMMU COOBITUAMM, TTOCKOJIbKY IMPUYMHOI HapacTa-
HUS aHAPXWU B OOILECTBE SIBJISICTCSA NaACHUE ABTOPUTETA BAACTH, U HA0OOPOT, MaJeHue
aBTOPUTETA BJAACTU [IPOUCXOINUT U3-3a HApACTAHUS aHApXU U B o0lLecTBe. B naHHOM cU-
TYalUN 6ECCMBICIEHHO OOBUHATH TOJILKO BI4ACTh B ¢AGOCTH U HEKOMITETEHTHOCTU
WIH OOBHHSTH HAPOA B HECO3HATEABHOCTH U HEAUCHUIIIMHUPOBAHHOCTH.

Cobburmust R u S 06pasyior aoeuteckuii kpye; nx 6yaeM Ha3bBaThb CHJILHO CBSI3aHHEI-
MU COOBITUSIMU W BbIPAXATh CASAYIOLIMMH TOXAECTBeHHBIMU (POpMaMMU:

R~S=RAS~RvS)=RvS)-> (RANS).

TToHATHE «CUJIBHOM CBSI3aHHOCTU» COBIAJAET C MOHSITUEM «3KBUBAJIEHTHOCTHY,
€CJIK peyb UlIeT 0 AByx coObiTUsiX. Ho BO3bMEM, K NpUMEpY, XOPOLLIO HU3BECTHOE 00b-
SICHEHH e, Ha UeM AEepXUTCA 3eMJsi:

3emasn (X) depacumes na mpex xumax (Y), kumwt (Y) depycames na eodax
oxeana (1), oxean (1) depaucumcs na 3emae (X).

TlocieaoBaTenbHOCTD, Ky1a BXOAST TpU HazBaHHbLIx 00bekTa X , Y 1 Z, ToXe obpa-

3YIOT JOTMYECKUH KPYT:
X->VVAXY>Z)A (LX)

O/JHaKo OTHOLIEHHE SKBUBAIEHTHOCTH (OBITH B3AMMHON ONOPO# ApyT Uil Apyra)

MeXIy BCeMU TpeMsl 00beKTaMu, T.€.

X~Y~Z,
3/eCh He BO3HHUKAET, Ia M He MOIJIO BOBHUKHYTh, TAK KaK Mbl BEIb HE YTBEPKIAEM, UTO
3eMAg ABASETCS HETOCPEACTBEHHO M 0nopo ins KUToB (X ~Y), UM 4TO KUTHI IBASIOT-
Csl HernocpeACTBeHHO M oropoid ais Boa okeaHa (Y ~ Z). I1o3ToMy 3KBUBaJIEeHTHOCTE B
JIAHHOM ¢J1yuyae MposiBASIETCS B BECbMa cBoeoOpa3Hoit opme:

XAYAZD)~XvYvZ) vin XvYvZ)->XAYAZ),
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YTO MOXHO UCTOJIKOBATH B CJIydac OlepallMy 9KBUBANEHTHOCTH KaK: OHHOBPEMEHHOE
TIOSIBJIEHUE BCEX TPEX OMOP NPOU3OUIET moeda U moabko moeda, K020a BOSHUKHET XOTsl
OBl O1H2 M3 ONOp, U HAOOOPOT; ISl ONepaluu UMILIMKALUM: ecid BOZHUKHET Ka-
Kasi-HUOYAb OTHA M3 ONOP, MO ITO NPUBEIET K MOSIBJIEHHIO BceX Tpex onop. Takum 00-
Pa30M, CUAbHAS CBA3AHHOCHb U A02HHECK UL KPY2 €CTh HEYTO IMMPOMEXYTOYHOE MEXIY
NPUMUHHO-CACOCHBEHHBIM OMHOUEHUEM U OMHOoleHueM sKkeusatenmuocmu. Ilono6Hb1e
OTHOLICHMS BOBHUKAIOT OYEHb YaCTO, HAlIpUMEp MEXAY WieHaMU NpecTyIIHOM opra-
HU3ALUU, [Ie BCE CBA3AHBI KPYTOBOHW MOPYKOMA U HEBO3MOXHO HAUTHU KpailHero.

B 3akni0ucHUE 3TOr0 BBOAHOIO 1oapasaesa XoTeaoch Obl TOTYEPKHYTH BAXHOCTD
PA3TUYUST MEXLY A3bIKOM Y MEMAA3bIKOM, MEXIY 006eKMHbIMU U CYOBeKMHbIMU BHICKA-
3pIBaHUAMMU. [IpeHeOperas 5TUM pas3inuveM, Mbl pUCKYEM BIAaCTh B IIPOTHBOpEYHE,
KOTOpOE HA3bIBACTCS A02UHECKUM RAPACOKCOM.

C 1IpeBHHX BpeMeH U3BECTeH TakK HasblBaeMblil «flapagokc mxeua». U3noxum ero
CYTbh.

S axceyr, — cxkazan axcey.

HMraxk, Hekuii xell coobiiaet o cede, 4to oH kel Clei0BaTe/IbHO, 31eCh OH BbI-
CTYITaeT B CBOEM NMPOTUBOMONOXHOM Ka4eCTBe, a UMEHHO — HeJikeua. FloatomMy nipu-
BEIEHHOE BbICKA3bIBAHME HA CAMOM Jejle HYXHO MOHUMATh UHaue:

«S axceu», — cxaszan Heaxcey.

Teneps nosyyaercsi, 4To NpaBaAUBLIA Ue0BeK coobiaeT o cebe, uto oH jokell. [1pas-
JMBOMY YeJIOBEKY Mbl, ECTECTBEHHO, IOJIKHBI BepUTh. [1039TOMY BTOpO€e BbICKa3bIBaHHE
cJlellyeT IIOHUMAaTh BCE-TaKH TaK, KaK 3TO OTPaXeHO B NEPBOM BbICKa3bIBAHUM. Takum
00pa3oM, BOZHHMKAET HEOMpeaeJIeHHOCTb, 3aKJTI0UaloIIagcs B TOM, YTO HETIOHSATHO, KaK
KBAUTUGULIMPOBATH FOBOPSILETO — KaK JDKeLa MM KaK HEKela, T.€. HeMOHATHO, Kak
UIEHTU(UHUPOBATh BICKA3bIBAHWE — KAK MCTMHHOE WM KaK JIOXKHOE.

ITapagokc BO3HUK MOTOMY, YTO B MPUBCACHHBIX BLICKA3bIBAHUSIX HE AEIACTCS pa3-
TPAHUYEHUST MEXJY ABYMS TIPUHLIMNIUAIBHO Pa3IMYHBIMU JIOMMYECKUMHU YPOBHSIMHU.
TToMuMO «iXela» UM «HeJKela» B JAaHHOI JOTHYECKOR CUTYalluH y4acTBYyeT CyOb-
eKT (MeTaHabmoaaTenb). Eciy npoBecTH 4eTKoe CMHTAKCUYECKOE OTAEICHUE CMEIC-
JIOBOTO COJIEPXaHUs, KOTOPOE A0JKHO OTHOCUTHCS K HaM, Kak MeTaHabionaTensaM,
OT MPOYEN CEMAHTHKU OOBEKTHbBIX MEPCOHAXEH, TO TOrHYecKoe NpoTUBOpedre OyneT
CHs1TO. CUTYALMIO C JIKE1IOM HeOOXO0AMMO MPEeACTaBASTh CASAYIOIUM 00pa3oM:

«H anceyr, — cxasan ancey.

«Dmo ucmunno», — ckazan memanabaooamens.
«H ey, — CKaA3aA HEANHCEU.

«Imo A0MCcHO», — cKazan Memaxabarooamens.
«AH Heaxceur, — ckaszan axcey.

«ImMo A0XCHO», — cKa3an memanabarodamens.
S Heaxncey», — cKaszaa Heaxncey.

«3mMo ucmuHHo», — cKA3an memanabarooamens.
AOMCHO  *  J0XICHO = UCHUHHO,
UCIMUHHO * A0MCHO = JA0XCHO,
AOXHCHO — *  UCIMUHHO = A0HCHO,

UCMUHHO *  UCMUHHO = UCIMUHHO.
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Ecnu npuBeseHHble YeThiPe KOHCTPYKUMH 3afMCATh YEPE3 ABA CI0BA UCMUHHO W
AONHCHO, TO MIOJYYUM OOBIKHOBEHHYIO TaOJIMLY YMHOKEHMS JUISI TPYITIIb] U3 ABYX 1€~
MEHTOB TUIIA HAKC U MUHYC eAUHULIBL, OIHAKO NCTOUHHUKOM MPOTUBOPEUUN B JIOTMKE
BBICKA3bIBAHH I HEOOSI3ATEABHO SABASETCH CMELIEHUE UMEHHO 008eKkmHo20 U cyboekm-
Ho2o ypoBHeil. HeonpeaeieHHOCTL MOXET BO3HHKHYTh MEXIY Pa3IUYHBIMH 0OBEKT-
HBIMM YPOBHSIMH. B Kauectse npumMepa npusenem ciaeayoiuylo dpasy: «Hem npasun
6e3 uckaoyenuti». Ho dpasza, crosias 31ech B KaBblukKax caMa SBISETCS IIPABHIOM.
Tax xakoe MCK/II0UeHHEe JOJDKHO ClieIoBaTh U3 Hero? Pazbepem 3To MpOTUBOPEYME,
HECKOJIBKO U3MEHUB €ro ceMaHTUKy. [1yCTh uMeeTCs BbICKA3biBaAHME!

A = «JT1060€ BBICKA3BIBAHUE ABJSIETCS JTOXHbBIMY».

Taxk Kak A siBJIsieTCA BbICKA3biBAHHUEM, Ha HErO JOJIXXHO PACIPOCTPAHATLCH CKa3aH-
HOE B npeioxernu A. PaccMoTtpum asa cayuasi:
1) Iycrb A = 1. D710 03HavaeT, yTo A=<«A=0 =1 Te. A=0.
2) Ilyctb A = 0. 310 o3HayaeT, yTo A= «A=0»=0,1e. A= 1
Taxum o6pasom, B 060MX CITydassix uMeeM NipoTuBopeydne. YTobn! ero n36exath, Hy>KHO
MPOU3BECTH JIOTUUYECKOE Pa3rpaHMUuUeHMEe BCETO MHOXECTBA BbICKA3bLIBAHMI Ha ABa
NPUHLIUIUAABHO pa3inuHbix K1acca — A B. BatoMm ciyyae hopmasisHas 3anmch nep-
BOHauaIbHOU bpasel Oynet uMmerh BUA: A=«B=0»; TornanipnA=1,B=0unpuA=0,
B=1.
IIpuBeneM ele OAUH MPUMEDP U3BECTHOTO NAPafoKeca. AHIMUACKMA Jloruk beprpan
Paccen noBegasa Takylo NpuTUy:
B 00noti uz depeseniv acun napuxmaxep. Ou Gpun ecex mex wcumesnell depeeru, KMo He
6puacs cam.

Paccen 3agascst BONpocoM: mooicem au napukmaxep nobpumse camoeo ceba? HaunHaem
pPacCyXaaTh: eC/T TapUKMaXxe P 3aX04eT MOGPUTh CaMoro cebst, TO KaK XKUTENL 3TOTO Ce-
JIEHUSs, KOTOPBIM OpeeTcs caM, OH He BITPABE 3TO CJIEJATh; HO €CJIU MapUKMAaXep He CTa-
HeT 6pUTHCS, TO YXKe KaK XKUTE/b CeleHMs, KOTOPBIA He dpeeTcsi caMm, OH 00s13aH Oyaer
cebs1 MoOPpUTD.

BripazuM ceMaHTHKY 3TOTO ITPOTHBOPeYUs: (POPMATBHBIM A3bIKOM. O003HaYUM ye-
pe3 A riapukmMaxepa v ycts P(A, B) o3nauaet BeickazbiBaHUe «A Opeet B». Torna cu-
TYALUIO, KOTOPYIO Mbl UMEEM B CEJIEHNH, MOKHO OTTUCATb IBYMS METABBICKA3BIBAHUSI-
MHU:

1) Ecniu P(B, B) =0, o P(A, B =1.
2) Eciu P(B, B) =1, 10 P(A, B) = 0.

Koraa napuksMaxep paccMaTpiBaeTCs B KaUeCTRe pAAOBOTO XKUTEASA ceyleHus (A = B),
00a MeTaBbICKa3bIBAHMSI CTAHOBSTCS BHYTPEHHE NPOTHBOPEYUBBIMHU:

1) Ecnu P(A, A) = 0, To P(A, A) = 1.

2) Ecnu P(A, A) =1, o P(A, A) = 0.
Bruipaxenue P(A, B) MoxeT o3HauaTh «A yuuT B», «A passnekaer B» u 1.4. Ilpun
3TOM ITOJ A MOHUMAETCH YYUTeb, IoMOpUCT U T.4. U xoTs A, Hapsaay ¢ B, dopmansHo

ABJISIETCS] 0OBEKTHOM MEePEeMEHHOM, €€ Hellb3si CTABUTbL Ha OAWH YPOBEHb ¢ B, TaK KakK
MMEHHO OTHOCUTENBHO A CPOPMYTUPOBAHBI METABbICKA3bIBAHUA.

1.6. ITocTpoeHnue 10Ka3aTEJbCTB B JIOTMKE BbICKA3bIBAHUM
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Joeuka — 310 HayKa o criocofax JIoKazaTeaLCTsa. BoisIcCHUM, B ueM, COBCTBEHHO, CO-
CTOUT PAIIMUUC B NMOCTPOCHUHM AOKA3ATENLCTB B AOTHKE BBICKA3bIBAHWIA W JIOTHKE
Byns.

B OyneBoii aozuke BCe 10KA32TCAbCTBA CTPOMIUCH HA OMHOWEHUN SKEUBAAECHIMHO~
cmu. Jlaxe eciiv B MHOXECTBEHHBIX BBIPAXCHHSIX U (PUTYPUPOBAJIO OTHOLIEHHE BKITIO-
YEHUS1, UTO SIBJISICTC A YACTHBLIM CJTVIACM OMHOUeH U ROPSOKa, TO €TO Mbl IEPEBOIWITH B
TOXAECTBO. [IBe nornyeckue GyHKIMU CUMTAINCH 9KBUBATEHTHBIMM, €CIM OHM AaBa-
JIM Ha COOTBETCTBYIOUIMX Habopax apryMeHTOB aOCOJIOTHO OJWHAKOBBIE 3HAYEHUS
Hyjed ¥ enuHul. [lpu ncnonb3oBaHUM (GOpPMAIBLHONA 3aNMHUCH JOTUYECKUX BLIpaxe-
HUI OTAENbHBIE 3BEHbS UEMU TI0GOT0 10Ka3aTe/1bCTBA TaM ObUIM CBSI3aHbI YEPE3 CUM-
BOJI PABCHCTBA «=». OTHOLICHUE DKBUBAIEHTHOCTU YAOBIETBOPSIET TPEM 3aKOHAM —

peghiexcusHocmu: A=A
CUMMEMPUYHOCIU ecin A=B, 10 B =A;
MPaH3umMUEHOCIU: eciiA=BuB=C,10A=C.

B 102uke evickazvieanuil BCe 10Ka3aTeNbCTBA CTPOSTCS! HA OMHOUWEHUU ROPAOKA, T.€.
Ha OTHOLLEHHUH, KOTOPOE CYLUECTBYET MEKAY NPUYMHOM U ClIeACTBUEM. 3AECH YXe OT-
JeNBbABIE 3BEHDbST LEeNU N0KA3aTeAbCTBA CBSI3aHLI CMMBOJAOM MMILIMKauuu. OnHako
CUMBOJT MMITAMKALIMH « — » TIPH JIOFHUECKOM BbIBO/IE MbI Oy/1eM 3aMeHSTh HAa CUMBOJT
«=>», IOA0GHO TOMY, KakK B iornke byssi ucnonb3ylores 1Ba cMMBOJIa SKBUBAEHTHO-
CTU — « ~» U «=». CUMBOJI « ~ » SIBJINETCS 00BCKMHbIM, & « = » — cyOsekmHbiM. TakKuM
0o6pa3oM, cie/lyeT PazanuaTh 23b/K JOTUKHU BbICKa3bIBAHHMI U MEMAA3bIK UCCTIeI0BaATe-
1s1. Bo M36exaHue myTaHU1bl BBEACM CLie IBA MEMacuMeora: BMECTO 00eKMHOU KOHB-
FOHKUUL « A » BYAEM KCITONb30BATH CYOseKMHbII CUMBO MEMAKOHBIOHKUUNL — « , », &
BMECTO 00BEKMHOU OU3BIOHKHUU « v » — CYEseKkmHyio Memaoussionkyuro « ; ». Torna
YTBEPXKAEHUE, KOTOpOE TPeOYeTCA J0KA3aTh, B IOTHKE BHICKA3BIBaHUIT OhOPMISETCA B
BUAEC CIACAYIOLICTO Ii[)Ll‘lLlHHO-C/I€()Cl?16€HH020 OMHOUWCHUSA.

P.P, ...P,_,P, =»C, (I.1)
rne B, — nocviaka (npununa), C -- 3axmouenue (caedcmeue). Yutaercs: « Ecau MOCBUIKH
P,P,, ..., P, _ . P, uctunnei, mo saxmouenne C T0Xe UCTUHHO» MJIU, TIO-IPYTOMY:
«Eeau npuunnsl Py, Py, ..., P, _ |, P, umenn mecTo, mo 6yneT UMETh MECTO U CEACT-

Bue C».

Y1008l HE CIyTaTh 00BeKMHoe gbickaszbiganie (MPEUTOXEHHE) C CYEBeKMHbIM BbICKA-
3bl8aHUEM, CIIPABCIVIMBOCTD KOTOPOTO Mbl HaMePeBaeMCsl YCTAHOBUTD, YCIOBHMCS
npemtoxenus Tura (1.1) HaswmBaTh Kaay3oi (clause).

Knaysa — 210 mMemanpedioxcenue, B KOTOPOM UCTIONB30BAHO OMHOWeHUEe NOPAOKA,
odOPMIIEHHOE YEPe3 CUMBOJI MemauMniukayu « => ». Kak v oTHomleHie SKBUBaJICH-
THOCTH, OTHOIIEHUE NOPSIIKA YIOBJICTBOPSACT TPeM 3aKOHAM —

peekcugHoCmu: A=A L
AHMUCUMMEMPUHHOCHIU: eciu A = B, 10 B = A;
MPAH3UMUBHOCINUL: ecilHA=>BuB=C, t0A=C
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B oTiiure OT 3KBUBAJIEHTHOCTH OTHOUIEHWE NMOPsIAKa MPeAlionaracT BeIIIOJIHEHHE
3aKOHa aHTUCHMMETPUYHOCTH, KOTOPbII MOXHO 3aMucaTh TakK:
ecinA=>BuB=>A 10A=B.

Knay3za ectb uMeHHO (hopMasibHas 3a1TUCh IOKa3LIBaeMOT 0 MpeaioxeHus. BMecto
6YKB B Hell MOXHO MTOACTABUTL 06 LEKTHBIE BbICKA3bIBAHM S, H TOIA KJ1ay3a HAMOJIHS -
eTCSl KOHKPETHBIM COAEPXaHUEM, KOTOPOe YXKe UMEHYETCSI CeMAHMUKOLI WIN Ae2eH -
doii. [1pumMep xkJay3bl:

A - B, A= B.
Ecnu npuHaTh, yto
A = ceepxnyara monnus, B = epanya epom,
TO MOXHO COCTABUTD CJIEJYIOLIYIO JeTeHAY:

H3zeecmno, wmo ecau c6epKHyAa MOAHUS, TNO HOCAE IMOe0 epsHem epom. Moanus ceepic-
Hyna. Credosamensvro, OOAMCEH U EPAHYING SPOM.

Han cyobekToM, KOTOpbiid hOpMYIHpyeT MeTATIPEIOXEHUSi, MOXKET CTOSITh IPYroit
CYOBEKT, IUIsi KOTOPOTO YXe NMPEATOXKEHUS NTEPBOTO CYOBEKTa OKAXYTCSI OO BbEKTHBIMH.
Torna knaysy (1.1) BTopoii cyObeKT WK MeTacyObeKT 3anuweT st ce6s1 CIeAYIOINM
JIOFMYECKMM BBIPAKEHHEM:

PiAP,A AP, AP)C.
TIpeo®pa3oBaB 3T0 BbIpaxXeHHUE B AU3bIOHKT, NOTYUHM:
PvPv.. vP,_,vP, vC.
Orcioa 1eTKo HaxoauM:
PiAPyn. AP, _ D> P, v ).
IToatomy kmay3za (1. 1) MoxXeT ObITh NpeACTaBAEHA B APYTOil axsuUsarenmHoli hopMme:
P,P, ..,P,_,=>P,;C (1.2)
B cuny KOMMYTaTUBHOCTH KOHBIOHKLIMKA Ha MecTe mochbLTKU P, MOXeT oka3atbcs
awobas Apyras, npyuyeM He onHa. Hanpumep, Knaysa:
P], P2, PJ, P4 = C) 5 C2 5 C3
MOXET OBLITh PeoOpa3oBaHa B APYTYIO 3KBUBAJIEHTHYIO (hOpMY:
P, C,, P, C, =P, ;C;; P, (1.3)

Opnako knay3a (1.1) mo cpaBHeHuwo ¢ (1.2) U apyrumMu nogoGHbIMU HoOpMaMH,
tuna (1.3), uMeer onpeneseHHble TIPEUMYLIIECTBA M, B YACTHOCTH, UCTIONbL3YETCS B
A3vike aoeuyeckoeo npoepammupogarus ITPOJIOT. Ee HasbiBatoT xoprosckoi. Ipous-
BOJIBHYIO KJlay3y BCErJla MOXHO CBECTM IyTeM 3KBHMBAJIEHTHBLIX NIpecOpa3soBaHUM K
XOPHOBCKOMY BUJLY.

Ecnu cuMBoJI MeTauMIIIMKALMU « = » Kay3bl (1.2) CMECTUTB B KpaliHee JIeBOe I10-
JIOXKEHHE, TO OHA PEBPATUTCSH B IMA6MOA0UIO; €CNIU Xe eTO CMeCTUTb B KpaiiHee mpa-
BOE€ IOJIOKEHUE, TO — B HPOMUBOPEHUE:,

P,P, ..,P,_,,P, P, C= 0— nporusopeuue.

n—

.1 P,; C — TaBrosiorus,
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Huxe MbI pacCMOTPUM ISITh KOHKPETHBIX METOIOB 10KA3aTeJIbCTBA CIIPaBeJINBO-
CTH JIOTMYECKUX KIIAY3 — aKCUOMAMUUECK UL Memood, Memoo mabauy UCmMUHHOCIU, Me-
mod pezonoyuii, memod Bonea w memod namypanbrozo ucyucienus. Kak U B JIOTHKe
bynst, B orvke BbICKA3bIBAHMIT CYLLECTBYIOT GKCUOMAMUYECKUL I KOHCMPYKMUBHDBLIL
MOJAXOAbl AOKA3ATEABCTB JOTUYECKHMX BhIpaxeHUH. [IBa MepBhIX M3 TOJBKO YTO Ha-
3BAHHBIX MSITH KaK pa3 siBISIIOTCS SIPKUMU MPEACTaBUTENSIMU TAKUX MOAXOI0B, OCTa-
JIBHBIE TPU METOJIa — CMEILIAHHOM CTpaTerni. AKCMOMaTHYeCKOE ITIOCTPOEHUE TIOTHKHU
BBICKA3bIBAaHUIl COCTOMT B TOM, UTOOBI MOMBITATHCS BBIYJIEHUTh U3 HECKOHEYHOIO
91CJIa MCTUHHBIX KIAY3 He3UGUCUMYIO CUCHIEMY AKCUOM, C TIOMOUIBIO KOTOPOH MOXHO
Ob110 OBl YCTAHOBUTH CMPABEIIMBOCTD JIHOOBIX APYTMX KAay3.

Ml yxe cka3anu, 4To 10Ka3aTeNbCTRO B JIOMMKE BLICKA3bIBAHU M CTPOUTCS HA OTHO-
HIEHUM TIOPSIIKA, KOTOPOE SIBISIETCS Hoaee o6ugum cayuaem OTHOLIEHUS IKBUBAICHT-
HOCTH. B caMoM nerne, 3aKOH CHMMETPHYHOCTH:

ectu A=B,T0B=A
BCeraa MOXHO IMPEACTaBUTb B AHTUCUMMETPHUYHOM (popMme:

ecii A=B ,mE:K,
HO He Hao6opoT. CienoBaTeNbHO, IOTMKA BbICKA3bIBAH WS SIBASICTCS pacuiupeHuem no-
ruku byns. [ToaToMy BCe UCTHHHBIE TOXIECTBA JIOTUKY Byna asmomamuuecku cTaHo-

BATCA CIIPABECIJITUBBIMH KJ1ay3aM i TIOTMKHU BbICKA3bIBAHUH. HaanMep, 30KOH CKaeued-
HUsA:.

AvB) A(AvB)=A

MOXHO NPEACTABUTh CJICAYIOILMMHU CIPABCIUTMBLIMU KITAay3aMU:
(AvB),(AvB)= A, A= AvBAAVvB),
1I=((AvB)A(AVvB)~A, AvB=(AvB)—>A.

Takum obpasom, He3aBUCUMast CUCTEMA AKCUOM JIOTUKH Byiist, KOTOpasi COCTOUT U3
YeThIpeX 3aKOHOB — KOMMYMAMUGHOCIMU, ACCOUUUMUBHOCTNU, OUCMPUOYMUBHOCMU,
HYAA U e0uHUYb! — ABTOMATUUECKH CTAHOBUATCSI CUCTEMO aKCUOM U JIOTUKH BBICKA3BI-
BaHUM. [17st BBIPAXKCHUSA XKE omHOweHus nopsdka, B NpMHUMIIe, TpebyeTcs Wb Ka-
KOE-TO OJIHO J,1eMeHMUPHOE BICKA3bIBaHKe, K KOTOPOMY MOXHO ObLITO Obl CBOJIUTD BCE
ocTaJibHble DOJiee CI0XKHbIE BhiCKasbiBaHUs. Celyac Mbl €70 U BBEIEM.

O4eBUHAA CEHTEHLLUS:

Hemuny moxmcem uspeys ecsikuil.

Ha ¢popMasibHOM A3bIKe JIOTMKH BBICKA3bIBAHMIA 9Ty CEHTEHIIMIO MOXKHO TIpeIcTa-
BUTD CIEAYIOLIEN KI1AaYy30i:

A=>B->A.

OHa o3HaYaeT: «eCAu A HCTUHHO, TO UCTOYHUKOM 3TOW UCTUHHOCTH MOXET ObITh
4TO YroaHo, HanpruMep B ». Ecin npou3BecTH KBUBAIEHTHOE ITPeoOpa3oBaHKe 3TOH
KJIay3blI

A,B= A, (1.4)
TO CEMAHTMKA €€ TOXE UBMEHUTCSI, U CTAHET IPUMEPHO TAKOI : «¢C/iu paHee ObLIO yCTa-
HOBJCHO, 4TO A UCTHUHHO, TO HCTUHHHOCTD B HE MOXCET NMPOABUTLCS TAK, YTO A CTAHET

JIOXKHBIM» UIH «MCTUHHOCTD OJIHOTO BbICKA3biBaHUs (B) HE MOXeT IOBAUSITb Ha UC-
THUHHOCTb JAPYyroro BbicKasbiBaHus (A)». ITyTeM 3KBUBaJEHTHBIX IMpeoOpa3oBaHUM
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kJay3y (1.4) Bcerna MOXHO npeo®pa3oBaTh K ApyTuM hopMam:
A= AArB, A=AB, 1=AAB—-A, ..

OHAKO B Ka4eCTBE OCHOBHON AKCHMOMbI JIOFMKM BLICKA3BIBAHWIA, BhIpaxaloile
OTHOIICHUE NMOPSIIKA, Mbl BO3bMEM KJaysy (1.4).

Ternepb Ha NepBOM HailleM MPUMEPe, KOTOPLIH GblI NIPUBEAEH Bbillie, BLIICHUM,
KaK MPOU3BOJUTCS JOKA3ATENBCTBO CIPABEIMBOCTH JIOTHIECKOit Kiay3nl. McxonHas
KJIay3a uMesia BUI:

ALA->B=B. (1.5)

IIpeobpasyem ee K HECKOIBKO HHOMY BHY:

AA(AvB)=B.

TMocne packpbiTus CKOOOK U YIIPOLIEHMSI CPA3Y Ke NPUXOAMM K aKCUOME NOPSIIKa
(1.4). JoxazaHHas sneMeHTapHas knaysa (1.5) uzsecTHa ¢ BpeMeH ApUCTOTENS U UT-
paeT HCKIIOUHTEIBHO BAXHYIO POJIb B TOTHKE BbICKasbiBaHui. OHA UMeeT 1axe crie-
UMAJLHOE TATHHCKOE Ha3BaHue — modus ponens — npaeuao omdeaenusi. ECiu B npo-
Liecce 10KAa3aTeIbCTBA CIPaBEAIMBOCTH KAKOM-1100 CII0XKHOMA Ki1ay3bl yaaloch CBEC-
TH ee K kinay3e (1.5), 6ylaemM cyuTarth, 4To 10KA3ATEABLCTBO COCTOSLIOCD.

3aKOH aHTUCUMMETPUUYHOCTH MO CYLIECTRY OlIpeACsieT npaBuia AeICTBYS TIO Me-
peHOCY OOBEKTHBIX BLICKa3bIBAHHIT OTHOCHTE/IbHO CHMBOJ1a METAUM IIHKALIMH « => ».
Yto Xe KacaeTcs ABYX APYTMX 3aKOHOB OTHOWIEHUsI NOPSAIKA, TO OHM, B IPUHUMIIE,
CBOISTCS K aKCHOMe nopaaka. Tak 3akon pedinexcugHocmu ITyTeM UCNOAb30BAHHS 3a-
KOHA O €IMHHMIIEC MOXET ObITh 3aMMCaH KaK:

A 1= A,

YTO SBJISIETCS] YACTHBIM C/TYYacM aKCUOMBI TTOPSIIKA. 3aK0H MPAH3UMUEHOCMI TAKKe
MOXeT OBITb PEACTABIEH B HECKOIbKO UHOM hopMe:

A-B,B->C=A->C,
a 3Ty KJIay3y YK€ MOXHO IOKA3bIBAThL [TyTeM CBEICHMs ee K aKkcuoMe nopaaka. Jlokasa-
TEJBCTBO MPOBEAEM B TPU ITANA:
1) mepereceM A BieBO 3a 3HAK METAMMILUIWKAIIMK —
AAA->B,B->C=C;
2) BOCIOAB3yeMCS ITPABWIIOM OTAEAEHNSI, KOTOPOE HAMU yKe JOKA3aHO, U Tep-
BBIX JABYX MOCHUIOK —
B,B>C=C;

3) 3aTeM enie pa3 BOCHOAB3YEMCS! 3TUM XK€ MTPABWIOM, HO ISl TPETbei MOCHUIKH U
BHOBbD MMOJYYEHHOI, YTO MPUBEJAET HAC K aKCHOMe MMopsiika B (hopMe —
B,C=C.
Taxum o6pazoM, 3aKOH TPAaH3UTUBHOCTH JOKA3aH.
Y6enuMmcs B MCTUHHOCTH TaBTONIOIMU:
I=2A->B->0C)—> (A—> B> A Q)
okazarenscTBo:
1) npousBeaeM PKBUBAJICHTHBIC NIPeOOPa30OBAHUS —

A-B->C,A->B,A=C;
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2) BOCIIONb3YEeMCS TPABUJIOM OTAENIeHUS —
B-C,B=C;
3) BOCIONB30BABILUCE SLLE Pa3 NPABUWIOM OTASACHMS, TPUXOIUM K aKCHOME I10-
psaaka B ¢popMe MPeJIbIAYLIETO NpuMepa.
JoxaxeM cnipaBelsIMBOCTb KJay3bl, KOTOPasi OCTPOSHA Ha OCHOBE TOXIECTBEHHO-
TO 3AKOHA CKACUBAHUS:
1=A->B)-> ((A->B)->A).
[Tocie 3KBUBAJICHTHDBIX MPEOOPA30OBAHMHM:
AvB)A(AvB)= A
OHA CBOJUTCS K 3AKOHY pehaekcugHocmu, T.€. K YaCTHOMY CJIy4alo aKCUOMBI ITOPSIIKA,
pacCMOTPEHHOMY BhBILIE.

HUctopuueckn mepBoit CUCTEMO# akKCHOM KJIACCUYeCKOM AOTMKM OblLIa CUCTEMA,
npemwtoxernast I'. Opere:

L T=>A-> (B ->A),

2.1=(A->B-0)-> (A—>B)->A->Q),

315 A->B->C)->B->A-0),

4.1= (A > B)—> (B> A),

51>A5A, 1=A>A.

[Tepsas u3 akcuom Ppere sirsieTcsi HAlNEN aKCMOMOI nopsiaka. Bropas «akcuoma»

HaMmM Jl0Ka3aHa Bbllre. OCTalbHBIC «AKCUOMBI» NIPEACTABISIOT COO0M TOXIECTBA JI0-
ruku bysst, 3anvcannbie B popme Kiays.

[Tosnuee 4. Jlykacesny (1878—1956) ymenpuiwa unuciao akcuoM B cucteMme @pere ¢
MATU 4O TPEX —
I.1=>A->B-A),
2155A->B-0)>((A->B) > A->Q),
3.1=(A->B)-»>(B->A).
BMecTO TpeTbeil «akcHOMbl» B COBPEMEHHOI JIOFMKE YACTC UCTIONb3YIOT «aKCUOMY»
BUJA:
1=>(A—->B)—> ((A->B)—>A),
BRITEKAIOUIYIO U3 TOXAECTBEHHOIO 3dKOHA CKIeHMBaHusA. OJHAKO, M0 HallleMy MHe-
HMIO, B IPOLIECCE A0KA3ATEILCTB HCTUHHOCTH KJay3 6e3 akcroM OyjaeBOM JIOTMKHU
000 THCH HERO3MOXHO. [TOPTOMY €CTh CMBLIC/I TOBOPHTH O #2Mid OCHOBOIIOJIATAIOLINX
3aKOHAX JIOTUKHU BbICKA3bIBAHWIA: 3¢KOHA 0OMHOWeRUs NOPAJKA, A TAKXKE 3aKOHOB KOM-
MYMAMUEHOCMU, ACCOUUAMUGHOCMU, OUCMPUOYMUBHOCIMU, HYAS U eOUHULbL.
Tenepb BCIIOMHUM O A02U4eCKoM Kpyee, KOTOPbI BO3ZHUKA Y HAC B CBSI3H € «O0bsIC-
HEeHMEeM» ornopbl 3emyii. Toraa Mbl IPUAIJIK K JIOIMYECKOMY COOTHOLHEHHIO BUIA!
XvYVvZ)y->XAYAZ).
Ecav nepeiitit Ha MeTasi3blK, TO 1OJIYUUM Kiay3y:
X;Y;,Z2=>X,Y,Z.
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JaHHOe BeIpaxeHHEe TPOTUBOPEYNUTAKCHOME MOPSIIAKA. DTO TOBOPUT 00 OLIMOKE B 00b-
sscHeHUM. CKa3zaB, UTo 3eMJIsl IepKUTCSA Ha TPeX KMTaxX, KUTbl — Ha BOAAX OKeaHa, a
OKeaH — Ha 3eMJie, Mbl HapYLUWIN €CTECTBEHHBIM NOPSIIOK BELEH — IPUYMHY 00Y-
CNIOBWJIM CNEACTBHUEM. B CBA3M ¢ ueM MaTeMaTUUYECKU annapar JOTMKH BhICKA3bIBa-
HUH cpa3y xe naicboii. B npuseseHHoM Kiiay3se yxe HeJlb3s1 OyaeT nepeH oCUTh OCHLT-
KM Yyepe3 CUMBOJ METAUMIUIMKALIMH, TaK Kax

XvYVD) 5> XAYAD2XVY)S> (ZAXAYARTZ).

OTcioaa BbIBOA: MeMAOU3BHOHK YU « | » HE MOXET pa3efaTh IBe pa3iIMuHbIe NOChUI-
KW, & MEMAKOHBIOHKYUA « , » — [BA PA3JIMUHBIX 3aKJIIOYEHUST, 3TO TPUBOAUT K HEBO3-
MOXHOCTU UCII0b30BATH Arfapar JOTMKHU BbICKA3bIBAHUM,

[IpOTUBONOMOXHBIM K aKcuomMamuyeckomy siBIACTCS KOHCMPYKMUGHbLHE METOI 10~
Ka3aTenabCTBa, OCHOBAHHBIN HA mabauyax ucmunnocmu. YToObl MOHSTDL €T0, 10CTATOY-
HO COCTaBUTh TAOJUIY UCTUHHOCTH JJIsi KAaKOTro-HUOYAb ogHOro Tipumepa. IlycTthb
IaHa clenylouasi 1ereHaa:

Kaccup Cudoposa cxaszana, umo ona eudeaa eodumens Kowmetineposoza Heanosa 6
KoMHame omobixa. Ima KoMHAmMA RO ee CA08aM HAXOOUMCS PACOM ¢ nomeweHuem ckaada
2omoeoii npodykyuu. Cmpeasiu é ckaade. Booumens 3as6un, 4mo OH HUKAKUX 6bICIMPEN0s
He cabian. Bvieod caedosamens: ecau kaccup eosopum npasdy, mo 600umens 6600um caed-
cmeue 8 3a6ayxclerue; He Mo2ym Kaccup U sooumens 00HOGPEMEHHO 2080PUMb NPA&oy.

BeeneM ob0o3HaueHUs [UTST BbICKA3bIBAHUA:
A = «Kaccup ckaszaja npasay»,
B = «BoauTenb HaxOAWICSA B KOMHATE OTABIXA»,
C = «<KoMHaTa oT/ibIxa HaxoauTCs BOJIM3H CKIIAIa»,
D = «BoauTenb CAbILIAJ BLICTPETbI»,
E = «Boautenb ckazan npapay».
Hocwuiky crnepoBareist;
Ecau kaccup ckazana npasdy, mo eodumens Haxo0uAcas 6 KoMHame omaobixa —
P,=A->B.
Ecau 6odumens Haxoduncs ¢ komuame omobixa, mo oH 00axceH Obid CALLUAMS CE, MO
deaaemcsa Ha ckaade —
P,=B->C.
Ecau on umen 603mModCcHOCIb cabIUaMb, YMo Jenaemces Ha cKaade, Mo OH CAbIUIAA U 8bl-
cmpenvl —

P3 = C —> D .
FEcau eepums 606ume/uo, MmO OH He CAblWan 8biCmpenog —
P,=E->D.

3akII09eHe Ce10BaTeNs:
Bodumenv mena obmanvieaem npu yciosuu, Hmo Kaccup e060pum npasoy —

C] =A> E .
Kaccup u sodumend o0Hoepemenno 2osopsam npasdy —
C2 = A A E .
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(DopMa.rbuaH 3aMnuch JICTCHIbI.

A->BB-»C,C->D,E->D=C,.

Hoxa3zats MCTHHHOCTD ceacTsus C; ak
Ja. JInsg 3Toro Hy>KHO BOCHOJIb30BATHCSI TOXIECTBOM:

HOMATHUYECCKHUM METOJOM HE COCTAaBUT TPY-

C

E-D=D->E,
Y 3aTE€M TPHKilbl [IPUMEHUTD 3aKOH TPaH3UTHBHOCTH. 3aiutioyeHue C, oTnboYHO, TaK

Kak

A->E=AAE,

4YTO O3Ha4acT

AVE=AAE nimt AAE=AAE,

a4 3TO IIPOTHBOPCHYUT aKCHUOME NOPSAIKA.

Tenepb cocTaBuM TaGAMLYy UCTHHHOCTH (TabJ1. 1.22), B kotopo#t noa P noHumaeTcs

0000LIeHHas MPUYKHA, T.€. KOHBIOHKLMS Beex P; .

Ta6nuua 1.22

Cs

C:

C>

C

P

Py

P

Py

Py

10

"

12
13
14
15
16
17
18
19
20
21

22

23
24
25
26
27
28

29
30

31
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Kray3a cuutaercst ucmuwnHoil, ecnu eMHuUb! cnencteust (C) Hakpoigarom Bce enu-
HUIIBI 00001EHHOM TTpUYUHBI (P), T.e. eAMHNULBI 0000L1IeHHON NPUYKMHBI 06Pa3yIoT
MOAMHOXECTBO EAMHHIL CIEACTBHS. DTO TPeOOBAHUE BBIMOIHSIETCS [UTst cnencTusi C,,
TaK KakK

P={0,8, 12, 14, 15,16} = {0, ... 16, ...} = C, ,
Ho He aia C, (C, = C,), Tak kaK
P={0, 8, 12, 14, 15, 16} « {18, 20, 22, 24, 26, 28, 30} =C, .
C NOMOLIIBIO CKOPPEKTUPOBAHHOM Tabn. 1.22 HeTpyAHO YCTAHOBUTH CIIpaBeIIN-
BOCTb TaBTOJIOTMH, COCTABJIEHHOM U3 3THX e 1OCBLIOK, —
1=>P; Py PPy Cy
U IIPOTUBOPEYUS —
Pl’ Pz, P3, P4, Cl =0 ,
a TAKKe JIIOOBIX APYTUX KJiay3, TIONYYeHHBIX U3 IepBOHAYAILHOM MyTeM SKBHBAJICHT-
HBIX ITpe0Opa3OBaHHUil, HApUMED:
Pz, P4,ﬁP1; Cl’ P3 .
Ecmm C, 3amenutsb Ha C,, TO BO BCEX yKa3aHHBIX C/lyqasiX yC10BUE IPUUUHHO-CIIENCT-
BEHHOT0 OTHOLIEHMS] HAPYLITHTCS U KJIay3bl 00PATATCS BJIOXHBIE METABLICKA3LIBAHHUS.
3axnouenus C; u C,, HaCTONBKO OUEBUIHbI, YTO HUKAKOW Cj1e0BATENb B 3TOM
ciydae He cran Obni nmpuberarh K TadjuuaM ucTUHHOCTU. Ho TpyaHo HaWTh Takoro
cJie1oBaTeisi, KOTOPBIH TOJNBKO MyTEM OIHUX PACCYXKIEHUI CMOT Obl MPaBUILHO BbI-
6paTh U3 ABYX HMXKEIPEACTBAEHHBIX 3aKJIIOYCHMI UCTUHHOE!
Bodumens obmarvieaem, on Haxoduics é Komuame omaosixa, a KOMHama omdsixa deti-
CMBUMENbHO PACROAONCEHA PAJOM CO CKAAOOM — 8Ce 3O MAK, HO NPU YCAOBUU, YO KAC-
cup cKasana npasdy uau 4mo e00umens CAbIUAA GbiCMPEabl —

C;=(AvD)-»(EABAC).
Bodumens obmanvieaem, on cablan 6biCMpeast, @ KOMHAmMa omobixa 0elicmeumensHo

DACROAOHCEHA PAOOM CO CKAAOOM — 8Ce MO MaK, HO NPU YCAOBUU, YMO KACCUpP CKA3aAa
npaedy uau umo eodumens HAxXOOUICH 6 KOMHAME 0MObiXa —

Ci=(AvB) > (EADAC).
Envaugnbie Habopst wist 3axntouennit C, u C, Toxxe npuseneHs! B Tabn. 1.22. [Ins
3akmoucHust C; B ctpokax § W 12 cTOsIT HYAM, C/eJOBATENbHO, YCJIOBUE TIPUUUH-
HO-CJIEACTBEHHOTO OTHOLUEHHUSI HE BBITOJHACTCS, M 1103TOMY Cs SIBISETCS JIOXHBIM

samoueHueM. s 3axmoueHust C, Bce ero efMHKLbI HAKPBIBAIOT AMHULIBI 0000~
ienHoi nmoceuiku P, CnenoBatensHo, C, siBsieTCsi UICTUHHBIM 3aKTIOYEHHEM:

P=1{0,8, 12, 14, 15, 16} « {0, 2, 4, 6, 7, 14, 15, 16, 18, 20, 22} = C;,
P ={0, 8§, 12, 14, 15, 16} < {0, 4, 8, 12, 13, 14, 15, 16, 20, 24, 28} = C,.
HMctuHHOCTb 3aKII0UEHUS TEM OUeBUHEe, yeM OOJbILIMM UUCIOM ero eAUHUIL Ha-
KPpBIBAIOTCS €/IMHU1IbI 00001IeHHON npuurHbl. OTCI0a MOXHO COCTaBUTh OOBEKTHB-
HBII KpUTepUil JUIST OLIEHKH JIOTUYECKUX CITOCOOHOCTEH Ye0BeKa.
Boo6mie, ONbITHBIM JOTUK MpeXIe BCEro AOJKEH MMOCTPOMTH BCE COBMECTUMBIC

psAbI COOBITHIH. B HaleM ciyvae Taxux psinoB 6 (oHM cootBeTcTBYI0T 0, 8, 12, 14, 15,
16 ctpokam Ta6:. 1.22). Mx oGbeauHeHue A4CT npeaeabHbIi CiTydait YCIIOBHS BBITTON-
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HCHHA NPUIHUHHO-CJACACTBECHHOI'O OTHOLLICHMUA!

A,B,C,D,E; A,B,C,D,E; A,B,C,D,E;
‘"E—

A,B,C,D,E; AB,C,D,E; A B D, E.
Ilepen namu He uto nHoe kak CAH®, oTBeyarollas Hallel KOHKPETHOH ITpUYHHE

P. BceBO3MOXHbIE MOKPBITHS LHECTH KOHCTHTYEHT JAl0T MHOXKECTBO MCTUHHEBIX CIIEk-
cTBUii. Tak, 3aKkniouenusy —

Ci=AE, C,=(AB);(C,D,E)
MOKPBIBAIOT BCE LIECTL KOHCTUTYCHT; OHM — UCTHHHbBIE. YTO KacaeTcs ABYX RpYTHX 3a-
KJIIOYEHH I —

C=AE, G=AD;(BE,
TO OHM HE NOKPBIBAIOT BCE WITH OTJENIbHBIC KOHCTUTYEHTBI, 3HAUUT SIBJISTIOTCS JIOXKHEI~
MM CIIEACTBUSAMM.

He Hago 3HaTh KOMOMHATOPHBIH aHAIU3, YTOObI OLLYTHTE BCE MHOroo0pasue Bo3-
MOXKHBIX NOKPBITUI, T.€. UCTUHHbIX CJIeACTBUIM U3 3aAaHHbIX TPUYMH. OITHAKO OITHIT-
HBI# CJIe0BATE/b JOJKEH YMETh OTPEJCASiTh TPH BEIU — MUHUMAJILHYIO HOpMaJTb-
Hy10 dopmy (MH®D), MUHHUMAIBEHOE U TPAHCBEPCAILHOE MOKPHITUS.

Haxoxaeuuem tounsix MH® o uisectHoit CIH® mbl 3aHuManich B NepBoM
paznene. MUHUMU3IUPYST ONHUM W3 M3BeCTHbIX criocobos Hary CIAH®, momyuum
crneayouryio MH®:

A,B,C,D; AB,D,E; B,C,D,E;

Munumansnoe nokpbimue — 3TO MOKPLITHE C HAWMEHBLIMM YHUCTIOM TepMOB. MBI €70
YK€ 3HaeM — 370 3akiitouenue C,. B Hero BXOISIT 1Ba pewarowux BbICKa3blBaHUS, CBSI-
3aHHBIC C MPABAMBOCTLIO Kaccupa (A) u npasaupocthio Boautes (E). Bce octanpHbie
yrRepxacHus (B, C, D) apnstorcs emopocmenennbimu i MOTYT BBICTYTIATD B PE3YIbTH-
pYIOILEeM 3aKI0YeHUH coBMecTHo c A M E. .

Tpanceepcanrbroe nokpbimue LOJKHO BKJIIOUATH BCe UMEIOILBecs TepMBbl. 1 Hauze-
TO KOHKPETHOTO MpUMepa CYLIECTBYIOT YeThIpe TPAHCBEPCATbHBIX MTOKPBITHS:

A;B,C,D,E A, B;C,D,E
A,B,CG;D,E AB,C DE.

Kak BunuM, cpeau BBINMCAHHBIX TOKPBITHI HAXOAUTCS U 3aKkimioueHue C4, KOTOpOE
MBI YK€ TIPOUHTEePIPEeTUPOBATM B UMTLAUKATUBHOMN hopMe. MHTeprpeTalius 3aKIo-
yeHuit yepes JJHD MoxeT noxaszarbesi 6osiee npeANouYTUTeIbHON. Bo3sMeM ISl Tpu-
Mepa 3aKAUYeHHe

C;=A,B,C;D,E.
OHo npeanonaraeT TPY MCX0Aa UCTHHHOTO 3HaYeHUSI IPU COBMECTHOM JIEHCTBUH BCEX
MSATH (baKTopOB

[ 1 3
=l = =
Il

M al ol

1
0
A,BC 1

HMMeHHO TpaHCBepCaIbHbIE IOKPBITUS JAIOT Haubosiee MOMHYIO KAPTHHY BO3MOXHBIX
CAEICTBUIM U3 CPOPMYIUPOBAHHLIX OCHUIOK.
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PaccMOTpUM elile ONUH ROAYKOHCMPYKMUBHbI METOJL 10KA3aTeIbCTBA UCTUHHOCTH
JIOTHYECKHX KJ1ay3, B KOTOPOM MCIIO/b3YeTCsl TaK HA3bIBACMBIM NPpUHLUR Pe30aoyul.
OTOT MPUHLMUII UTPAET POIb AKCUOMb HOPAOKA 1 BMECTE C TEM ITOPOXKIAET OY4€Hb IP-
bexTUBHYIO KoHCmpYyKmuenyo npoyedvpy. CyTh €ro CBOAUTCS K TOMY, YTO /IBA TOCHI-
JIOYHBIX TU3BIOHKTA C TPOTUBOIIOIOXHBIMUY TEPMAMHU BCETIA MOXHO CKIIEUTb B OIMH
3aKJIIOYUTEIbHBIN IU3BIOHKT, B KOTOPOM YXe He OyAeT MPOTUBOMOA0XHBIX TEPMOB:

XvA YVA=SXVY,

rae X u'Y — MpOU3BOJIbHBIE TEPMBI MW LIEJIbIE JU3LIOHKTI C II0ObIM HA0OPOM TEPMOB,
BKJIIOUAST HOJIb; A MU A — TIPOU3BOJIbHbIE TEPMBI.

IMpu nocnenopaTeIbHOM IIpUMEHEH MU NMPUHIIMIIA PE30JIOLUA TPOUCXOANT YMEHb-
[IeHKe Yrcia OYKB, BIUIOTh 40 UX NOJIHOTO HCHYe3HOBEHUSA. I1pu 3TOM MCXoaHast KJiay-
3a KoHcmpyupyemcs B QOPME KOHBIOHKIMUBHO2O NPOMUBOPEHU:

P,P, ..,P, =0,
HoxaxeM c MOMOUIbIO METo/ia PE30MIOLUMIA CITPABeUTUBOCTD NPasuaa omaoeneHus:
AAA>B=B wm 0vA,AvB,Bv0=0.

3aech UMeIOTCS TP IU3BIOHKTA. CKaenBas MX MOCIEA0BATEALHO, [TOJYYAEM B PE3YIb-
TaTe HOMb, KOTOPbIA FTOBOPUT O HECOBMECTHMOCTH 3aKJIIOUEHMS U MOCBhIUIOK. DTO KaK
pPa3 M CBUACTEIBCTBYET O CNPaBEIMBOCTU MCXOAHOM Kiiay3bl.

Tpunyun pesoaroyuii LEJTUKOM 3aMeHAET dKCUOMY NOPAOKA, ITOCKONBLKY CaMa 3Ta aK-
cHOMa MOXKeT OBbITh TOKa3aHa B paMKax METOMA pe3oaiounit. JeicTBuresbHo,

AAB=A, A B A=0, 0,B=0.
OO6pauraeM BHUMaHUE Ha TO, YTO MOCbLIKA B 31eCh BOOOLIE HE UCNIOIB3YETCS. DTO He-
06X0IMMO UMETH B BUAY: HEOOSA3aTE/IbHO UCITO/1630BATh BCE MTOCHUIKH (MX YMCJIO YACTO
ObIBaeT U3OBITOYHBIM) — [JIABHOE MOJIYYUTh HOJb.
IlycTe nana kiaysa:
A->B,CvA B>C=A.
JokazaTeIbCTBO €€ CTIPABSUTMBOCTH CJIEAYET HAYATh C IPUBCACHUS €€ B HOPpMAAb~
HYI0 KOHBIOHKMUBHYIO (PopMY:
AvB,CvA BVvC A=0.
BeInuiiieM mo NopsiiKy BCe MOCBIIKW U AajIeC HAYHEM UX CKJIEUBATh COTJIACHO 04e-

peaHocTH. CripaBa OT KaX/IOr0 HOBOTO AM3bIOHKTA OYIeM ITHCATb HOMepa HCITOJIb3ye-
MBIX TU3BIOHKTOB, MOJYUUM:

1.AvB, 8. C, (2,4
2.CvA, 9. A, (2,5)
3.BvC, 10.C, (3,6)
4. A, 11.B, (3,8)
5.AvC, (1,3) 12.C, (4,5)
6. B, (1,4) 13. B, 4,7)
7.Av B, (2,3) 14.0 . 4,9)
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ITomo6Has cTparerust MOMUCKa HyJIsi OUeHb HENMpoAYKTUBHA. Eciu K 3ol Xe 3aga4e
MOAOMTH G0Jiee TBOPUECKH, TO HOJIb OOHAPYKUTCSE HA YETBEPTOM llIare OT Hayajia Mo-
UcKa:

5.B(1,4), 6.CQ24), 7.B(3,6), 8 0(,7).

Ho cux nop Mbl roopuiu o GopMe koHslorKmugHoeo npomusopequs. Yicxons u3s
NPUHYUNG 080IICMBEHHOCHU, METO/L PE30JIIOHMIE MOXHO ChHOPMYIUPOBATD OTHOCHUTE-
JMLHO OU3BIOHKMUBHON MAemoao2iu, IPU STOM NPUHIUI Pe30JIOLHMMA, eCTECTBEHHO,
U3MEeHUTCS:

XAY=>XAAYAA.

HoxaxeM OIHY U Ty Xe KiIay3y AByMs CliocobaMu — B (opMe IPOTHBOPEYHS U
topme taprosiorun. IlycTs naHa kinaysa:

AALA-B,BooA->OC=C.
JokazarenncTBo B popMe 1pOTHBOPEY NS BbITJISIAUT CASAYIOLIMM 00pa3oMm:
AAvB,BVvAvC,C=0.
1 2 3 4

Cxueitku: 5.B(1,2), 6.Av C(1,6), 7.C(3,5), 8.0(4,7).
HOKa3aT€JIbCTBO B (bopMe TAaBTOJIOTMU BLIMNMAIUNT AHAJ1I0TUYHO.!

lzx;AAﬁ;B/\AAE;C.
1 2 3 4

Cxneniku: 5.B(1,2), 6.A~C(1,6), 7.C(3,5), 8.1(4,7).

MeTo pe30aIoUHii JIETKO NMOIAACTCS @A20pUMMU3AUUYU. DTO TO3BOJIIET UCITONIbL30-
BAaTh €10 B JIOIMYECKMX SI3bIKAX POTPAMMIPOBAHMsI U, B YacTHOCTH, B ITPOJIOTe. A~
TOPUTM CKJIeeK 00pasyeT crpykmypy Opesoguonoll (popmbl, UTC XOPOILLO BUIHO Ha MpU-
Mepe, KOTOPBIH MBI 31ech NpuBoanM (puc. 1.19) ns caenyiole Kinayssl:

SVRVP,SVOVR, PVSVRRVSVP,RVQVvS,SvQVR,
?vSvQ,PvaR,Svﬁvi,l_)vgvﬁ,ﬁv—s—vazﬂ.

|[PvSvr] [PvsvQ] [svRvP] [svPvR| [PVSvR] [RvSvP|
|PvRvQ| [PvQVR] {svgjlgviilgvﬁval(ﬁw7v6|
Ree] [R ] [Rva.s| [svavR] [57Q]
[579]
(e ] Lo]
[ o]

Puc. 1.19
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BiM3KUM K MeTOy pe3osioumit sBasieTcs Memod Bonea, B KOTOPOM TOXE UCTIOAb3Y-
€TCH CKOHCTPYUPOBAHHAS KOHBIOHKMUBHO-OU3BIOHKMUGHAA HOPMAAbHAS (hopma TIPE-
CTaBJIEHHA HUCXOJHOM KIAY3bI, a QKCUOMY Nopaoka 3aMeHsieT kaayza Bownea:

X, L=>X;R,

31ech X IpoderaeT HeKOTopbie OYKBLE, BXOsiue B Ki1ay3y, a L u R — onpeaenennbie
KOMGHMHAIIMY TM3BIOHKTOB U KOHBIOHKTOB.

Konempyxkmuenas npoueaypa J0Ka3aTelbCTBa CBOAUTCS K IOCAEAOBATEIBHOMY
pa3sOMEeHHUIO JU3BIOHKTOB MJTKH KOHBIOHKTOB TAKHUM 00pa30M, 4ToObI CJIEBA ¥ CITPaBa OT
METAUMITAMKALIMY [MOSBWIACH 0HA M Ta ke OykBa X. Ecnu B pe3ynbraTe TAKOTO pa3-
OMeHHs BCce KOHeuHbie Kay3bl pyobpeTaioT BUA KIay3sl BoHTra, TO 1 UCXOIHAs Kiay-
3a ObLTa cocTaBleHa BepHo. Paszbepem merton Bonra Ha npumepe JoKazarenbCTBa
CTIPABETUBOCTH HPAGUAQ OMOENCHUS

ALA->B=B nm AJAvB=B.
31ech UMeeTCst TOJNIbKO OJIUH AU3BIOHKT, KOTOPbI MOXHO TNOABEPIHYTb pa30UEeHUIO.
IMocite ero paz6yeHUs MOAYUNUM ABE HOBBIX KNAY3bl:

AL A=B u A,B=B.
Bropasi xray3a yaoBaeTBOpSIeT M aKCHOMe Mopsiika v Kiay3e Bonra. B kayectse X B Hel
BoicTynaeT B, aL=A u R=0. ITepBas xe xiay3a toxe Gyaet yaoBIeTBOPSATb HEOOXOIU-
MBIM TpeGOBAHMSAM, HO TOJLKO MOC/IE TOTO, KaK TEPM A U3 JIEBOI 4aCTH KJTay3bl € MPO-
THBOIMOJIOXHDBIM 3HAKOM MEPEHECTH B NPaBylo 4acTh. Torna 6yaeM UMETh:

A=>A;BrieX=A L=1uR=B.
[1py GonpinoM ynciie OYKB B MCXOAHOM Kay3e MprOeraior K CreuansHOH HyMepauuu
MIPOU3BOAHBIX KJIAy3, YTOOBI He 3amyTaTbes. [TycTh TpedyeTcs yCTaHOBUThL CIPAaBe v -
BOCTb CNIEAYIONIEH KITay3bl:

XvY, X->YVvU,Z->->-W=>WoX)y—»(Z-5X).

TIpuBeseM ee B COOTBETCTBYIOUIYIO KOHBIOHKTMBHO-AU3IBIOHKTUBHYIO HOPMaJlb-
Hy10 QOopMY:

XvY,XvYVU,ZVvYVWWo WAX; Z: X.
Hanee npownssenem pazOHUeHME MEPBOTO AU3IBIOHKTA, B Pe3yJibTaTe MOJYIUM JBE
MPOU3BOIHBIC KJIAY3bl:
LX,XvYVU, ZvYVW=WAX; Z; X,
2V, XvYVU, ZvYVW=WAX 7, X
Kiay3aa (1) orGpacbiBaeTcsi, Tak Kak OHa yI0BJIeTBOPpsieT Kiay3e Bonra. Pazoupasi cie-
JYIOUIHHA TUIBIOHKT KJIay3bl (2}, [OTy4aeM elue TpU HOBBIX KJTay3bl:
21.Y,X,ZvYVW=WAX; Z; X,
22, Y, ZvVYVW=WAX;Z; X,
23Y, U ZVvVYVW=WAX; Z;X .
Kitayset (2. 1) u (2. 2) cBOAATCH K OAHOM K1ay3e —
21.Y,ZvYVW=WAX Z; X
Ilpouspenem ee pazoueHue:
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201.Y,Z=>WAX; Z; X,

212.Y, Y=>WAX; Z; X,

213, WoWAX;Z; X
[TepBble nBe KJIay3bl YI0BAETBOPAIOT Kilay3e BoHra. ¥ knay3bl (2.1.3) Hy>kHO pa3ou-
BaTh KOHBIOHKT:

2031LY,W=W;Z; X, 2132Y,W=X;7Z;X.

Tenepb 00e Ki1ay3bl UMEIOT BMI KJay3bl BoHra.

Ho y Hac ocranach eile BeTBb (2.3). OHa OTAMYAETCSA OT pacCMOTpeHHON BeTBU (2.1)
HammyueM HermapHoro Tepma U, KOTOpblit, O{HAKO, HE MOXET MOBJIHUATb Ha KOHEYHbII
pe3yaLTaT, T.e. pa3dueHue Kaay3nl {2.3) NpakTHUeCKH NOJHOCTLIO COBNAAACT C pa3du-
eHneM kiaysbl (2.1). CnegoBarebHO, UCXO/IHAS Kilay3a Obljia 3alIMcCaHa BEPHO.

HenocratkoMm MeToaa BoHra, Kak ¥ MeToa pe30dI0LNHA, SIBASeTCS TO, UYTO UCXOA-
Hasi Kj1ay3a 00513aTeIbHO 10/KHA HMETh HOPMABHYIO IM3bIOHKTUBHYIO WJIM KOHBIOH-
KTHBHYIO hOpMy. DTOT HEJOCTATOK NPEOAOJICH B Memode HamypasbHO20 UCHUCACHUS, K
KOTOPOMY MBI ITIEPEXOIUM.

HokazatebHBIA BBIBOJ B HATYPATbHOM MCYMCICHUHW CTPOUTCS KaK yIOpsIOYeHHAS
LETTb TIpeoOpa30BaH i, CBA3AHHbIX C YIAJICHUEM MW BBeeHUEM JIOTHYECKUX CBA30K
Ha OCHOBE CJIEAYIOHIWX ACCATH TIPABU:

1) npaBuno BBeaeHUs KOHBbIOHKIMHY (BK) —

(=A)& =B/ =ArB;
2) NpaBWIIO yAAIEHUS KOHBbIOHKUMHU (YK) —
=>AAB// = A;

3) npaBuio BBeleHMs1 UMILTUKauuu (BU) —

=>B//=A->B, A=>B//=>A->B;

4) mpaBwiIo yaajleHus uMILiMkauuy (Y1) —

=A&=A->B)// =B, =A->B//A=B;

5) mpaBuiio BBeAeHUSs Au3bloHKuMu (BI) —

=>A//=>AVvEB;

6) paBunio yaanedus ausblonkunu (Y1) —

=AVB&A=0& B0/ = C;
7) npaBwio BBeAeHUa oTputianus (BO) —
A B=0//A=B;
8) npasuio ynaneHus orpuuarus (YO) —
A=B) & A=B)//A=0;
9) mpaBuIO BBEACHUS IKBUBANCHTHOCTH (BD) —
A=B&B=A//=A~B;

10) npaBuAo yaaeHUsE 3KBUBANCHTHOCTH (VD) —

=>A~B//(A=>B)& (B=A).

DTH OpaBuiIa HA0 MOHUMATL TAK: €C/IM CJieBa OT CUMBOJA « // » CTOAT UCTHUHHBIE
KJ1ay3bl, TO CIIpaBa OT CUMBOJA « // » TOXe Oy1yT CTOATh HCTUHHBIE Kiay3bl. Hanpu-
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MeEp, IePBOE MPABWJIO 88edeHUA KOHBIOHK YU MOXHO NIPOUUTATH CJICAYIOLLMM O6pa3oM:
eC/IM BhICKa3biBaHus A u B (cBsizka «1» TiepenaeTcsi 3HaKOM « & ») MOPO3Hb UCTUHHBIC
(0 YeM FOBOPST PSAOM CTOSIILIUE C ITUMHU OYKBAMU CUMBOJIbl METAMMIUIMKALIUM «=>» ),
TO OyJeT UCTUHHOM N UX KOHBIOHKIMSI A A B. TIpu 5TOM Hag0 MOMHUTB, YTO BO BCEX
JECITH TIpaBWIAX Nepesi CUMBOJIOM METAUMITTMKALIMHU «=>» MOXET CTOATL JI000i1 ne-
peyeHb nocsuiok P. Tak, gecsitoe npaBuiio MOXeT BLITASASTh CIENYIOUIMM 00pa3oM:

P=>A~B//(P,A=B) & {P,B=>A).

KpoMe mepeuyncieHHbIX AeCATH MPABUl, UMEETCs ellfe ONHO — 6a3080e npasuao
(BI1), xoTopoe cHavyana chopMynupyeM CIOBAMU: BO-TIEPBLIX, J100ast TOCHUIKA MO~
XET BBICTYTIATh B POJIA CJAENCTBUSA, T.€.

A,B,C=A, AB,C=>B u ABC=C

6YILYT BCCraia UICTUHHLIMHU KU HE TpeGytOT A0Ka3aTeabCTBa, T.K. YAOBACTBOPAIOT aKcuome
nopﬂaxa; BO-BTODBbIX, BTNIEPCUCHDL MOCHIJIOK WCTUHHOH KJIay3bl BCETJa MOXHO 100aBUTH
HOBBIC NMOCBUIKH, T.€. €CJIH KJ1ay3ad

A B, C=X
BepHa, TO OYIyT UCTUHHBIMH U BCE KJIay3bl, OCTPOEHHBIE HA €€ OCHOBE —
ABCD=>X, ABC, ...=X.

B 0606uieHHo# popMe 6a3oBoe nPaBHIO MOXHO 3aMMUCaTh TakK:
P=>X//P,Y=X,
rae X — ntobast nocblika M3 P, a’ Y — npousBosibHas mocbUiKa.

HelicTBeHHOCTh METOJA HATYPAJIBHOTO HCUMCIIEHUS] IPOIEMOHCTPHUPYEM Ha NpU-
Mepe CIEAYIOLIEH TaBTOIOFHH:

1=>(A->B)> (A B)—>A).

JloxasaTenbcTBO:

LAJLA->B=8B, (YH)
2AAA>B=B, (YW)
3.AAA>B,A>B=B, (1, BIT)
4.A,A—>B,A>B=8B, (2, BIT)
5.A\A>B,A>B=0, (3, 4, YO)
6A>B,A>B=A, (5, BO)
7.A>B=(A->B)>A, (6, BH)
8.1 = (A > B)— ((A > B) > A). (7, BU)

Cnpasa B KpyIJIbIX CKOOKaX YKa3aH HOMEp CTPOKH, U3 KOTOPOH MoJlydyeHa JaHHas
KJlay3a, a TAKXKEe HayaslbHble OYKBbI MCII0JIb3YyeMOro npasuia. [{pusenem nokasarenib-
CTBO €ille O{HOW KJIay3bl:

1>A>B) - (C->D)- (AvC - (BvD).

Jloka3aTeabCTRO!

LA-»B=(C->D)—> (Av > (BvD), (YHN)

2A-B,Co>D=>AvC)->BVvD), (1, Y1)
3A-B,C>D,AvC=BvD, 2, YN)
4. P,P,,P,=BvD, (3)
5.P=>A—->B, (P,, BIT)
6.P,A=> B, (5, YH)
7.P,A=BvD, (6, BIl)
8. P=>C—>D, (P,, BIT)
9.P,C=D, (8, YN)
10.P,C=>DVvB, (9, BO)
ILP=AVC, (P;, BIT)
12P=BvD. (7,10, 11, Y1)
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1.7. 3apanus Ha NPAKTHYECKYI0 padoTy IO JOrMKe BbICKA3bIBAHU I

1) Huxe npuBeaeHbl 110 TPY KJ1ay3bl B 0AHOM BapuaHTe. Kaxayio knay3y Heobxo-
JMMO 10KAa3aTh CJSAYIOIIMMU METOAAMM. aKCUOMATHYECKMM, HaTypaJlbHOrO UCYUC-
JieHus, pezoarouuit v Boxra.

1.

A>C->AAB)=AVE,
AVD,BvE,D»—)C,DvC_:>A/\9;E/\D;B,
A->B, C-oD,AVvVC,A->D,C»B=(AvB)—> (AAB)
CoABVC,B—-D, DA A,
D>EE->CA~D,B~C=A->B,
AvB,LA->B,B>(C-»>D,A->D=AAC.
ArB)->C=2A-> (B0, _
A->B->C,(CArD)>EF->DAE)=A- (B>,
AAB->C)~D,E~-AABvC)=DAE)~AAQ).
A>B->0C,A>BA>B->0=GCB,
AB>@A->D),CH>B-E,D>(EVC=CHE,
CCDo>CA->B-D,B=A-C.
AvC~BvD)=A~B;C-~D, B
A->B,C»>D,B-ED->FEAF,A-C=A,
C>-B-A),B->D,C=AVD.
CLAvB=(B->0O—>4A,
A->CD->F,Bo>ED->CA-B=2AS(EAR,
ALBVvC,C~D=B->A) - ((B->D).
A-(C—-B,D>AC=D->B,
E-F,C>M-E,A->B->C=D->AVvE,
A~B,B>C,C~D=(C->B)-> (D ->A).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

A~-B,C~D=AvO~(BVvD),
A>B->C,C5>B>A),D3>AAsB=D,
A-B,B-D,D>ABVC,C»D=D.
AABVvC=AAB;C,

CCA->B) > (C>A=A,
A-Bv(O,Bs>DosA),CH>B-SAAS B O,
D>AVvB),D>(A->B),C>(BvDL,AVvCVD,
C>A->B=AABAC,AABAD.

. ALB->C=AAB;BAC,

A5>BAC,BVD,(E5>FH 5D, BVAAAE)=BSE,
AvB,AVCA-C,Co>A->D)=BvD.
AB5C=A-C -8B,
A->BA~-D,C~E=>B->C—-D-E),
A->(C-B,DsA C=>D->B.
A‘—)_(B—)C),A—)(B\/C)bA*)C, o
A~B,AVC,CAE,B>C,BvD, ASE=D~E;CAD,
AAD>C,Bv(A->D,B-»>C=C.
A~B,C~-D=A->0C->B-D),
AvC,C—-)D,A/\D,B/\C_,A—)B,AVB:A/\B,
E-D,CVEAVD,DS5B=CAaD;(EAB)—> (E—A).

ALB5>C=AAB;BAC,
Co>DM-oE,ESF3((A>B) >0 DA F),
A>B,A~C,D~E= (B ->D)— (C>E).
AvCO-~BvD,A~B=C->D,
A-BvO,AvB,B>A B>D=CvD,
E>D,CVE,AvD, DB E=ABAECAD.

A->BBv(C,C5A B5>C=AAB,
E-D,E~C,C~A,D~B=>A->B,
AvB,B~C,C,D,A~-D=AAB.

é_—»B,AvC,_C*)B,D_~—>A:;>(B—>D)—>B,
DE=((A~AB)->C~D;E~(AA(B > (),
AvB->C,CH>B->A,A->D=>AVvB)->D.
A50O~B->D)=>A~B;C~D,
Co>AVB),D->BVvO=AVvE;D,
A-DAVC,DVE,D->B=(AAB)>A->E;CAD.
AvC,LA-»B,Co>B=AAB;BAC,
A->BA-C,D~E,D>AE-5AB->EC->D=B~C,
Co>B->A)CvD,D>BBVvD=>(D->C—-A.
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20.A,BvC=AAC;BAC, B
A->B,C-o>D BAD)->EEA=C,
A->B-0,BvCvD=>A->CvD.

2LAvB,A>C=AAB;C,
A->By-»(C->D),(D>FH>E=AVE,
AvC,CHo>D,A->D,BvC=D->(BAD).

22.AvB,C_»)B,B—)A,A——)C:‘»BAC,
A->C,B~C,BVvD,BoA=>D;AAC,
AvB,DVE,DVC, D> C=A~AD;B;CAE.

23.A>C,AvB,B->D,D—-C=C,
BvD,D5>B,CvD,D->CC->(BosA)=A,
A->B,AvD,CvE,E>A= (BAE)5>(E>D;AAC.

24. AAB)v(CAD)A=C,
CoA=({(AAB)VO~(AABVO),
D>FA-S(E->D),(C->-B)->A=E->(CvEF.

2) Tlo BauieMy BbIGOPY [UTS IBYX U3 TPEX KJIAy3 COCTABBTE JIETEHIBI.

3) Huxe nmpuBeaeHbl iereH/ibl. 3aliuTe ¢ MCNoab30BaHneM 4—6 pa3inyHbIX OYKB
KJIay3y, OTBEYAIOLLYIO TEKCTY MM KOHTEKCTY Balllell JiereHAbl, A5l 4Yero chopMy/iu-
pyiiTe HeOOXOAMMBbIE NTOCLUIKHM U [IBa CACIACTBHS OAHO MCTUHHOE, Apyroe JoxHoe. C
IIOMOIIBIO TAOIMLILI UCTHHHOCTHY Hatante MH®, MunumanbHoe U Bce TpaHCBEpCa-
JIbHBIE OKPBITHSI.

1. B ogHOM crapoit Jeredae pacckasbiBaeTcs, 4yTo rpeveckuit apamatypr Codoxn
rmorub Mpu O4eHh CTPAHHBIX 00CTOATE/ILCTBAX. Ha ero ybIChHIH uepen opes cOpocun
KAaMEHb, NPUHSB ero 34 siiuo. Ecan 661 CoQok He COYMHSI Tpareauu, TO OH HE yeIu-
HsUICS OBl B TOpax M ocTajics Obl KUTb A0 CBOCH ecTeCTBeHHOM KOHUYUHBL, OH MOT Ob1
COYMHSITH CBOM TpareAuH B ropax npu HaIXYMK BOJIOC Ha T'OJI0BE WIM IIPU OTCYTCTBUHA
TaM 3THX CTPAHHBIX NTHLL

2. «Tbt Mens yBaxkaewb?» — «da». — «Torna gait MHe neHer. — «JlaB Tebe neHer, g
repectady 1ebsa yBaxarb». — «Pa3se Thl MEHs yBaxaeillb M3-3a aeHer?» — «Her, kak
XYAOXKHUKa». — « Hy, Toraa teM 6onee Thl IOJIKEH AaTh UX MHE». — «4 Aalo JeHbIU TEM,
y KOI'0O OHU B IPUHIMIIE BOUSTCSH. Thl Xe MHE JIOJII He BepHellib». — «f OTKpOIO CBOE
neno. Yepes roa y mexst 6yaeT cocrosiHye. 3aliMu MO MPOLIeHTbI». — «S Tebe He Bepio,
HO TIOMOTY OPraHM30BaTh BbICTABKY TBOMX KAPTUH». — «XOPOLLIO, UALT».

3. CoBpeMeHHbIi yTOOT — 3TO HalleKHast 3allMTa, XOPOolllasi CKOPOCTh, HAHOPH-
¢Tasg ataka ¥ ybeauTelbHas pe3yibTaTUBHOCTb. MaTBeeB MHE pe3yJbTaTUBHOCTH
obecIeyuT, HO roibl OH 3a0MBACT TOJILKO MO BAOXHOBEHMIO, KOTJA CKJIAJAbIBACTCS
urpa. besz @enorosa Takoit Urpel He nojayuutcs. OH BUAUT MOJie, YYBCTBYET, [AE HALO0
HaXoAMTbhCs, HO 6erath He MoxXeT. CKOpoCTh KoMaHae coobwuT Komapos, XoTsa oH
MOXET pa3BaiuTh 8cio 3awiuTy. [Tonpobopars IleTposa B 06opoHe, HO B nape ¢ Mar-
BEEBBIM OH He urpaeT. KBacoB ymeeT 610KMpoBaTh 60M0apaApOB IPOTUBHUKA, HO JIe-
BOM y Hero He nojydaercd. Hago craButbh 3eMepoBa, 4TOObI JIEBbIM Kpait MPUKPBLUL.
OnHako 3eMepoB B IOCaeAHee BpeMs TOYHBLH [fac 0Taath He MoxeT. Hy HeT koMaH-
nbl! 3aBTpa BCTpeyy TOYHO NPOUTPAEM.
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4. MOTOLMK 8 CHavyajia He 3aMeTHJ1, TaK KaK ero 3acioHua 6eH30B03, a «Bonra»
BBIBEpHYJIa U3-3a yIa, Koraa «Kuryau» obuiu yxxe 86iu3u ceetodopa. « Munomapkar
TIPOCKOYMJIA Ha KPACHBIM CBET U BWIACh, KAK MHE KAXETCs, NPUUUHON BCEeH 3TOM
aBapuu. M3-3a Hee «Bosra» pe3ko 3aTopMo3uiia 1 MOTOUMKIITMCT OKa3asicsi Ha acanb-
Te. «KUrynu», 4ToOb! He 3aJaBUTh MOTOUMKIJIMCTA, CBEPHY/IM HA TPOTyap, a 6eH30B03
B 9TO BpeMsl Bpe3aicsi B «Bonry». Eciav 661 He 65110 MOTOUMKIIA, TO OMACHON CUTYa-
LIMY TOXE MOFJIO ¥ He ObITh. XOTSi BUHOBAT U BOAUTEN L «BOIrM», MOCKOJIBKY OH SIBHO
TIPEBBICHJI CKOPOCTb.

5. Ecan o6j1aka — 3T0 ropbl B HeOe U ropsl — 3T0 061aKa Ha 3eMJie, TO rpo3a — 3TO
BYJIKaH Ha Hebe 1 ByJIKaH — 3TO I'po3a Ha 3eMiie. ByjkaH u3Bepraer erien, a rposa —
Boay. ByjikaHuveckuii rieren v 10x/aeBast BOjla OIMHAKOBO XOPOLLIO CKa3biBAKOTCA Ha
ypoxaitHocTH nosieit. Ypoxait — ato 6naro. Bee 6naro — ot bora. 3nayur, nenen u
BOJIIa, BYJIKAH U rpo3a, ropsl u objaka — ot bora.

6. «f BuxXy, y Bac mogHsioch AaBiaeHuEe». — «DTO NOCIEACTBUE PhIGAIKU, HOKTOP».
— «Ppibasixa, HATIPOTUB, JOJKHA YCIIOKAMBATh U YKPeILISITh 310pOBbe». — «BepHo,
JOKTOp, HO s TIEPEBONHOBAJICS, TaK KaK JIOBWI pbidy B 3anpelieHHOM MECTEe». —
«Aii-ait~ait! 3auem xe Bbl Ha 9T0 nowu?» — «TaM, rjae paspelieHo, JOKTOp, pbIObI
HeT». — «B TakoM ciydae pbiObl MHOro B Marazune. 5 ke BaM nponucan oTAbIX Ha cBe-
KEM BO3AyXe». — «XOPOILUO, JOKTOP, TOTAA 34BTPa st MOHLY OXOTUTbCs». — «TONBKO,
MOoXaNyicTa, rolybuuK, He CTPE/ISIHTE B 300MMapKe».

7. Baug u I1eta — 6paThsa-01u3HElbI. BaHa ¢ orpoMHOR CKOPOCTbIO yiieTeN Ha pa-
KeTe B KocMoc, a [leTst octancst Ha HenoasuxxHOM 3emie. Teopuss OTHOCUTEIBHOCTH
YTBEPXKIAET, YTO €C/TH IeTETh Ha 00JILLIOH CKOPOCTH, TO BpEMS 3aMELISIETCS, TO3TOMY
ITerst cocrapurcs, a Bans — HeT. DTa xe TeOpHs YUUT, YTO ABUKEHUE OTHOCUTEIIBHO:
ecny Baust asuxkeTcst oTHocuTeNibHO [1eTH, To TleTs ABMXKETCS OTHOCUTENLHO BaHu.,
OnHakKo 110 TEOPHHU ITOUeMY-TO UMEHHO BaHs, BEpHYBIIUCH U3 1TosieTa, OyAET MOJIOXe
[Tetu. BeiBoa: TeOpust OTHOCUTEIHLHOCTH He CBOGOAHA OT NPOTHBOPEUYUH.

8. EcjiM YCIOXHUTB CXeMy YCTPOICTBA, TO BO3PACTET €ro NPOM3BOAMTENLHOCTD, a
€CJIM HCITOIb30BaTh HOBYIO DJIEMEHTHYIO 0a3y, TO yBEAWUYNTCS T1€PUO SKCIUTYaTallH.
YCTpolCTBO HAYHYT XOPOLIO PACKYTIATh TOILKO [TPU OJJHOBPEMEHHOM POCTE ero Ipou3-
BOOUTEILHOCTU U NEepHOAa IKCIayaTauru. Ho yeTpoiicTBO He NMonb3yeTcsl CrpocoM.

9. YBennueHue feHer B obpatileHum Bieyer 3a coboi nHdusuuio. Ho poct neHex-
HOM Macchl IIPOUCXOINT MO ABYM NIPUUMHAM: U3-3a JIeHEXHON SMUCCHUU MU CHUXKE-
HHUg ToBapooGopoTa. CHHXeHUE TOBapooOopoTa NPUBOAUT K Ge3paboTulie U cnamy
npousBoacTsa. M3-3a uHdnsuuy nanaet Kypc ASHEXHONW eIMHULBI. PeKOMEHIAIUY
3KOHOMMCTa MIBaHOBA: YBENIUUUTD JCHEXHYIO 3MUCCHIO H FMOIHATL MPOU3BOJCTBO,
TOrAa U30eXuM 6e3paboTHIIBI M KYPC IEHEXXHOH eIMHU bl OCTAHETCS HEU3MEHHBIM.

10. <410 cobupaenines reyath, YeCTOMOOUBEIH NOJIKOBOACL?» — «XO0Uy 3aBOEBAThH
Adpuky, mynpbiit punocod». — «[lpeanonoxum, Adppuxy To 3aBoeBal. UTo fanblile
Oyaewms nenath?» — «IToitmy noxozom Ha namio». — «Jlonyctum, u UHAUIO THI ITOKO-
pwi. Yto motomM?» — «I1oTOM g1 yeAMHIOCH B CBOEM Cally U CTAHY HAaCHaXAaThCsl YTEHU -
eM KHHUT. X0Yy ObITh TAKUM Xe MYAPBIM KakK Thl, ¢punocod». — «ITouemy 61 TeGe cpasy
K€ He OTIIPaBUTLCS B Call U He NMPUHATHCA 32 KHUTU?» — «Tak Beap HH AQpuku, HU
Huauu s ellie He 3aBoeBan». — «[la, Tbl nipas, nojakopojacl. A paccyxaaw HemMyapo,
MOCKOJIbKY HE YYMTBIBAIO TBOE CErOAHSIIIIHEE YECTOMI00ME.

11. Ytobbl cBAPUTH LM, HYXKHbBI: KAIyCTa, CBEK/a, KapTodeb, 1yK, MOPKOBb M TO-
MaTbl. CBEKJIbl ¥ KaNyCThl B HALICM Mara3HHe He 0Ka3anoch. Bce ocTanbsHOe 1 Kynuiia.
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OmHaKoO 1K yXe He MOoJIyyaTcs. XOpollo, TOTAa KYTUTIO OTYPLbI M CMETaHY, CAEIIAI0 ca-
JIaT U3 OTYPLIOB, TOMATOB M JiyKa. [Toaxapio KOTAETKH, OTBAPIO KapTOILEYKY — BTOPOE
y MeHs €CTb. YTo NpHUroToBUTb Ha rnepBoe? Toxanyi, Ha TOBSIKBUX KOCTOUKAX HETIIO-
xa Oyler qOMalllHsAs Jania. A MOPKOBKY s ceifyac noMOIO M OTAaM JIETSIM — IYCTh
YyepBsiYKa 3aMOpSIT.

12. JT1060¥ MapKCUCT — IMAIEKTHK, HO HE BCIKH I TMaNleKTHK — MapKcuCT. JTioboi
MapKCHUCT — MaTepUaTUCT, HO He BCAKUI MaTepraaucT — MapkKCUCT. I'erenb ObIn AUa-
JIEKTHK, HO He maTepuanucT. Peitepbax ObLT MaTEPHATHCT, HO He TUANIEKTHK. HTak,
ecm 661 ['ereb 1 Deitepbax MoTIH 0OBEAUHUTBCS B OIMH KPYXOK, TO MapKc yxe He
noHanoobucs Obl.

13. IIpecTymTHUK U3TOTOBUT MAPTHIO (PATBUIMBLIX JIEHET, ECJIM Y HETO UMEIOTCA CO-
OTBETCTBYIOLIHE MaTEPHUAIbl U paboTaeT CTaHOK. DTH ABa YCIOBUH, K COXAJIEHUIO, BBI-
noHsoTed. OnHako danbIMBBIEe IEHLTU HE TIOSABSITCH, €C/IM XOpOILIO paboTaeT Mu-
Juug. Munuuus xe paboTaeT XOpollUo TOT1a 1 TOAbKO TOTIa, KOTAA KaXXIblii MUIIM-
LMOHEP MoJIyyaeT BEICOKYIO 3apILaTy. YBbl, MOKA TAKOH 3apIIaThl HET, HO €CTh BBICO-
Kas CO3HATENLHOCTh BCeX pabOTHUKOB MUAULIMMU.

14. «<Hamo 3aBecTu cobaxys», — cKasai cTapuk. «OHA He JaCT JKUTb MOEIA KOLLIEYKe»,
— ckasasia crapyxa. «Eciin He Byner cobaku, To 5T He CMOTY pe3yIbTaTUBHO OXOTUTHCS
U IIPUHOCUTE B TOM JUUB». — «A €CJTH He OyIeT MOoeit KOLlIeUKH, TO B JOME Pa3BeLyTCs
MBIIIIH, KOTOPbIE YHHYTOXAT BCE HALLM NPOAOBOJLCTBEHHBIE 3anackl». — «CoriaceH,
crapyxa. laBaii cobaky s 3aBely, HO IepXaThb ee Oyay Bo IBope». — «Kolleuky Bo 1Bop
1 MyCKaThb He Oyny».

15. CylecTByloT 1Be TEOPHUH BOZHUKHOBEHMSI UeIOBEKA HA 3eMJIe — TEOPHSI 3BOJTIO-
uuM JapBrHa ¥ Teopusl COTBOpeHMUsI uesoBeka I'ocnogom boroM. Ecnu cipasemuBa
TEOPUSI 3BOJIIOLIMH, TO CAMONPOU3BOIbHOE BOSHHKHOBEHHE YeI0BeKa 663 COOTBETCT-
BYIOLLIMX TTPEBpallieH UM XXM BbIX OPFaHU3MOB HEBO3MOXHO. Kak nokasasiu yuyeHsie, Ta-
KHE MPEeBpalleHHS IeICTBUTENBHO UMENU MeCTO. [10 TeopHuM XKe COTBOpEeHMS YeIOBEK
OBLT CACIJIEH U3 MPOCTON IJIMHEL, a XXU3Hb B Hero BIOXHYA I'ocnionb. ITMHEI Bceraa
ObLJIO MHOTO, a HacueT JAblXaHus bora Toxe coMHeBaTbCsl HE ITPUXOIUTCS, TOCKOJIBKY
€CTh Ha TO cBUIeTeNnbCcTBO bubnauu. OTciona BRIBOA — ABE Ha3BaHHbIE TEOPHH JAPYT
Ipyry He MpOTUBOpEeYAar.

16. YennoBek, KOTOPBII peLLIMI CBECTH CYEThI CO CBOEM XHU3HBIO, BpsJ JiM OyIeT 3a
yac 10 3TOrO MPOCMaTPUBaTh CTATUCTUYECKHE TaHHbIE 10 3€PHY 32 TPOILIBIA O/,
CrnoMaHHast repaHb TOJAbKO MOJYEPKUBAET KEM~TO XOPOIIO CKPHIThIE CleAbl 6OPLOLI
¥ Hacwius. O4YeHb, KOHEYHO, CTPAHHO, YTO ABEPb OKa3alach 3aliepTa U3HYTPH, a
BaxTep HUYero He 3aMeTil. Kak xe npecTynHuKy yaanock BbIATH M3 moMeneHus? U
KaKOBbl, COOCTBEHHO, MOTUBbI NpecTyiyieHus1? Takoi TUXUH, CKPOMHBIH YeJIoBeK,
HUYEro KpoMe CeMbH M paboThl ero He HHTepecosaio. [1pasma, keHa coob1mMiIa, YTo
OHa BYepa BeuepoM BUENA €r0 B 00LLECTBE ABYX HOA03PUTENbHbBIX MOJOABIX JIOASH.
Hda u BaxTep yTBepX/1aj, YTO IPUMEPHO B TeUEHUE TIoIyvaca oTinyJancs Jis o6xona
TeppuTOpUH. TeM He MeHee He XBaTaeT Kakoro-To 3BeHa B 3TOI 3arajovyHoOH Lenu
COOBITHIA, 4TOObI YBEPEHHO CKA3aTh — «CAMOYOMICTBO» KEM-TO CTapaTeJbHO HHCIIE-
HHUPOBAHO.

17. Y3 yTBepXISHHUS «IBa IUIIOC ABA PABHO NSATH» CAEAYET, YTO sl U Iaria puM-
CKUI1 — olHO M To Xe a1Muo. B camom niene, ecnmn ot obenx yacteil yka3aHHOTrO paBeH-
CTBAa OTHSTH M0 IBOMKE, TO OYAET CIpaBeUIMBO PABEHCTBO «/1Ba paBHO TpeM». Eciiu ot
o0eyx yacTeil HOBOFO paBeHCTBA OTHSATH MO €AWHHUIIE, TO OYAeT CIIpaBelyTHBO PABEHCT-
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BO — «OAMH paBeH ABYM». OAMH ~ 3TO 5, a ABO{KA — 2TO st ¥ nana pumckuii. ITockonp-
KY BEPHO, YTO «OJHH PaBEH ABYM», TO Sl €CTh fara PUMCKHIA.

18. «Xouelb 1610Kk0?» — «HBI0KH 51 tie eM nocsie puidbl, 4 puIdY s1 He eM mocsie 60p-
ma. bopiy s ceromHst He €71, HO CbeJl HEMHOTO ropoxoBoro cyna. Ilocsie Hero s chen
KYCOYEK XXapeHOTo XeKa. Ecau st eM ropoxoBbIid CyIT, TO B 3TOT AeHb VKe He Oyiy oTKa-
3BIBATHLCS OT SIGJIOK, HO NPU YCIAOBUH, UTO K CTOJY He nogasanyt canar. Mrax, nasait
ciofa s0JI0KO».

19. Cnenoit 1 miyxo#l nouu noryisrb, «CMOTPH, BAINA 03epO, 3HAUNT, HATILEM-
CsI», — cKazas riayxou. «Ara», — ckasai ciernoid. «[locayiiait, rpeMuUT rpoM, 3HAYUT
JIOXAb COOUPAETCs», —~ CKa3al CAETION. «Ara», — ckasan riryxol. Inyxoit u cnemnoit Ha-
Opanu BOABI M JOCTAIU Mnauly. Bee 10 BUAea M cabllan HeMoit. «f1 UM He KoMria-~
HUSI», — MTOyMaa HEMOMU.

20. Ceroans nocMoTpio pyTdoa, eciar TpaMBai He 3aIepXUTC. TpaMBali He o1o3-
JaJi, HO C/Iyuuaach apyrast 6e/1a: y MeHs He 0Ka3anoch JeHer Ha OuneT. PUCKHY noe-
XaTh «3aiueM». B cajoHe okaszajiacs KOHTpoJep, U f AUXOPaZOYHO CTal PhIThCA N0
KapMaHaM. K MoeMy c4acTpio, HauleAcs OAUH HEUCIIOIb30BAHH b TpAMBAHHBII Ta-
JioH. o komrioctepa s 106pancs BoBpeMst, XoTd QyTOONbHBIA MATY I TAK U HE YBUIEL:
BMECTE C IEHBIaMU s AOMa OCTABMJI 1 OMJIET Ha MATY.

21. Eciii B 0JIHOM MeCTe YTO-TO YOY/IET, TO B APYIrGM MeCTe YTO-TO NIpUubyaer — 3To
HUCTHHA, He TpeOyloilas nokaszarenabcria. Ho ecTb Takasi Teopus, KOTOpas yrBepKIaeT:
[e-TO B JAJIEKOM KOCMOCE CYLIECTBYIOT «4epHble Ablpbl», KyAa BCE NTPOBATMBACTCS,
HO OTTYJa HUYEro He NOABSEeTCs. DTa TCOPUSt HUUeTO He TOBOPUT O CYILIECTBOBAHUU
«OeJIBIX BBIP», KOTOPBIE NeHCTBOBANM Obl MPOTHBOIMOIOXHO «4ePHBIM». OIUH MHO-
CTPaHHBIH aCTPOHOMMUECKUI XXypHaJI COOOMIVII KOOPANWHATHI «4epHOM AbIpel». Poc-
cuiickuit actpoHoM M BaHOB HANIPaBUA Tyla CBOM MOLIHLIA TEIECKOI U HUYETO HE 00-
Hapyxui. “Tak-Tak, — ckazan MBaHos, — HO «6enyio Abipy» s BCe Xe 0TKPOoIo™.

22. Ecau B penu OyieT 060Jb1I0M nepenaj HanpsokKeHUs, TO CTOPUT NPeAoXpaHu-
TeJIb, YTO TOBAEYET 32 COBOM HeOOXOAMMOCTD ero 3aMeHbl. [1pu LiesioM npe1oxpanH-
TeJie TeJIEBU30P, KOHEYHO, OyaeT paboTaTh, HO TOJIbKO €CJIM OH BKJIIOYEH B CETh HUTa-
HuA. Eciiu Teaesusop paboTaetT HOPMAILHO, TO 8 YBUXKY CcerogHsiilinne «HoBoCcTH».
Hrtak, st cMoTpio TesteBH3HOKHbie « HoBOCTHY» NTPH yCIOBHM OTCYTCTBUA fTepenaia Ha-
NPKEHUS U NMOAKTIOUSHUS TEIEBU30pPa K CETH MUTAHUS.

23. «MBan MBansiy, MmoxHo?» — «Bxoau, [Tetpon. Hy, caenan, 4ro g tebst ripocuii?»
— «Bunure ... Eciv 661 Bbt HeMHOTO nipHGaBWiH...» — «Thl yto, [Terpos! CuaopoB
3a 3Ty Xe paboty OepeT B iBa pa3a MeHbule». — «CHA0pOB U clena Obl ee B Ba pasa
xyxe. 5 xe paboralo ¢ AMYHBIM KielMoM. H ToTOM, y MEHS CeMbSl — CAMU 3HACTE». —
«JlanHo, NpOCH YTO XOuellib, HO ICHET Y MEHS HET». — «A KaK CJ/IeJ1aj0, Ha phl0aJIKy OT-
nycture?» — «J1oroBopuIncCh, TOJNBKO Thi Moero Bosky ¢ co00il BO3bMHM, a TO OH TYT C
KaKoM-To MOAO3PUTEILHOM KOMITaHUel criyTasicsi». — «Ecau ¢ Bopkoii, To Ha Baiiei
Jnonke». — «BoT xurpei! Xopoilo, roeneM sce BMecte. MHe ToxXe He Meiaio Obl npo-
BETPUTBCS. Thl I€J10 TOJILKO caeiali,

24. YMeHbpUHIEHUE TEMIIEPATYPbI IPHBOJUT K CHHXEHMIO IaBI€HNA U YMEHbLICHUIO
obbeMa. YBeanueHue obbeMa MPUBOAUT K pOCTY CKOPOCTH noToka. ITosbillieHue 1aB-
JIEHUS TIPUBOIUT K TTaAECHUIO YPOBHSI, €CAH MPH ITOM YMEHbUIATh TeMIlepaTypy. CHH-
XKEHUE CKOPOCTH HPHUBOAUT K YMEHBILICHH IO JABJACHUS MK POCTY TEMIIepaTypht. Tex-
HoJyor MBaHOB paccyaui Tak: «MHe Ha/l0 NOBBICHTD AaBJeHUE TIPU OAHOBPEMEHHOM
CHUKEHHMH CKOPOCTU MOTOKA, MIO3TOMY 5 10JIKEH YBEAUYUTE 00bEM U TEMIIEPATYPY».

25. «B 3TH Ope3eHTORLIC IITAHbl HE NBITAUCS BJIE3Th — B HUX Thl CMOTPHUIILCS KaK
Mansp». — «Ho ¢ 3To wepcTsiHoe mIaTee S TOXE He HAAEHY — OHO Ha MHE KaK Ha Be-
manke». — «Kak HacueT KOXaHOIo MUKAKa 1 100KU ¢ paspe3oM?» — «Y 106KH 3aei0
MOJIHUIO, a8 MHIXAK BOT 3JeCh Ucnaykan». — «Hy, 310 He Heaa; NaTHO MPUKPOETCS
CYMKOI». — «[la, moxanyi, Tbl rpaBa — cyMky B J11060M cjiydae OpaTh HYXXHO; OHa
OYEeHb UIET K MOUM JIIOGHMMBIM Ty(disim» . — « CTOMaHHYI0 MOJIHUIO 3aMeHUT Oy/1aBKa,
a ee NPUKPOET ITUAKAK». — «XOPOLLIo, TaK U caeslaeM». — «lllepcTsiHoe maaThe oaeHy
51, €CIM Thl HE BO3paxaelllb». — «B03paxaio, HalleHb YK JydHie 3TH LITAHbI»,

1.8. IIpumepsl pemienus 3aga4
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1) JIokaszaTe METOAOM HATYpPalbHOTO UCUMCIIEHUSI HCTUHHOCTD CAEAYIOIIEN Kay-
3Bl

B> (C>A,B->D,C,D=A.

JlokazaresibcTBO:

l.P=B D, (P,, BIT)
2.P,B=D, (1, YW)

3.P,B =D, (P, BIT)

4.P, B =0, 2,3, Y0)

5.P =B - (C > A), (P,, BIT)
6.P=C A, 4,5 YHN)

7.P = A. (6, P, BIT, YW).

2) ﬂOKaBaTb AKCHOMATHUYECKHUM METOJOM VUCTUHHOCTSL KJIAY3hl!
ABoD, C-o-DA->BVvO=D.
HOKaZSaTeIIbCTBOI
I.B>D,C>D,BvC=D,
2BvD,CvD,BvC=D,
3. BAC)VvD,BvC=D,
4. BvC->D,BvC=D,
5.BvC,D=>D.

3) Hoxka3zars MeToaoM BoHra HCTMHHOCTD ClIeyIOUIEH KI1ay3bl:
B->D-C,D,C>AvB)=>AVvB.

JlokazarebCTBO:
I.BvDvC,D,CvAvB=AVE,

1.1.B,D,CVAvB,A= B,

1.22.D,D,CvAvB,A> B,

1.3.C,D,CvAvB=AVB,
131.C,D,C=>AvB,
132.C,D,A, A= B,
133.C,D,B,A= B
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4) JlokazaTe METOAOM pPe30JIOLUK UCTUHHOCTD CleAYIONIEH KJ1ay3bl:
A5B Co5DBSEDSFESFASC=A.

Jloka3arebeTBO:
AvB,CvD,BVE,DVvF,EvF,AvC A=0.
1.CvF, (P, Py 4. AvFE, (1, P
2.BVFE, (P, Py 5.A, (3, 4)
3.AVFE, (2, P) 6. 0. 6, P;)

5) Ilycth 3agaHa cuCTeMa aKCHOM :
Al.L1I=>A > B 5 A),
A2.1=(A->B-C)-—->((A->B)—-A->C)y,
A3.1= (A B)> (A B)> A);

U npasuno omdenerus (modus ponens — MP):
ALA>B=B.

C 1oMolbIO 3THX aKCUOM M TipaBuia MP nokazats crnpaBelIMBOCTh 3akoHa peg-
AEKCUBHOCTU:

1=A—-A.

HokazaTenbCTBO (CUMBOJIBI «1 = » 31eCh U B CICAYIONIEM IPUMEpPe NUCATh He Oy-
JeM):

1A= (A= A)— A), (A1)
2A>((A>A) >A) > (Ao (A>A) > (A>A),  (A2)
3.A>(A—>A) - (A A), (1, 2, MP)
4.4 (A A), (A1)
SSA>A. (3, 4, MP)

6) C noMouibio CpeaCcTB NPeasIyIIero IpuMepa J0Ka3aTh KJiay3sy:
X, Y,Z 53X, S>(YVZ,(TvU) >8S=T

Joxa3aTesbCcTBRO:
1L.(Z->X)> (Z>X)>Z), (A1)
2.(Z->X)> Z, (1, P3, MP)
X5 (Z X)), (A1)
4.Z—~>3(-, (3, P, MP)
585K >Z)>(S>Y) > (S —>17Z), (A2)
6.(S=>Y) > (S —>7Z), (s, P, MP)
7. > (S > Y), (Al)
8.S—>?, (7, P,, MP)
9.8 » Z, (6, 8, MP)
10.(S > Z) > (S —> Z) —> S), (A3)
11.(S>2Z) > S, 9, 10, MP)

59



12.Z 58> 2, (Al)

13.Z, (2, 4, MP)
4.8 > 27, (12, 13, MP)
15. 8, (11, 14, MP)
16.(TvU) >S=T—S U->S, (Ps,)
17.(T>8) > (T>S) > T, (A3)

18.¢T >8S) > T, (16, 17, MP)
19.S > (T > S), (A1)

20.T > S, (15, 19, MP)
21.T. (18, 20, MP)

7) CocTtaBuUTh IereHAb! A5l ITPUBEACHHBIX HUXE YyeThIpeX KJays.
Kuwaysal: A~C,C~E,E->D,D—->B= A B.

A — Iladenue asmopumema éaacmu.

B — Hoaumuxku, nHe cnocobhbie ynpagasims cmpaHoi.

C — Hapacmanue anapxuu 6 obuecmae.

D — Buwickazviganue abcypOinsix udeil.

E — Iloseaenue 6e30meemcmeenbix NOAUMUKOS.

«ITajgeHue aBTOPUTETA BIACTH NMPOHUCXOAUT TOTIA U TOJILKO TOrJa, KOra HapacTaeT
aHapxusa B obuectse (A ~ C). Hapacranue anapxuu B 06il1eCTBe paBHOCHJILHO NOSIB-
JIEHUIO Ha MOJIUTUYECKOI apeHe 6e30TBeTcTBe HHbIX nONUTUKOB (C ~ E). TlosBneHue
MOJOOHBIX MOJUTUKOB MPUBOJAUT K TOMY, UTO OHU BbICKA3bIBAIOT abCYpIHbIE UIEN
(E — D). Bricka3biBaHUe MOJMTUKAMH TAKUX W€ 1€MOHCTPUpPYET HECTOCODHOCTD
ux yrpapnsarb ctpanoii (D — B). Mtak, naaeHue aBTopyTeTa BIACTH TPUBOJIUT K MO-
SIBIEHMIO IIOJIMTUKOB, HE CITOCOOHDIX YNPaBAsTh cTpaHoil (A — B)».

Kaaysa 2. A—)B,B—)E,A~>C,C—)D,D—)F,E/\F:K.

«Ecaun yesioBek 3aHuMaeTcs CrioptoM (A), To OH xo4eT ObITb 310poBeIM (B). Xopo-
mree 3x0poBbe (B) BeneT k cuacTiaupoil xu3nu (E). Kpome toro, eciu yesioBek 3aHU-
MaeTcs crmoptoM (A), TO OH, KaK MPasKjIo, CTPEMUTCS JOCTHY b BHICOKUX CIIOPTUBHBIX
peaynsraro (C). Hannuue BoICOKUX pe3yanTaTtoB (C) no3BoseT ofepKUBaTh NoOe bt
Ha copeBHOBaHusix (D). ITobenbt Ha copeBHoBanusx (D) BnekyT 3a coboii Bceod1uee
npusnanue (F). OnHako, 4eJ0BeK He XOUeT KNUTb CHACTIANBO U UMETH BCeoblLee Mpu-
3HaHue (E A F). 3HauuT, OH He CTAHET 3aHUMATbCSI M CNOpPTOM (A)».

Kayza3 J-o H K>HI>J H>TL,H=>JAK

«Eclu 3HATDb S13bIK ITPOrpaMMUpPoBaHus (J), TO MOXHO COCTABUTDH pabouyro Npo-
rpamMy (H). Pabouyio nporpaMMy MOXHO Takke niosyuuTb (H) 11py ycnoBuu Hanu-
yust 3HakoMoro riporpammucta (K). OBnaneTs s13bI1KoM nporpaMMupoBanus (J) Mox-
HO, oOyyasick B uHcTUTYTE (1). Ecnu nporpamma paboraet (H), To ee nanucan Bolty-
ckHHK Takoro uHcturyTa (I). Ho nporpammMa He paGoraer (H). D10 TOBOPHUT O TOM,
YTO XeNAIOLIMIA TONYYUTb NPaBUIbHBIN Pe3yabTaT He 3HAET A3biKa NPOrPaMMUPOBA-
HMs (J) U He uMeeT 3HAKOMBIX NMporpaMMucToB (K)».
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Krayza 4. A>B C>D,BADS>EAE=C.

«Bce xuBoe cnocob6Ho yyBCTBOBATEL (A — B). Besikoe MaTepHanbHOE TEI0 3aHUMAeT
onpenenenHuiit o6vem (C — D). Eciu Heuro 3aHMMAaeT NpocTpaHCTBEHHBIM 00bEM U
CNOCOBHO YYBCTBOBATD, TO 3TO HEYTO €CTh HU YTO HHOE, KaK XUBOK opraHusm (B A D
— E). ITyctb cymiecTByeT HeUTO XKHUBOE (A), HO He siBisitomeecs opranuidMom (E). Tor-
J1a CJEAyeT BBIBOM, YTO 3TO HeuTo HemartepuaibHo (C)».

8) Bbiiie fipuBeACHBI JIET¢HAbl. 3anuiueM Kjiay3bl, OTBeUAIOIIHe TEKCTY WK KOH-
TEKCTY ITUX JIETEHI, ISl 4ero chopmyiupyem HeoGxonumbie TTOCHUIKY U ABA CIEACT-
BHSI, OIHO UCTUHHOE, Apyroe JioxkHoe. C noMolilbio Tabaulibl UICTUHHOCTH HalmaeM
MH®, MuHMMaIbHOE U BCE TpaHCBEePCa/IbHbIE NOKPLITUS (IToCeIHee 3a0aHUE Bbi-
MOJIHEHO TOJIBKO 1A BapuaHTa 21).

s eapuanma 21 MOXHO NPEINIOKUTD CACAYIOIIYIO KIAY3Y:
A~B,Co>A DB, CoE E=C->B.
A — Ide-mo umo-mo ybsiio.
B — Ide-mo umo-mo npuéviio.
C — “Yepuas owpa” cyujecmeyem.
D — “benas dvipa” cywecmayem.
E — Hesosmoscrocms nuneeo yeudems.

HcxonHyio nereday aonycTumMo TpaHcGopMupoBaTh B 6,1M3KYI0 O CMBICTY U CO-
CTABUTH TabJIMLY UCTUHHOCTH (Tabsa. 1.23):

«Ecau B OTHOM MECTE YTO-TO YOYAET, TO B APYTOM YTO-TO HEMPEMEHHO MPUOYIAET, U
HaobopoT (A ~ B). Ecnu cyluectsyeT “depHasi abipa”, TO B Hee BCe MPOBAIUBACTCS, TO
€CTh B €€ OKpecTHOoCTaX 4To-TO yosiBaeT (C — A). Ecnuv cyuwiecrByeT “6enasi abipa”, TO
W3 Hee B OKpYXKaroulee NPOoCTPaHCTR0 N0KHO npudbIBaTh Beliectso (D — B). Ecau
CYIIECTBYST “yepHas AbIpa”, TO ¢¢ HEBO3MOXHO YBWIETh, TaK KaK OHA HE U3JIy4aeT
cset (C - E). Actporom nuuero He ysunen (E). MTtak, “6enast apipa” cyliecTByeT
(D).» D10 — JsioxHOE YyMO3aKioueHHe. Hemunnpm Xe 3aK1I04eHIueM siBasieTcs, Ha-
npuMep, caeaylouiee: «Ecnu cymecrsyer “yepHas aplpa”, TO Tie-TO B ITPOCTPAHCTBE
BCEJIEHHOM JOJIXKHO HEITPEMEHHO TosaBNAThCs BeuiecTBo (C — B)»,

M3 Ta6a. 1.23 BUAHO, UTO TPH eI HU1IBI 00001LeHHOU nockuTkY (P) He MOKpLIBAaIOT-
¢4 eAMHULAaMU JIoXHoTo ciaeacrsust (D); envuniibl xe ucTuHHOTO crieactsust (C — B)
LEeNUKOM HaKpBIBAIOT eIMHKub 0600meHHoi mockutku. {lo Ta6m. 1.23 coctaBuM
COIHD:

A, B, C,D,E;

A, B,C, D, E;
Ilocne npeobpazoBaHMil MOMYUHM

A,B,D,EA B,C,D,E.
TpaHceepcanbHble MOKPBITUS:

A;B,C, D, E A,B;C,D,E ABECD.
MuHMManbHOE MOKpeITHE: E |

El bl

, E; A, B, C, D, E;
,E.

>l
==
ellel
=l

-

b
3

neaytoiuyio MID:

b

O
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Tabnuua 1.23

D C-»>B

P

C->E

—

C > A

A-B

AlB|C|DE

A>BBo>CE>(B->D),D>F=BArArE) -F

Beenem CJICOYIONIHNE 0003HaYECHHUS:

Hnst eapuanma 22 MOXHO COCTABUTH CICLYIONLYIO KIaY3Y:

A — Bosnuknosenue nepenaoa HanpANCeHUs 6 cemu.

B — Ilepezopanue npedoxpanumens.

C — Heobxodumocmb 3ameHbl NPeOOXPAHUMEAA.

D — Tenesusop pabomaem HopmansHo.

E — Tenesusop nodkaouen Kk cemu RUMAHUA.

"

"

F — A cmompro "Hosocmu ",
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«Ecmu B ceTr 6611 60bLIOH Mepernaji HanpsKeHUsI, TO CTOPUT NMPEAOXpaHUTEND
(A — B). EcnunmpenoxpanuTesis cropen, Heodbxoaumaero 3amera (B — C). Ecau tene-
BU30D BKJIIOYEH B CETh, TO TEJIEBU30P PabOTACT HOPMANLHO MIPU YCJIOBUM LENOCTHO-
ctu npegoxpauutensi (E — (B — D)). Ecau teneBu3op paGoTaeT HOPMAJIbHO, 1 YBHXKY
“Hosoctu” (D — F). 5l ysuxy “HoBocTu” npu yc/10B1Mu OTCYTCTBUA NEPeEnana Hamps-
JKEHUS! M IMOAKIIOUEHMS TejieBu30pa K ceTu nutanus (A A E) » F)». JlaHHoe cienct-
BUE SIBJSETCS A0xCcHbIM. Hemunnbim xe ciieactBueM oyaet: «5 yBuxy “Hooctn” npu
YCJIOBHH UEJOCTHOCTH NPEIOXPAHUTEIS, OTCYTCTBUSA Neperajia HalpsKeHHs B CETH 1
NonKII04YeHus TeneBu3opa K cetu nutanus ((B A A A E) - F)». Beurennm Ty cTpoky
Tabu. 1.24, g kotopoit 06061eHHas nocoiika (P) u ucmunnoe cnencreue (B A A A
AE) - F) MpuHUMAIOT 3HaYeHUSI eAUBHILLbE, a goxcrHoe cneacTsue ((A A E) - F) — 3Ha-

YeHHUE HYJIS.
Tabnuua 1.24

A/B/C/D|E|FIA>B/B>C|E>(B->D)D>F|PI(AAE)>F] BAAAE)SF
oj1[1|o]j1i0] 1 1 1 1 1 0 1

st eapuarnma 23 10TyCTMMO COCTaBUTh CAEAYIONIYIO ITPOCTYIO Kilay3y:
A-BB->C,Co>D,D>E=A->E.

A — Paboma evinoanena. D — Puibanky nposecmu ¢ 100K0l.

B — Omnyck na poibaiky. E — Ha peibasky noedym ece emecme.

C — Bzams Ha pvibanky cuina.

«Ecnu pabota BbIoHeHA, TO HAYAIIBCTBO OTIYCTUT Ha phidaKy (A — B). Ecim ormy-
CTSIT Ha pbIOANiKy, TO 00s13aTe/IbHO BO3bLMYT HA Hee U cbhiHa (B — C). Ecnu GepyT cbiHa,
3HAYUT HaHo Opath Joaky (C — D). Eciu 6paTh ¢ coboit 10JKy, TO TOeTyT Bce BMECTE
(D — E). Takum obpasoM, eciii paboTa BbITOJAHEHA, TO BCe BMECTE eJyT Ha phiOaiKy
(A — E)». lanHoe ciieacTBue SABRseTcs ucmunnsim. 1oty CIEICTBUEM SABJISIETCH, OYe-~
BHIHO, Takoe: «Eciau paGorta ciaenana, To Bce BMecTe Ha phibasiky He enyT (A — E)».

Anst eapuanma 24 coOCTaBUM CJIEAYIONIYIO KJIay3y:
A>BAC,C>D,B>A->E,D->BvA = ArB)->C.

A — Ymeubenue memnepamypeol.

B — Chuscenue dasaenus. D — Chuxcenue cxopocmu.

C — Vmenvwenue obsema, E — [ladenue yposus.

«YMeHblUeHHe TeMIIepaTypbl MPUBOAUT K CHUXEHMIO HABJIEHUS U YMEHbILIEHHIO
obbema (A — (B A €)). YenuueHne o6beMa NPUBOIMT K POCTY CKOPOCTH TTOTOKA
(C — D). Ilosbluenne qapaeHuUs IPUBOAUT K MAAEHUIO YPOBHS, €CJU TIPH ITOM yMe-
HbwATE TemrepaTypy (B — (A — E)). CHUXKEHME CKOPOCTN NPUBOAUT K YMEHBILEHUIO
JaBjaeHus iU pocty Temnepatypsl (D — (B v A)). TexHonor VIBaHOB paccynun Tak:
“MHe Ha/lo ITOBBICUTD AaBJIEHUE NIPH OIHOBPEMEHHOM CHUXEH MM CKOPOCTH IOTOKA,
MMO3TOMY I JOJIKEH YBEAMIUTB 06beM U TeMriepatypy” ((A A C) —» (B A D))». JanHoe
YMO3AKITIOUEHNE SIBISICTCA 20MCHbM. Hemunnbim paccyXienneM 6yaer, HarnpuMep, Ta-
Koe: «YMEHbLIEHHE TEMIEPATYPhl U YBEIMYEHNE NABICHHUA BEAYT K YMEHBLICHHIO
o0beMa ((A A B) — C)».
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Hns eapuanma 25 coCTaBUM Ki1ay3y:
AvBVvC (CAD)>E (AvB)SE Co5D,=CE.
A — Haodemb GpezeHmogbie WMAaHsi. D — Bzamo ¢ coboii cymMKy.
B — Hademv wepcmsanoe naamee. E — Beaukonenno cmompumcs.
C — Hademb nuoxcax u 6Ky ¢ pa3pe3om.

«5I Mory HazeTh Ha ce0s1 6pe3eHTOBbIE LITAHBI MJIM LIEPCTSIHOE NJ1aThe WU NHXKaK
1 100Ky ¢ pa3pe3oM (A v B v C). I Oyay BLIMISIIETh BEJIMKOJIEITHO, €CJIM HANeHY T -
XaK ¥ 100Ky C pa3pe3oM U NP 3TOM Bo3bMy ¢ coboit cyMKy ((C A D) — E). U Hao60-
poT, s OyRy BBITJIAAETD YXACHO, €C/IM HaleHY Ha ce0a 6pE3CHTOBbIE LITAHBI WU LIEp-
craHoe miathe ((A v B) —» E). OnHako cyMKy Hajio 6paTh 00s13aTeIbHO, €CJTU HAAETh
MUIXaK v 100Ky ¢ pazpe3oM (C — D). Utak, 4ToGH! BHIMISAETH BEIMKOJIEITHO 51 BLIOH -
paro mocjienHee, T.€. HaleHy Ha cebs1 MUAXaK U 106Ky ¢ paspe3oM (C — E)». [laHHOe
3aKJTIOUEeHUE ABISIETCS UCMUHHBIM. JIoocHbIM MOXET OBITH, HAaTIpUMeED, Takoe: «HToGbI
BBINVISIIETH BEJIMKOJIEITHO, HYXXKHO HaleTh Ha cebd Gpe3eHTOBbIe LITAHb (A — E)».

1.9. Onepamm HaJa nNpeauKaTaMid 1 KBAaHTOPpaMu

Ilpeduxam — 310 PYHKUMOHATBHOE BLICKA3bIBAHHE, 3 BRICKA3bIBAHUE — MPEAUKATHAS
KoHcraHTa. Jozuxa npeduxamos — 310 paclliupeHUe JJOTMKH BbICKa3biBaHMI 3a cyeT
HCITOJIb30BAHUS MPEIMKATOB B POJIU TIOrMYeCKUX GYHKUMHA. DTN (HyHKIIUHM HECKOJIBKO
OTJIMYAIOTCS OT (PYHKIIMH, KOTOPBIE MbI UCTTOJIb30BAIM B JToruke bynst. bynesa pyHk-
LMSI 00HOPOOHA, T.€. JUTSI Hee 061acTh 3Ha4eHU A GyHKIMHK U 06J1aCTh UBMEHEHUWH apry-
MEHTOB I10 TUITY OfIHa ¥ Ta Xe — so2uyeckas (Iubo ucmurna, mnbo aoxce). IIns npeauka-
TOB Xe 00J1aCTh 3HaYe HU I PYHKLINU — agoeuieckast, a 00JacCTb UBMEHEHHU I apryMEHTOB
— npedmemnas. TakuM o6pa3oM, 31a GYHKUUS — Heodnopooua. IlpuBeaeM NpuMephl
npeavkaTHbIX GyHKIUA. [TycTh MMeeTcs psif TpOCTbIX BEICKA3BIBAHMH:

P, = «<MBaH yuTaer JJOCTOEBCKOIO»,
= «[lerp untaer JocroeBcKOTO»,

=~
)
|

P, = «CrenaH untaet JocToeBCKOro».
Bmecro BoickasbiBaHu# Py, P, ..., P, Mbl MOIIU OB BBECTH 00HOMecmHbLil npedukam
P(x), 1 KoToporo nepeMeHHas X NpUHUMasia Obl 3HAYEHUS U3 TIpeaMeTHOH obtac-
T™H —
x = {Hsan, lletp, ... , Crenan},
a caMma npeaukaTHasi GyHKUHMs TepefaBanach Obl C10BaMU:
P(x) = « x untaet JOCTOEBCKOIO».
Tenepp U3MEHUM MCXOMHbBIN PsiA BbICKA3BIBAHUI HA APYTOIt:
P, = «MBan yuraer JJocToeBCKOro»,
= «Ilerp uuraer Toncroro»,

N
|

P, = «Crenad yurtaet Yexosa».
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3aech MOXHO ObLIO OBl BBECTH YXKe dgyxmecmubtil npeduxam —
P(x, y) = « x uuraer y»

C IOTIOJTHUTEIBHOM NpeaMeTHOH 061acTblo —
y = {Hoctoesckuit, TosicToi, ... , Yexos}.

BBenem mpexmecmuoiii npeduxam P(x, y, z), KOTOPbIH 03HAYAET, YTO « X €CTh CYMMa y
U z ». JomycTuM, B Ipouecce BLIYMCIEHUNA NEpeMEeHHas X MPUHsIIa KOHKPETHOE 3Ha-
yeHue, paBHoe 5. Torma TpexMeCTHbIM NPearKaT NMPEeBPATUTCS B JBYXMECTHDII:

PG,y, 20 =P(y,2)= «5€ecTb cymMma y 1 7 ».
IIpu x =51y =3 nosy4nM OLHOMECTHbII NpearKaT:
P(5,3,2)=P'(3,2)=P"(2) =« 5ectb cymma 3 u z »,

Hakomneli, ecnv 106aBUTH YCIOBUE 7= 2 , TO UCXOAHbBIH NPEAMKAT CTAHOBUTCS HyabMe-
CMHbIM npedurxamom (KOHCMAHMOU WIN 8bICKA3bI6AHUEM), KOTOPLIA B AAHHOM CIIyyae
MPHHUMAET HCTUHHOE 3HAYEeHHeE!

P =P5,3,2)=«5ectbcymmMa 3 M 2» =1,
Ho Mor1o ciiyyuthest, 4To z= 1 TOrga uMelin Obl JIOXKHOE BBICKA3bIBAHUE:
P,=P(5,3, 1) =«S5ectbcyMmma 3 ul»=0.
Takum obpa3oM, npu 3aMelIeHHH MepeMeHHOH x; NpeaAMEeTHON MOCTOSTHHOH a;

MPOUCXOJUT NTpeBpallieHHe n-MecTHoOro npeaukara P(x, ..., x;, ... , x,,) B (n — 1)-Mecrt-
HbIl — P(xy, ..., a;, ..., x,). [IpunncaB KOHKpeTHbIE 3HAYEHHS BCEM apTyMEHTaM Npe-
nukatHou dyukiuu — P(ay, ..., a;, ..., a,), Mbl TEM CAaMBIM TTOJTyYaeM NIPEAMKATHYIO

KOHCTaHTY, K KOTOpOﬁ NPUMEHNMBI BC€ 3aKOHbI JIOTUKH BBICKAa3bIBAHUH.
(DYHKU,PIOHEUIbHaH NpUpoa nNpcanKara Bjie4eT 3a co0oii BBEIEHHE €11IE OHOTO I10-
HATUA — KeaHmopa. Ponb €ro BbISICHMM Ha CIACAYIOIHUX ABYX NMpUMCEpax:

1) «Bce moau cmepTHbl. COKpaT YenoBex.
CrnenosarenbHo, COKpaT CMEPTEH.»

2) «Hekomopwie moam reuvanbibl. COKpar yejioBek.
CaenoBarenbHo, COKpaT reHuaneH.»

Bo BTOpOM IpuMepe XOpoLLO YYBCTBYETCS JIOXKHOCTb 3aKJIOYEHUS, TOCKOJBKY HHTYH-
TUBHO MBI MOHMMaeM, yTO CoKpat MOT M He MOTACTh B UMC/IO e HUANbHBIX JIIOAE.

HTak, KA104eEBLIMU CIOBaMU B HalllMX [IPUMEPAX SBASIOTCS «BCE» U «HEKOTOPHIE».
Korna kakoe-HUOYIb TpaB1JIo PaclpoCTpaHsieTCsl Ha 8ceX MHIWBUIYYMOB, OHO, eCTe-
CTBEHHO, pactpoctpansieTcss u Ha Cokpara. Korna xe rpaBujio KacaeTcsi TOMLKO He-
Komopbix, OHO MOXET 0Ka3aTbcsl B oTHolleHUN CokpaTa Kak pa3 M HeBepHbIM.

TepMUH «8ce x» 0003HAYAETCS B JIOTUKE NPEAVKATOB VX U Ha3blBACTCS KEAHMODOM
obwHocmu (CUMBOJ V eCcTh niepeBepHyTas 6ykBa A, KOTopas sIBjiseTcs Ha4anbHOoM OyK-
BoM aHrMiicKoro cioBa All — «Bce»). TepMuH «Hexomopsie x» UM «cywecmeyem XoTs
OBl OHO 3HAUYEeHUE X» 0003HAUAETCS Uepe3 3X U HA3bIBACTCS KEAHMOPOM CYULECNE08a-
Hus (CHMBOJI 3 eCTh nepeBepHyTas 6ykBa £, Spsiomasica neppoii 6yKBoit aHITHIICKO-
ro ciosa Exist — «cyuiectBoBaTh»).

BricTanisas kBaHTOpbBI 1iepen NpeinKaTaMu, Mbl Kak Obl YCWJIMBAeM UM ociabisieM
ux aeictBue. Tak, BblpaxeHue

Vx P(x)
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03Ha4yaeT «/UIsl BCeX 0e3 UCKIIIOUEHUS X CBOMCTBO P MCTUHHO», 4 BhIpaXeHue
Ix P(x)

O3HAayaerT «CYILeCTBYeT Mo KpaliHedl Mepe 0HO 3HaUEeHHUE X, I KOTOporo csoiicTeo P
UCTUHHO». Ml He OyiieM UCIONb30BaTh TaK Ha3blBAEMbIE C80600HbIE nepeMeHHble, T.C.
He OyjieM paccMaTpUBaTh IPEAUKATHbIE DYHKLKMH, ApFYMEHTbI KOTOPLIX HE CBA3AHbI
HU KBAaHTOPOM OOLIIHOCTH, HU KBAHTOPOM CylieCcTBOBaHMS. CKa3aTh «1JIsl BCEX X CBOM-
cTBO P HCTHHHO» — 3TO BCE PAaBHO, YTO CKa3aTh «KOHbIOHKLU S BCEX 3HAYEHUH ITpeIu-
KaTHOU GYHKLIMU paBHa eAMHULE»:

vx P(x) = P(a) AP(B) A P(c) A ...
KBaHTOp CyllIECTBOBAHMSI O3HAYAET AM3IBIOHKLMIO BCEX 3HAUYCHUI TpeArKaTHON
byHkUMK:
Ix P(x) = P(a) v P(b) v P(c) v ...
O0a KxBaHTOPa MOXHO OTPHLIATH U BLIPAXATh OJUH Yepe3 Ipyroi Ha OCHOBE 3aKOHA
ne Moprana:

vx P(x) =P(@) AP(b) A P(c) A ...=P(@) v P(B) v P(¢) v ... = Ix P(x) ,
IxP(x) =P(@) v P(B) v P(¢) v ... = P(a) A P(B) A P(C) A ... = Vx P(x) .
Orcroga
vx P(x) = 3x P(x), 3x P(x) = vx P(x) .
OcMbIchUTE (HOPMYJIbI OTPULAHHS KBAaHTOPOB MOMOXET CJCAYIOIMIA HIpuMep.

ITycrs mpenukat P(x) o3HavaeT, 4TO «x ABAAETCS MPOCTHIM ducaoM». Korna x 6yaer
NMpoOeraTh psijl HaTypaibHbIX UYMCET —

x=1{1,2,3,4,56, ..},

TIipeauKaTHasd (byHKLIMSI HpOﬁC)KMT P UCTUHHBIX U JTO2KHBIX 3HayeHu M
P(1)=0, PQ)=1, PG3)=1 P@)=0,
P(5)=1, P(6)=0, P(7)=1,

Y6enumcs B CipaBeUTMBOCTH MEPBOIL (POPMYITBI TSI OTPHULAHMSA KBAHTOPA OOIITHO-
CTH:

Vx P(x) = «He BCE X MPOCTble YMC/IA» = «CYILECTBYIOT TAKHUE X,

KOTOPbIE SBJSIIOTCS HENPOCTHIMU YKciaMu» = 3x P(x) = 1.
O6a 5Ty BBICKa3bIBaHUsI UICTUHHBL. Terepb ybeMMcs B CIIpaBe UTHBOCTH BTOPOIi Ghop-
MYJIbI U151 OTPUL@HMS] KBAHTOPA CYLIECTBOBAHMUSI;

3x P(x) = «HeT H1 OAHOTO X, KOTOPOe ObLIO Obl MPOCTBIMY» =

= «BCE X SIBJISITOTCS HEMPOCTbIMU YHCIaMu» = Vx P(x) = 0.
DTH BBICKA3bIBAHUS — JIOXKHbI.

ITycTb npeamerHasa obaacTh npeaukarta P(x) cocToUT BCero U3 ABYX KOHKPETHBIX

3HayeHuit a u b . YuuTeiBas, 4TO

vx P(x) = P(a) A P(b), 3xP(x)=P(a)v P(O),
coCTaBUM Tabul. 1.25, U3 KOTOpOH HernmocpeACTBEHHO BbITEKAIOT TPH 3JIEMEHTAPHBIX
KJay3bl:

vx P(x) = P(a), P(a) = 3x P(x), Vvx P(x) = 3x P(x) .
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Bmecro P(a) B nociaeqHux BeIpaXeHHUsIX MOXHO ObL1o Obi B3siTh P(b) — cemMaHTHKA
KJ1ay3 OT TOro He U3MEHUTCS, & OHA TAKOBA: eCJIM BbIpaXKeHUeE «/1Jisl Bcex x CBocTBO P
BBIFIOJTHACTCS» SIBASIETCSt UCTUHHbBIM, TO LIS KOHKPETHOTO 3HAYCHUS X, PABHOTO &, 3TO
CBOHCTBO TOXe OyAeT BBITIOJHAThCSA. [TepBas ki1ay3a spisgeTcsa npeaAnKaTHoi popmoit
BBIpAXXEHMST aKCHOMBI TIOPSIIKA:

vx P(x) = P(a), P(b) = P(a) .
Tabnuua 1.25

P(a) | P(b) | Vx P(x) | 3x P(x)
0 0 0 0
1 0 0 1
0 1 0 1
1 1 1 1

JlelcTBrE ee MPOJAEMOHCTPHUPYEM HA YK€ 3HAKOMOM HaM NpuMepe, KOTOPEIH ceii-
Jac Mb1 chopMyiipyeM GoJiee OTYETIUBO!

s ecex x cnpasedaueo npaguno: ecau x — weaosex, mo x cmepmen. Cokpam venogex.
Cnedosamenvio, Coxkpam cmepmen.

Beeaem nBa mpenukara:

A(x) = «x — yesioBek» U B(x) = «x cMepTeH».

ITpumeM Takxke, 9to a = «Cokpar». CocTaBuUM Kjiay3y, COOTBETCTBYIOINYIO HAIlIe jie-
reHJe:

vx (A(x) — B(x)), A(a) = B(a) .
s ee mokazaTeNbCTBA JOCTATOYHO TEPEHECTH BTOPYIO IMOCBUIKY BIPABO 33 3HAK

METAauMILUIMKAUMH, YTOOBI KJlay3a cpa3y e YA0BJAETBOpsla aKCMOME NopsiiKa B Tipe-
InkKaTHOU Gopme:
vx (A(x) > B(x)) = A(a) —» B(a) .

ScHo, 4TO BTOpPOH NpHMEp ¢ 3aKioyeHueM o reHuaibHocTH Cokpara sBisieTcs
JIOXXHBIM BBIBOZIOM, TMOCKOJIbKY MIPUBOAMT K Kjay3e, MpoTHBOpeyalllel akcuoMe 1no-
psaka:

Ix (A(x) — B(x)) = A(a) — B(a) .

KOHBIOHKTUBHAS NMpUPOIa KBAHTOpa OGLIHOCTY U IM3BICHKTUBHAS KBaHTOpA Cy-
LIECTBOBAHMUSI C TOUKHU 3PEHUS OMHOUWECHUS IKGUBAACHMHOCMU HAKJIAbIBAIOT OIIpeae-
JICHHBIC OTPAaHUYEHUS TIPHU UCTIOJIb30BAHUU UX COBMECTHO C JU3BIOHKIIUEH U KOHDB-
FOHKIIMEN KaK JIOTHYECKHUMU OMepalusiMU.

ITyctb a1 oTipeAeIeHHOCTH TIpeaAMETHAst 001aCTh COCTOUT U3 BYX SJIEMEHTOB a U b
(B oO1IEM ciyyae IS obsiacTeit, COCTOSIILMX M3 1 3JIEMEHTOB, BCE TMpEACTaBIeHHBIE

3IeCh JOKA3aTeNbCTBA OCTAHYTCH TEMM XKeE, TOJbKO OKaXyTcs 6ojice rpOMO3IKHMU).
Y6eaumcs, yTo CIEAYIOLIME ABA TOXAECTBA BbINONHAIOTCH:

Vx (A(x) A B(x)) = Vx A(x) A Vx B(x) ,

Ix (A(x) v B(x)) = 3x A(x) v 3x B(x) .
HeiicTBUTENBHO,

Vx (A(x) A B(x)) = (A(a) A B(a)) A (A(b) A B(b)) =
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= (A(a) A B(b)) A (A(a) A B(b)) = Vx A(x) A Vx B(x).

AHAJIOTUYHO PacCIMCBIBACTCsl BTOPOC paBCHCTBO.
Onnako CUTYaUUSA UBMEHUTCH, €CJIN KBAHTOD OBLIHOCTH UCITOJIB30BATh COBMECTHO
C AU3BIOHKIHEN, 2 KBAHTOP CYUIECTBOBAHUS — C KOHBIOHKUMEH:

Ix (A(x) A B(x)) = Ix A(x) A 3x B(x) .
B camom nejie,
Ax (A(x) A B(x)) = (A(a) ~ B(a)) v (A(b) AB(b)) =R A Q , rae
R = (A(a) v A(d)) ~ (B(a) v B(b)) = 3x A(x) A 3x B(x) ,
Q = (A(a) v B(b)) ~ (A(D) v B(a)).
ITepBas knay3a BepHa, TaK KAK OHA CBOJUTCS K AKCUOME TOPSIIKA:
R,Q=R.
AHaJTOTMYHO AOKA3bIBAETCSH KJlay3a —
vx A(x) v Vx B(x)) = Vx (A(x) v B(x)) .
B jtoruke npeankaros, Kak ¥ B IOTMKe BbICKa3bIBAHU I MM JIoTHKE Byiis, AeiicTByeT

npunyun deolicmeernnocmu. Knaysa ocTaHeTCsl B CUJIE, €C/IM €€ MOCBUIKH U 3aKJII0YEHUSA
MIOMEHATb MECTAMU, HO TPU 3TOM OJHOBPEMEHHO MPOU3BECTH 3aMERY:

V & 3, A SV, 0= 1.

Brnarogapst sroMy NpuHUMIY NOCACAHIO Kiay3y MOXHO He J10Ka3bIBaTh OTAEILHO, 4
COCTaBUTb, UCXOS U3 HCTUHHOCTHU NpeAbIAYLIEH.

YcraHoBieHHOE CBOMCTBO KBAHTOPOB B OTHOLICHUU TU3BbIOHKIIMH OTPaXaeTcs U
Ha UMIUTMKALWK, TOCKO/ABKY OHA MOXET ObITh BHIPaXKeHa uepe3 IU3bloHKUUIo. [103-
TOMY CIIpaBeUIMBbI CAEAYIOLINE BbIPAKECHUS:

3x (A(x) - B(x)) = vx A(x) - Ix B(x) ,
Ix A(x) —» Vx B(x)) = vx (A(x) - B(x)) .

Ho CUTYaLUsI BHOBb UBMEHUTCA B [10J1b3Y OTHOLICHHUA 3KBUBAJICHTHOCTH, €CJIU JIIO-
0011 u3 JABYX TTPEAMNKATOB 3aMCHUTDb BbICKA3bIBAHHUEM !

vx (Av B(x)=AvVvxB(x),
Ix (A A B(x)) =A A dx B(x)) .
JleficTBUTENBHO,
vx(Av B(x)=(AvB@)AAvB®b)-=
=Av (AAB@@)v(ArB(b)) v (Ba) AB)) =
=Av (B(a) AB(b)) =Av vx B(x) .
PackpbiBast CKOGKH H HCIIOIb3YA 3aKOR MAEMIOTEHTHOCTH W MOTJIOWIERUs, WIH

NPUMECHAA BHOBL INTPpUHIIUIT ﬂBOﬁCTBCHHOCTYI, MOXHO A0Ka3aTb BTOPOE PABCHCTBO.
Orciona GYHYT BBIMOJIHATBCA U PABECHCTBA /U1 UMITTTUKALIMH:

vx (A - B(x)) =A > vx B(x),
vx (A(x) » B) =3x A(x) > B,
3x (A - B(x)) = A - 3x B(x) ,
dx (A(x) > B) = vxA(x) > B.
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Y106H COXpaHUTh OTHOILIEHME YKBUBAJIECHTHOCTH INMPH BBIHECEHHHU 3a CKOOKM
KBAaHTOPA 3 MIPY KOHBIOHKIIMHU U KBAHTOPA V [P TU3bIOHKLIMHU, KOT1a IaHbl 1Ba pa3-
JIMYHBIX IPEANKATA, IPUOEratoT K BBEICHUIO A0MOTHUTE/IbHOM ITePeMEHHOM, HalTpH-
Mep:

Ax A(x) A 3x B(x) = 3x A(x) A 3y B(y) = 3x3y (A(x) A B(p)) =
= (A(a) v A(b)) A (B(a) v B(b)).
AHAJIOrMYHO NOCTYNAIOT B IPYTUX CAYUasiX:
vx A(x) v vx B(x) = Vxvy (A(x) v B(»)) ,
Ix A(x) > Vx B(x) = vxvy (A(x) — B(p)),
Ix A(x) v vx B(x) = 3xVy (A(x) v B(y)) =
= Vx3y (A(x) v B(y)) = Vx3y (A(y) v B(x)) .

[MocnegHui ipuMep NIOKa3bIBAET, 4TO KBAHTOPHI V M 3 MOXKHO IePeCTaBISITE MECTAMHU,
©CJIM OHM HE3aBHCHMB! (B JAHHOM Clly4yae OHU OTHOCSITCS K HE3aBUCHMBbIM OTHOMECT-
HBIM NPEAUKATAM).

PaccMoTpuM BCeBO3MOXHBIE KOMOMHALIMU KBAHTOPOB TPH JABYXMECTHBIX TIPEIH-
kKarax. C TOMOUIBIO 3aKOHOB KOMMYTATHBHOCTU M aCCOLIMATUBHOCTH JUISI KOHBIOHK-
LMY Y IM3BIOHKUMK J0Ka3blBAeTCsl CIIPABETUBOCTD JIBYX TOXIECTB:

Vxvy P(x, y) = VyVx P(x,y), 3xdyP(x, y) =3y3xP(x, y),
T.€. ODJMHAKOBbLIC KBAHTOPLI INPHU ABYXMECTHDBIX TPEAUKATAX MOXHO ITEPECTABIATE MEC-
TaMH. HO HepCCTaHOBKa KBaHTOpOB Iunyv HOAYHUHCHA TOJALKO OTHOILICHHKO l'IOpHJIKa:

AxVyP(x,y) = Vyax P(x, y) .
B camowm aene,

Ix Vy P(x, y) = 3x (P(x, a) A~ P(x, b)) =

= (P(a, a) ~P(a, b)) v (P(b, a) ~P(b,0)=RAQ,
rae

Q = (P(a, a) v P(b, b)) A (P(a, b) v P(b, a)) .

R = (P(a, a) v P(b, a)) ~ (P(a, b) v P(b, b)) =

=Vy (P(a, y) v P(b, y)) = Vy Ix P(x, y) .

Taxum o6pa3omM, HCXOTHAS KJ1ay3a CBeJTach K AKCHOME IopsiIKa —

R,Q=R.

CripaBelTUBOCTD IOCIETHEH KJiay3bl MOKHO YCTAHOBHTD M C TIOMOUIBIO TaOIHIIbI
HCTHUHHOCTH (Tabn. 1.26), B KOTOPOIi NPUHSTHI CJIEAYIOIINE COKPAILIEHU:

VVP=VvxVyP(x,y), IVP=3xVy P, y),
ViP=vVyax P(x,y), 3PP =3x3yP(x, ).

Ha ocHoBe 310# e TabMU bl MOXXHO YCTAHOBUTH HCTMHHOCTb MHOXECTBA APYTHX Kjia-
y3 (k¥ m IpUHUMAIOT 3HaYeHU sl a Wiy b):

1.VxVyP(x,y) > Vx3yP(x,y), 4. 3xVyP(x, y) =3Ix3yPx, ),
2.VxVy P(x, y) = 3xvVy P(x,y), S . ¥x3IyP(x,y) = 3Ix3y P(x, ),
3.VxVy P(x,y) = Ax 3y P(x, y), 6.3xVyP(x,y) = Vy3IxP(x, y),
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7.vxVy P(x,y) = Vx P(x,x), 13. vxP(x, m) = 3yvx P(x, y),

8. dx P(x, x) = 3x3y P(x, ») , 14. vx P(x, m) = vx3Jy P(x, ) ,
9. vxVy P(x, y) = Pk, m) , 15. vx3y P(x, y) = 3y Pk, y) ,
10. P(k, m) = 3x3y P(x, y) , 16. 3y vx P(x, y) = Iy P(k, ),

11. vy Pk, y) = vyIx P(x, y) , 17. 3xVy P(x, y) = 3x P(x, m) ,
12.vy Pk, y) = 3xvyP(x,y), 18 vyaxP(x,y) = 3IxP(x, m) .

Tadnuua 1.26

P(a, a) | Pla. b) | Pb, a) | Pb, b) | vwP | 3vP | vaP | 33P
0 0 0 0 0 ] 0] 0 o
1 0 0 0 o | o | o | 1
0 1 0 0 o | o | o | 1
1 1 0 0 0o | 1 1 1
0 0 1 0 0o o | o0 | 1
1 0 1 0 o | o | o | 1
o0 1 1 0 o | o | 1 1
1 1 1 0 0 | 1 1 1
0 0 0 1 0o | o | o | 1
1 0 0 1 o | o | 1 1
0 1 0 1 o o | o | 1
I 1 0 1 0 1 1 1
0 0 1 i o | 1 1 1
1 0 1 1 0 | 1 1 1
0 1 1 ! 0o | 1 1 1
1 1 1 1 1 1 1 1

TIaTh MepBLIX Kay3 U3 MpUEReIeHHOIO CITUCKA SIBISIIOTCS TSI HAaC ceityac ocoGeHHO
BaXHBIMM, TaK KaK OHH JA10T K04 K MOHUMAaHUIO NTPOLEAYDPBl COCTAaBJICHUS UCTHH-
HBIX KJ1ay3 IIE MHOTOMECTHBIX ITPEAUKATOB ¢ MIOOBIM YHCJIOM KBAHTOPOB. DTY IpoIe-
IYpYy CXeMaTHYHO MOXKHO ITOSICHUTh CeAYIOIUHM o6 pa3om. st omHOMECTHBIX NpeaHn-
KaTOB CHpaBe/IMBbI TPU KJIAY3bl:

VP> vVvP, vP=3P, 3P =IP.
Knayza

P = vP
ABISAETCA OLUMOOUHOM. [I151 ABYXMECTHBIX TPEeAUKATOB OyIyT BEPHbI YK€ AEBSTh KiIay3,
YETHIPE U3 KOTOPBIX ABJSIIOTCS TOXAECTBAMU, a NIATh APYIUMX KaK pa3 ¥ BO3IJABISIOT
MNPUBEACHHbIIA CITUCOK:

v(vP) = v(vP), V(VvP)= 3(VP), 3I(VP) = 3(VP),

V(VP) = V(3P), V(VP) = 3(3P), 3(VP) = 3(3P),

v@ErP) = v@pP), v@P)=3@3EP), 3I3EP) = 3I(3P).
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KJiay3bl-TOXIeCTBa He CJIEAYET OTOPACHIBATD, €CJIU Mbl XOTUM NTOCTPOUTD CACIYIOLIMA
PSII [UIS1 TPEXMECTHDBIX NMPEeAUKATOB, HApuMep:
V(vVvP) = 3(vWP), V(v3P)= 3(VIP).
3Hasi MpoLEeAYpY MOCTPOEHMS ITPABUJILHBIX KJ1ay3, 1€FKO Paclo3HaTh UCTHHHOCTD KJla-
y3, B YaCTHOCTH:
AVVIVP = 33v3I3P — ucmunuas, 3IVIVP = IVVIIP — soxcnan.
CocenHure ogMHAKOBBIE KBAHTOPb! B MHOTOMECTHBIX ITPEAMKATAX MOXHO fepecTaB-

JISITh B JTIOOOM HaNnpaBJICHHWH, UTO XK€ KAaCacTCs pa3/INdHbIX KBAHTOPOB, TO 31€CH TOITy-
CTHMaA JIMIIL NEePeCTaHOBKA, onucanHas Knay301>'1 68 BBILICOIPUBCACHHOM CITUCKE!

L3uvy PG u v, ) o vv3u L P, L)

OnuHAKOBBIE KBAHTOPbI MOTYT OBITH OGbENMHEHBI MO CXeMe, MPOAUKTOBAHHOMN
knaysamu 7 u 8&:

Yauvv L P, uv, )= Ve P u,u, ),
LAv PG,y ) 3w Ty Py, L)

3aKOHBI KOHKPETU3ALIMH, ITPEACTABIEHHbIE B CITUCKE CAESAYIOIHUMH AeCAThIO Kiay-
3aMH (¢ 8 1o 18) 1 sBJsTIONIMECS TPOU3BOXHBIMU OT NIEPBBIX LIECTH KJIay3, eCTECTBEH-
HO, pacIpOCTPaHSIOTCS U HA MHOTOMECTHbBIE TIPEIUKATEI.

B oTHOImIEHHH IU3BIOHKIIMKA U KOHDBIOHKLMU JABYX MHOTOMECTHBIX TIPEXMKATOB
IEHACTBYIOT MPUMEPHO T€ € 3aKOHbl 3KBUBAJICHTHOCTH, YTO M JUISL OMHOMECTHEBIX.
Ecau Bce KBaHTOPHI COOTBETCTBYIOT OTIepaLiMHK, TO BBEASHHE IONMOTHUTENLHBIX IEpe-
MEHHBIX HeoDs3aTe/IbHO, HATIpUMep:

VxVy (Alx, y) A B(x, y)) = Vx Vy Alx, y) A VX Vy B(x, y) .
Bo BceXx ocTanbHbBIX ClIyyasiX HEOOXOAUMO BBOAUTH NEpeMeHHBIE:
Vx 3y Vz3u vy vw (A(x, y, 2) v B(u, v, w)) =
=Vx3IyVZAKX, y, ) vIu Vv Vw B(u, v, w) .
DopMaTniM TEOPHH NMPEIUKATOB, KOHEYHO, OyleT HeNoJNHbM 6e3 pacCMOTpeHHs

OInepalM OTpUIIaHUA MHOTOMCCTHBIX IIPEAMKATOB. ,H.Hﬂ TTOHUMAHUA CYLIECTBA Ac€ia
JOCTATOYHO NPUBECTH OAHO JOKAaA3aTCALCTBO /it ABYXMECTHOIO npeakKara:

3x Vy P(x, y) = 3x (P(x, a) A P(x, b)) = vx (P(x, a) A P(x, b)) =
= Vx Vy P(x, y) = (P(a, a) v P(a, b)) » (P(b, a) v P(b, b)) = Vx 3y P(x, ) .
OTC}OJIa BBITCKACT IIPOCTOC NPaBUIO [ICPEMELLICHM A CUMBOJIA OTPUIIAHUS CJIEBA Halmpa-
BO 11 MHOI'OMECTHBIX NPECAUKATOB, HAallpUMED:
VV3V3IP = 3v3V3P = 333v3P = 33vVv3P = 33v33P = 33VavP .
Takum o6pa3om, UHTOOBI TIPOU3BECTH NOJIHOE OTPHLIAHME MHOTOMECTHOIO IPEAXKATA C
KBaHTOpaMH, HeOOXOIUMO TIPUOETHYTDH K 3aMEHE:
Jeov, Po P.

TIpouenypa coctasneHHs HCTMHHBIX KJ1ay3 U3 TIPEIMKATOB C KBAHTOPaMH, OIMCaH-
Hasg B IpeAbIAYIHEM roapasielie, Mo3BoJsAeT MOCTPOUTh fyseaH U3 KBAHTOPOB
(puc. 1.20).

71



333

v3i3 J3v

vv3 ENA4

Yvv
Puc. 1.20

111

011 110

001 100

000
Puc. 1.21

BbyneaH — 3T0 o4e€Hb pacipOCTpaHEeHHBIN MaTeMaTHYecKUit 06bekT. Tak, ecau B
KBAaHTOPHOM OyJieaHe BCEe CUMBOJIbI V 3aMeHUTb Ha 0 M 3 — Ha 1, To moy4uM OyneaH
Ha0,1-BekTopax (puc. 1.21). Eciu 1aHo MHOXECTBO U3 3JIEMEHTOB — &, b, ¢, TO BCe ero
NOAMBOXECTBa 00pa3yiOT TOYHO TaKoii e Oynean (puc. 1.22). Haxonen, npuBeaeM
npuMep M3 apudmeTUKN: aeautenu yuciaa 30 obpasyloT aHaJOTMYHBIA OyiaeaH
(puc. 1.23).

ByseaH ecTb YaCTUYHO YITOPSA0UYEHHOE MHOXECTBO, Ha KOTOPOM JIEHCTBYIOT 3aKO-
HBI JIOTUKU MHOXeCTB. YTOObI pacKpbITh €ro CBOMCTBA, BBEEM HECKOJIBLKO OTIpeAene-
HUI.

MHOXeCTBO 3JIeMEHTOB JII000H NMPUPOABI HA3BIBAETCA AUHEHHO-YROPAOOUEHHbIM,
eCJIM JIIoOble ABA ero DJEMEHTA a U b cBsI3aHbl OTHOLICHHEM TIopsaKa — Jubo a = b,
60 b => a. MHOXECTBO Ha3bIBACTCSH 4acmuuHo YROPAOOHEHHbIM, SCTIA UMEKOTCS 110
KpafHel Mepe IBa HecoOnoCcmasuMblX d1emMeHma, Ha KOTOpbIe He pacIpOCTpaHAETCS OT-
HOUIEHHWE MOPSIKA.

Bepxneii epanuyeit nongmuoxectsa Q < R HazwiBalor Takoii aneMeHTr € R, yro mwist
Bcex q € Q cripaBe/UIMBO OTHOWICHUE NTOPSAKA q => T. HusxcHell epanuyeli TOAMHOXECT-
Ba Q — R HazpiBaloT Takol aieMeHT I € R, uTo a1t Beex q € Q cripaBelyinBO OTHOILIE-
HUe r' = . Haumenbias BepXHsis rpaHULLA HasblBaeTcs cynpemymonm (sup Q), a naubo-
Ablas HXHSS rpaHudua — uxgumysonm (inf Q). IloMumo cynpemyma u HHQUMyMa,
BBOJASITCS TIOHSITUS MOYHOU 6ePXHel 2paHu U MOYHOU HUMCHEN epaHil, KOTOPBIE MOTYT

abe 30
ab be 6 15
a ¢ 2 5
0 1
Puc. 1.22 Prc. 1.23
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COBIIAIaTh WJIH He COBIANATh, COOTBETCTBEHHO, C cyrnpemMyMoM u nubnmymom. Toy-
HYIO BEPXHIOW IPaHb IBYX 21¢MEHTOB 0003HAYUM UYepe3 IUIBIOHKLHUIO a v b , TOUHYI0
HHXKHIOIO TpaHb — Yepe3 KOHBIOHKIHNIO a A b. Toraa s o61uemM ciyyac OyneM UMeTh!

avb=sup(a b), inf(a,b)=>anrb.

MHuoxecTBo R Ha3bIBaeTCS pewiemxoli, eClAy Kax/ias rnapa ero ajieMeHToB obsi3are-
JIbHO MMeeT OJMH CYMpPEeMyM U OJMH uHpuMyM. MHoxecTBo VV, V3, 3V u 33
(puc. 1.24) o6pa3yeT pelleTKy, TaK KaK YA0BJIETBOPSIET YKa3aHHOMY TPeOOBaHHUIO, Ha-
npuMep:

sup (V3, 33) =33, sup (v3, V) = 33,
inf(v3, 33) = V3, inf(v3, 3V) = VvV,

MruoxecTBo a, b, ¢, d (puc. 1.25) He oBpa3syeT pelieTKH, TaK Kak 4 U b UMeroT aBa
UHOHUMYMA M HY OJIHOTO CYNIPEeMyMa, 3JIeMEHTHI ¢ ¥ d UMEIOT 1Ba CyIpEMyMa U HY OJ1-
HOTO MH(pUMYyMa.

Perietka HasbiBaeTcsl 6y1e60i UAU OVAeaHOM, €CAV €€ JIEMEHTH! YIOBAETBOPSIOT
3aKOHaM OyJIeBOM JIOTUKYW — KOMMYMAMUBHOCMU, ACCOUUAMUBHOCIU, Jucmpubymueg-
HocmU, HyAA U eQunulbi. [1J1 KBAHTOPHbBIX pEllIETOK BCE YETHIPE 3aKOHA BBITTONHSIOTCH:

YV3 v VAV = VIV v YV,

(V3V v 3VVY) v 33V = VIV v (3VV v 33V)

(VV3I A FVYY) v VIV = (VVI v V3IVY) A (BVY v VIY),
VIV v 333 = 393, VAV A 33 = VIV,

V3V v VVV = VIV, VIV AVVYV =VVVY .

ITockobKy B KBAHTOPHOM OyjieaHe MPeAnoaratoTCs TOJAbKO IIONOXUTEIbHbIE
MPEINKAaThl, T.€. OTCYTCTBYIOT OOpaTHbIE 3JIeMEHTh, TANa VIV, TO U B 3aKOHE A
HYJS Y €IVHHULILI OTCYTCTBYIOT PABEHCTBA, OTPAXAUINE B3AUMHOE JONOJHEHUE 3J1e-
MeHTOB. OHaKO BMECTO VV'V M 333 MOXHO B34Th [TOJAHOCTbIO HYJICBOH U e AUHUYHBI i
BEKTOPBI, TOT/1A VXK€ BCE 3aKOHbI HYJISI M €/IMHU1Ibl OY1YT BHITOMHATHCSH , HAPUMED:

v3vP v IVIP = 1, VIVP A IVAP =0 .

Ecay mia KBaHTOPOB CIIPaBeIMBbl AKCHOMBI JIOTMKM MHOXECTB, TO Ha HUX JIOJI-
JKHBI PACIIPOCTPAHUTLCS U BCE BbIBOJMMBIC U3 HUX TOXNECTBA, HAIPUMED, 3aKOH e
Mopeana:

VAV v IAVV = VIV A IVV .

33
a b
v3 v
c d
vv
Puc. 1.24 Puc. 1.25
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Axcuoma nopaoka, KOTopast MOXET ObITb BhIpAXEHA KJIAY3aMU:
vVv3d, vV = VvVv3, 33V = VV3; 33V, ..

TAKXe UMEET MECTO B JIOTHKE IPEAMKATOR.
Ha nepBbIit B3M1510 BHIP2XKEHUS TUITA

VV3d = VV3 A 3V3, vv3 v AV3I = Iv3
MPOTUBOpeYaT akcuoMe nopsaka. OaHako o odHbie Kiay3hbl BCEraa 3aMeHUMbL TOX-
JECTBAMMU, IO3TOMY MX MOXKHO IPEACTABUTh aKCHOMOM nopsiaka. ToxaecTsa BOZHHKA-

0T TS JIMHENHO-YNOPSA0OYEHHbBIX 3JIEMEHTOB, KAKOBBIMMU U SIBASIIOTCS 3J1IeMEeHThI V'V 3
n3avi:

sup (W3, 3v3) = Vv3 v 3v3 = 3v3,
inf (VV3, 3v3) = VV3 A 3v3 = VV3.

HecomnocraBumMeie Xe 3JIeMEHTBI, K KOTOPBIM OTHOCATCS, HATIPUMED, JIEMEHTH VI 1
3VV, yXe He OyayT ONHUCHIBATHCS TOXJIECTBAMHY, @ TOJIBKO OTHOLIIEHHUEM ITOPSIIKA:

V33 v 3V = sup (¥3I3, VYY), inf(v33, 3vV) = V3T A 3VV.
Tak kak

sup (v33, 3vV) =333, inf(Vv33, 3vV) = VYVV,
BJIOTUKE MPEAUKATOB OyAyT BO3HMKATL COBEpLICHHO crielinpuiecKre KIay3bl, He CBO-
Is1Hecs K akcuoMe Topsiika, Tumna —

vV3d v AVY = 339, YVV = V33 A JVV.

Paccmatpupas Oysieanbl, HEbL3s HE YIIOMSIHYTDb O 3aK0He YembipexnontocHuxa. Jei-
CTBHE €0 TIPOACMOHCTPUPYEM CHavala HA YUCIOBOM OyJieane aenurteneit yucna 30
(cM. puc. 1.23). Ecnu Haubornbiinunii obniuid aesurens (HOD) nByx yucen a v b o6o3Ha-
YUTb KOHBIOHKLIMEN (@ A b), a HauMeHBuiee obiuee kpatHoe (HOK) — yepes nu3bloH-
KUHIO (@ v b}, TO B OTHOWIEHWUH STHX ABYX apH(MeTHUCCKHUX TOHSATHIT BYyT 1efiCTBO-
BaTh BCE YETBIpe 3aKOHA Oy1eBOM TOTUKM. YOeaAnMCs B CIPaBeL/TMBOCTH 3aKOHA TUCT-
- pUOYTMBHOCTU:

(arbyve=(aven(bveoe);
npu a=6,b=101c=5nonyunm: (6 A 10)v5=(6v5) A (10v5),um 2v 5=30 10, unu
10=10. Ho n3 apudMeTrKku M3BECTEH 3aKOH: IIPOU3BEACHUE TIOOBIX ABYX YHUCE/I PABHO
npousBeaeHnio ux HOJd v HOK: a- b= (av b) - (a A b). BuactHocTti, 6 - 10=(6v 10) -
“(6A10)=30-2.

Dr1oT apudMeTHUECKUIH 3aKOH SBSIETCS NPSIMbIM CJIeICTBUEM OYI€aHOBOM CTPYK-
TYpbI AenauTesieit uuces. ItogobHpIit 3akOH MMeeT MecTo B J0boM OyneaHe (XOTs
CMBIC) OTepaLnii B HEM MOXeT CYIIIeCTBEHHO MCHATHCSA) U HA3BLIBACTCSH OH 3aKOHOM
uembipexnontochuxa. Yertoipe nosoca, cOoTBeTCTBYIOMME Ynuciam 6, 10, 2 u 30, B3sTHIE
Ha Oyneare noaMHoxecTB (puc. 1.22), CBSI3aHbl COOTHOILIEHUEM:

{a, b} @ {a, ¢} = {{a, b} U {a, c}} ® {{a, b} ~ {a, c}}.

HOIL CUMBOJIOM D NOHUMAETCH NPAMOE CAOHCCHUE MHOMNCECME, TPU KOTOPOM ITOBTOPSIO-
IHACCA JICMEHTBI HE YIaaA10TCA. B pPE3YALTATE NMOJTYYUM!

{a, b, a, ¢} = {a, b, ¢} ® {a}.
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3aKOH YeThIPeXIOIIOCHUKA BbiNoaHsgeTcsa u juist 0,1-sekTopor (puc. 1.21). Ponsp
MPSIMOTO CJTOXEHMUSI 3IeCh 3aMEHSIETCsI HA OOBIKHOBEHHOE CIIOXEHHUE eIMHULL;

(111) + (001) = ((O11) v (101)) + ((O11) A (101)); 3+ 1 =4.

Yucno enpuni B 0, 1-BeKTope a OyaeM HA3LIBATH €10 MoJyAem WU OAUHOI A 0603Ha-
gare | a|. U3 T1abn. 1.25 u tabn. 1.26 BuinULieM B CUMBOJIMUECKOH hopMe MOLY/IH Ape-
OUKAMHbBIX 8EKMOPOSE:

IP@)| = [P@)| =2, [3] =3, [v] =1;

[Pk, m)| =8, [33| =15, [val =9, |av] =7 |lwvl=1
HetpyaHo yoenuThest B CITpaBe 1T BOCTH 3aKOHA Y€ ThIPEXITOIOCHUKA TS IByXMEPHO-
ro NpeauKaTHoro dyjgeaHa:

33| + [wvl ={vavavl+[vaaavl]; 15+1=11+5=16.

Tabnuia HCTHHHOCTH TS TPEXMECTHbIX MPeIUKATOB OVIeT yKe COCTOATh U3 256
cTpoK. UToObI onpenennuTs Moayau 0, 1-BeKTOpoB KBAHTOPHOTO OyJieaHa, TaGauIly HC-
TUHHOCTU MOXHO K HE CTPOUTD, HO NMPOBECTHU TiLATE/IbHbI KOMOMHATOPHbBIH aHAJTU3.
B urore nonyuum:

|avv| = 31, |vav| = 49, |'vv3| = 81,
|33v | = 175, |3v3| = 207, w3l =225,
[vwv| =1, 1333] =255, [Pk, m, n)| =128.

KBaHTOpHBbI# Oy1ean 3-ro nopsiaKa HATOXEH Ha BEKTOPHBIN Oyean 256-ro nopsi-
Ka, IPHYEM ero HUKHSISI TOUKA COBIAAaeT HE C HYJIEBLIM BEKTOPOM, a C BEKTOPOM Iep-
Boro yposHs (00...01), BepxHsisi )€ TOUKA JEXUT Ha ripeanocienteM yposte (01...11).
TakuM 06pa3omM, KBAHTOPHBIK GyjieaH OKa3bIBACTCH HEMHOTO Pa3BEPHYTHIM OTHOCH-
TeJIbHO BEKTOpHOTro OyneaHa. TeM He MeHee, 3aKOH YeThIPEeXITOJIIOCHUKA [UIST HETO
TOXE BBIMNOJHIECTCS, B UYACTHOCTH:

|wval + [vav] = [vva v vav!| + |vv3 avav];
81 + 49 = 105 + 25 = 130.
Boobiiie, BetuumHa MOIYIIs BEKTOPA @ SABISIETCS] BAXKHON COOCMEeHH0l XapaKTepH-
CTUKOM KJ1ay3, Hanpumep:
lavv| = |vav v 33avl, 31=151;
lvvavvav] = |v3al, 105= 225
U TOXJIecTB, HanpuMep: 57 =57 a5 3aKOHa IUCTPUOYTUBHOCTHU:
| (vv3 A 3VY) v VIV = [ (VW3 v VIV) A AV v VIY)].

C OMOLIBIO MOJYJIEH MOXHO OCYLIECTBISITL YACTHYHYIO ITPOBEPKY MPAaBWIBHOCTU
JIOTUYECKUX JEACTBUIA, XOTS B C1y4ae MHOTOMECTHBIX TIPEANKATOB U1 TAKOTO KOHT-
POJIS TIOHAJOOUTCH yXKe KOMIIBIOTED, MTOCKOJALKY BEJIMUUHA MOJAYAEH Jaxe JUIsl YEThl-
PEXMECTHBIX NPEAUKATOR UCUUCIAETCS! COTHSIMM ThICAY:

l'v333] + |3v33| = 65025 + 63 135 = 128 160.

1.10. ITocTpoeHune 10Ka3aTEJBCTB B JIOTHKE NPEeIUKATOB
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OCHOBHOI1 3a1a4eit JOTHKH NMPEIMKATOB SIBJSIETCS YCTAaHOBAE HUE UCTUHHOCTH f1pe-
JUKATHBIX TOXIECTB U KJay3. O003HaunM yepe3 P, kakoil-11ubo npeAUKaT ¢ IPOU3BO-
JIbHBIM YHMCJIOM apTyMEHTOB, a Yepe3 g; COOTBETCTBYIOILYIO eMY KBAHTOPHYIO TPYIIIY.
Torna, HanmpuMep, 3aKOH AUCTPUOYTHBHOCTH NMPUMET BHIL:

4 P v(@PyA g3 Py =(q P va, Py a(g P,vag; Py
B TOM, UTO OH BBINIOAHSCTCS JIJI57 O HOMECTHBIX MPEAUKATOB, MOXKHO YOS TUTHCS Ye-
pe3 nNpoueaypy KOHKpeTH3allMH, K KOTOPOIt Mbl YK€ He pa3 Ipuderaiu:

x=a,b; q, = Vx, P, = A(x);
y=c¢, d, g, = 3y, P, = B(y);
z=e,f; q; = Vz, P, = C(2).

[A(a) A A(B)] v ([B(c) v B(d)] ~ [Ce) n C(H]) =
= ([A(a) A A(BY] v [B(c) v B(d)]) ~ ([A(a) A A(B)] v [C(e) A C(S)]).

OT TOro, 4T0 B KBaAPAaTHbIX CKOOKAX MOSIBUTCS] BMECTO IU3LIOHKIIMY KOHBIOHKIIMSA
1 HA00OpOT, a TaKXKe BMECTO OJHOMECTHBIX NpelrKaToB OyayT GurypupoBaTth pas-
JIMYHBIC MHOTOMECTHBIE NMPEAUKATBLL — CYTb TOXIAECTBA He U3MEeHUTCS. OHO OCTaHET-
Cs1 UCTUHHDBIM B CUJTY CIIPAaBE/LIMBOCTU 3aKOHOB JIOTMKW MHOXECTB U HpUHYUNA cynep-
no3uyul, KOTOPBIA MMACUT: 3aMEHA KaKO-THO0 KOHCTAHTHI IPYTroif KOHCTAHTOH HUTU
JaXe IpyNMIoNd KOHCTAHT HE MOXKET [OBAUSITL HA UCTUHHOCTB ToXIeCcTBa. UMEHHO OT-
CloZia NPOUCTEKAET HAlLIA YBEPEHHOCTL B CITPABEJIMBOCTH 3aKOHOB JIOTMKH MHOXKECTB
M 110 OTHOLIEHHUIO K NPEANKATAM.

Te xxe camble pacCcyXaeHust MOTYT ObIThb ITPOBEJEHbI U B OTHOIIEHUH JIOTUKH BBICKA-
3piBaHUA. OHa OTAMYaeTcs OT JOTUKKU byst akcuomoii nopadka —

G PLaP, = qP.

ITpoueaypa KOHKPETU3AUUU CBOAUT 1IPEAUKATHYIO aKCUOMY NOpPsiIKa K TIPOCTOMY
BBICKA3bIBAHMIO, TAK YTO €CJIM KJ1ay3a BepHa /UTsi BbICKA3blBAHW, OHA OYIET CTipaBel-
JIUBA U JUIA MPEAUKATOB.

Kak nmoka3sbiBaeT npakTHKa, MHOTO OUTHOOK NMPHUXOIUTCS HAa HENpaBUIbHOE 0060-
3HAYCHME MPEAUKATOB MPU MX, B NPUHLMKIE, TPaBUIbHON UaeHTHdUKauuu. CrenyeT
MOMHMTh, YTO IMOJOXMUTEAbHBIU IPEAMKAT J10KEH UMETH OONbIIE EAUHULL, YEM OTPU-
LHaTenbHbli. byner gonyiueHa ommnodKa, eciim NpoTUBOPEYHre

ALA =0 3anucath Kak Ay, A, = 0 .
ITepeitnem x aHa/IM3y KOHKPETHBIX TIPEIUKATHBIX BBIPAXKCHUH.
ITpumep 1. TlycTb gaHo caenyolee TOXAECTBO:
(3x vy ﬁ(x, y)v 3uvy P(v, u)) A (Vv 3u P(v, u) A
Ay Vx Plx, »)) =3x vy P(y, x) A Vudv P(u, v) .
30ech MOXHO BBECTH Cleiyioliine 0603HAYeHUS:
A=vVx3yP(x,y)=vv3uP(v, u) = Vu 3v P(u, v) ,
B=3uvy Py, u) =3y vx P(x, y) = 3Ix vy P(y, x) .
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B 3THX 00603HaYeHUAX TOXIAECTBO BBIIISINUT CJICAYIOLLUM 06pa30M:
(AvB)A(AAB)=BAA.
ITpon3Boas 3eMeHTapHbIE MPeoOpa30BaHysl, Mbl MOXEM YOEIUThCS B CIIPABELIN-

BOCTH IOCJenHero paBeHcrsa. CleqoBaTebHO, U UCXOIHOE TOXAECTBO COCTABAECHO
BEPHO.

Ipumep 2. TlycTh naHa mpeaMKarHas xnay3a:
vx 3y P(x, y) — vv P(a, v), vx P(a, x) >
—> 3xVy Py, x) = VuIv P(u, v) - 3v vu P(u, v) .
Beenem obo3HAUCHHS:
A=Vx3yP(x,y) =Vuv Pu,v), B=vvP(a, v)=vVxP(a, x),
C=3xVyP(y, x) =3vvVu P(u, v) .
ITonyuuwm:
A-»B B->C=A->C.

Kak u3sBecTHO, GopMyna TpPaH3MTUBHOCTH BEpHA, CJISI0BATENbLHO, U NIPeAMKATHAS
KJlay3a TOXe€ BepHa.

MTak, A0Ka3aTeNLCTBO CIPABEATUBOCTU TIEPBbIX ABYX MPEAUKATHLIX BHIPAKEHUM
CBEJIOCH K TPOCTOMH MpOoLeNype Udenmugpukayuy vix ¢ COOTBETCTBYIOILIMMHA BEIPAXKeH -
SIMH, CYINECTBYIOLIIUMU B ToTHKE Bynsi M noruke BbicKasbiBaHUM, PaccMoTpuM Gostee
CJIOXHBIE TIPUMEDDI.

Ipumep 3. Jloxa3aTb MCTUHHOCTb KJ1ay3bl:
Vv 3u P(u, vy > vu vy P(u, v), 3xVyP(x, y) = Vu P(u, u).
BaeneM obo3HaYeHUS:
A =3xVyP(x, y), Ay=vv3uP(u,v), B, =vuvvP(u,v), B, =VuP(u, u).
B s1iXx 0603Hauenmsix Kiiaysa OyiaetT MuMeTh BUIL:
A, >B,A =B, wm A,vB, A, B,=0.
ITo metomy pe3omwounii NPOTUBOPEYUE BO3MOXHO, €CIKH BO3MOXHEI 1BA APYTHX
MPOTHBOPEYUST —
ALA =0, B,B,=0.
CucoK M3 BOCEMHAILATH Kaay3 (cM. 1. 1.9), KoTopblii Mbl BeIBe U U3 Tabi. 1.26,
TIPeNOCTABISET HaM JiBe UCTHHHBIX KJ1ay3bl 1oa Homepamu 6 u 7. Ecnu nx npenacra-

BUTh B (hOpME TIPOTUBOPEUHS, TO OHM OYAYT MOJIHOCTHIO OTBEYATH TIOCAEAHUM ABYM
BBIPAKCHHSM:

Ix Vy P(x, ), Vy 3x P(x, y) = 0, vx vy P(x, y), vx P(x, x) = 0.
Takum 06pa3oM, HCTUHHOCTb UCXOIHOH KJ1ay3bl MOXXHO CUMTATL YCTAHOBJIEHHOIA.
Ilpumep 4. JlokazaTb HCTHHHOCTb KJ1ay3bl:
vz B(z, 2) - 3x 3y B(x, ), 32 Vy A(z, y) — Va vy B(y, u), 3x A(b, x) =
= Jz3dx E(x, 7)) A3ZVy K(z, »).
Tlpouenypa uneHTUGUKAIMKA IPUBOANT K CAEAYIOUIUM BbIKJIAIKAM:
Ay =Vz3Iy Az, y), Ay = 3x A(b, x), B, = Vu Vv B(y, u) = vz vx B(x, z),
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B, = vz B(z, z), By = vx 3y B(x, y);
B, > B, A, > B,,A, = B, ~A; B,vB; A vB A= 0.
AL A, =0, Yx3yAx, y), Iy Ak, y) =0,
B,B, =0,  vxVyB(x y), vx B(x, x) = 0,
B,, §3 = 0, vx ¥y B(x, y), Vx 3y B(x, y) = 0.
OTClo/1a clieayeT MCTUHHOCTD UCXOAHOM KJtay3bl.
[Ipumep 5. JlokaxeM cnpaBel/iMBOCTh KIAy3bl:
Vx3y Alx, y) v Iy vx B(x, y) v Ve vy vw C(u, v, w), Vy Ix A(y, x) >
- VxVy Cx, y, ), 3x vy B(y, x) - vu vv C(u, v, a) =
= Vx3y Iz Clx, z, p) A Ju vy Iw Clu, v, w).
Jloka3aTenbeTBo:;
A=VYx3IyAlx, y) = VyIx A(y, x), B=13p vx B(x, y) =3x Vy B(y, x),
C =vx3y3zC(x, 2, ), C"=3uvv3iwCu, v, w),
Ci=vuvvCu,v,a)y, C,=vxvVyCx,y b), Cy=vuvvvwC(u, v, w).
AvBV G, AvGC, BvC =C AC.
Bocnonb3yemcs cBoitcTBOM OyJieaHa:
C=vxVy3zC(x,y,2) =inf(C,C")=>C AC".
Torma cooTeTcTByIOUIME fpoTUBOPeuUst 1ig KomieHcauuu C;, C, u C; 6ynyr
YIOBJETBOPEHDI 371eMeHTOM C:

C,C=0, C,C=0, C,C=0. .
ITocne ucnonp30BaHKS 3TOTO MATEMATUUYECKOrO NIpHeMa J0Ka3aTeaIbCTBO UCXOM-
HOM KJIay3bl CTAHOBUTCS OYEBUHBIM.
IHpumep 6. [JoxazaTb UCTUHHOCTD KJ1ay3bl:
VxVyA(x, y, ¢) v Vy 3z Aa, y,2), Iy Ala, y, ¢) v 3z A(b, a, 7),
VxVzA(x, a,2) v VY VA, y, 7) = Vx VZ A(x, b, 7).
JlokazarenbcTBO:
A =VxVyA(x,y,¢), B =vVxVzA(x, a,7), A"=VyVzAla,y,?),
B" = vyvzA(b, y, 2), A=3yAla, y, ¢) = inf (A", A"),
B =3zA(b, a, 2) = sup B',B"), C = vx Yz A(x, b, 2);
A'v A" inf(AA") v sup B'B"), BvB = C.
HudumyM, cynipeMyM, BEPXHSIS ¥ HUAKHSAS TPaHU 31€Ch YACTHIHO KOHKPETH3UPO-

BaHBbI; 3JICMCHT C He BAUSIET HA UCTUHHOCTD UCXOAHOM KJ1ay3hl. HpOJlOJI)KPITb JoxKasa-
TEJABCTBO KJIay3bl AQJICC YKE HE COCTABUT 6op1I0TO TpYAAa.

Ilpumep 7. JIio6asi ceMaHTUKA JIOTMKM BBICKa3blBAHUI MOXET ObITh BBIPAXEHA B
npeauxaTHoy opme. B KauecTBe npuMepa BO3bMeM JieTeHay M3 1. 1.6.
Hns Hee BBeAEM CIIENYIONIME MPEINKATEL:

A(x) — x eoeopum npaedy,
B(x, y) — x Haxodumcs eHympu nomeujeHus y,

78



C(x, z) — x cnocoben caviuuams 36yKu 2.
O6nacTb onpeneseHUs MepeMEHHBIX:

x = {a, b}, tne a — xaccup, b — eodumens;

y={c, ...}, toe ¢ — KomHama omobixa,

z={d, ...}, rne d — 38yxu ebicmpenos.

Conepxanne MOCHUIOK W 3aKJIIOYEHMIT CliefoBaTeis paCKpHITO B IT. 1.6; 3mech xe
MpUBENIEM TOJBKO MX MPETUKATHYIO 3aNUCh U HeOOXOAMMBbIE PAa3bACHEHHUS:

P, = A(a) > B(b, o), P, = B(b, ¢) » vz C(b, 2),
P,=vzCb,2) > Cb, d), P,=Ab) - C(b, d).
B npenuikatHoit dopMe nochuika Pj apisgeTcs TaBTONOMEeH, TAK KaK KBAHTOP Cy-
IECTBOBAHHUA MOXHO PACITMCATh!
P,_3zC(b,7) v Cb, d)=Cb, dv..vCb d=1.

TaBTonorus He BIUseT Ha npoucaypy yCTaHOBJIEHUSA HCTUHHOCTH KJ1ay3bl M ITO3TO-
MY MOXKET OBITh yaAalieHa U3 ri€peyHs IMOChIJIOK, YTO MbI U COCIIAcM. HcnonszoBaHue
KBaHTOPOB ITO3BOJIACT TAKXKE HECCKOJIbKO MHAUYEC NMPOUHTCPIIPECTHPOBATH 3aKIIOUCHUC
Cll «HE BCC X TOBOPAT MpaBay» UJIH «CYIHCCTBYCT X, KOTOprﬁ T'OBOPHUT JIOXb» —

C, = A(a) > A(b) = A(a) v A(b) = 3x A(x) = Vx A(X) .

Jloxnoe BTopoe cinenctsue C, ToXxe MOXeT ObITh 3alUCAHO Yepe3 KBAHTOPBI ABYMSI
SKBUBICHTHBIMU CITOCOOAMU: «BCE X TOBOPST MPABAY» UJIM «HET HU OTHOTO X, KOTO-
pbiii 661 OOMaHBIBAT» —

C,_A(a) ~ A(b) = Vx A(x) = 3x A(x) .
DopMaibHas 3anuck Beel Jierenant 6e3 Py u ¢ 3aknouyeHuem C, 6yner:
A(a) - B(b, ¢), B(b, ¢) - vz C(b, 2), A(b) > C(b, d) = Ix K(x).
HcTuHHOCTD €€ YCTAHOBUM METOIOM PE30JHOLUI:
A(a) v B(b, ¢), B(b, ¢) v vz C(b, z), A(b) v C(b, d), Yx A(x) = 0.

3TO NPOTUBOPEUME UMEET MECTO, TaK XaK BCE KJIay3bl, OTBeYalole HeoOX0AuMbIM
CKJIEMKaM, UCTUHHBI:

B(b, ¢) = B(b, ¢), vz C(b, 2) = C(b, d), vx A(x) = A(a), Vx A(x) = A(b).
Tlpumep 8. Jlana ciaenyonias 1pocrasi jiereHja:

Ecau Hean noacrody xooum 3a llempom, a Ilemp naxodumesa 6 uncmumyme, mo ede e
oydem Haxodumvcsi Hean?

P(x, y) — « X HaXOAMUTCA TaM, e y »
CocraBuM K1ay3sy:
vz (P([lemp, ) — P(Hsan, z)), P({lemp, uncmumym) = 3z (P(Hean, z).

Tlo cyiecTBy, 31€eCh JIOKA3bIBAETCS CAeAYIOllee NpelioKeH e: CYLIEeCTBYET JIM TAKOe
MecCTo z, Tie Haxoauicst 061 UBaH. [1peobpasyeM MCXOHYIO K1ay3y B IPOTUBOPEUHE:

ﬁ(ﬂemp, 2) v P(Hsan, z), P([lemp, uncmumymy, F(I/Ieau, 7) = 0.

31eCh M HUXKe KBAHTOPbI OOLIHOCTH MBI Oy/1eM OTTYCKAaTh, TIOCKOJBKY KBAHTOPBI CyLIE-
CTBOBAHMS OTCYTCTBYIOT. [loKa3aTeLCTBO Kiay3bl 0hOpMUM B Bujie aepesa (puc. 1.26).
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[F(Hemp, 7) v P(Hsan, ﬂ l F(Heauﬁl

‘ P(Hemp, 2) j LF( Hemp, uHcmumym)}

[o]

Puc. 1.26

TIpu KOHKpETH3ALMY Z = UHCMUMym, TOKA3bIBACTCSA, UTO A€ HCTBUTENBHO CYIIECTBYET
TaKOE MECTO Z, B KOTOPOM MOT 6b1 HaxoauThcst MBaH.

OxHaKo METO/I Pe30JIIOLUIH MOXHO MOAU(MHUIIUPOBATD TAK, YTOOLI UTOTOM JIOKa3a-
TeJbCTBA ObLT Obl He HOMb, a HEITOCPEACTBEHHO OTBET B TIpeauKaTHOH dopme: Hean
Haxodumcs 6 uHcmumyme. OTOTO MOXHO NOCTHYb, €CJIH K TOMY, YTO TpebyeTcst JoKa-
3aTh, PUOABHTD Uepe3 AUIBbIOHKIMIO TTPOTHBOIIONOXHOE yTBEPXKAeHUe, 06pa3oBaB
TakKuM 0Opa30M TaBTOJIOTHIO:

P(Hean, z) v P(Hean, 7).
Torna gepeBo JOrMYecKOro BuIBona OyaeT BBIMIsIETh TAK, KaK 3TO MOKAa3aHO Ha
puc. 1.27.

l P(ITemp, 7) v P(Hsan, z)I {F(l/l@an, 2y v P(Hean, 7) I

l P([Temp, z) v P(Hsan, zl' l?(ﬂemp, uHcmumym)}

’ P(Hean, uHcmumym)l

Puc. 1.27

BoabmmHeTBO 33024 ¢ MCNONL30BAHMEM MTPEANKATOB HOCUT ROUCKOBYIL XapaKTep.
IMouckoBbIe 3a5aUM peaTu3yIoTCs CPeICTBAMM SI3bIKA JTOTHUECKOT'O TPOIpaMMHPOBa-
s — [MTPOJIOT. OcraHoBUMCS Ha OCHOBHBIX CTPYKTYPHbBIX ¥ (PYHKUMOHAIBHEIX
3JIEMEHTAX TOTO SI3bIKA.

ITockonbKy JTOrMKa BbICKA3bIBAHWA UMECT /1¢/10 C TI0OBIMH NPABUIbLHO MTOCTPOCH-
HBIMY TIPENOXKEHHUSIMU, CYLLECTBYET Cepbe3Hast OTIAaCHOCTb CMCILUEHUSI OOBEKTHBIX U
CcyOBbEKTHBIX MPEMTOXKEHU I, a TAKXKE NPEJUIOKEHUI, B3STHIX C PAa3JUYHbIX UepapXuye-
CKHUX YpOBHEH npeaMeTHOH 0ONaCTH IOTUKH BbICKa3biBaHUI. UTOOBI U30exaTh yKa-
3aHHOUN OIMACHOCTH, JOKA3bIBAEMYIO 3aa4y 0(hOPMASIOT B BUIE OTYETIIUBON cCmpyK-
myput dpesosuonoii popmel. B xauecTBe KOpHS nepeBa BeibupaeTcs Hexast yeas C, uc-
THHHOCTB KOTOPO# HeoGXxonuMo ycTaHOBUTL. OHa Beeria hUTYpUPYET B KaUecTBe 3a-
TOJIOBKA nNpasuid, XOTOPOE NpeacTaBiseT coboil xopHosckyrw kaayzy. DTH KIay3bl B
JAHHOM cilydae yanoOHOo 3anucaTh B 06paTHOM MOPsiJIKE:

C < B], Bz,
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Kaxnas us nocwutox B, npeacrasisier codoit nojues1s ocHoBHOM Lenun C u 3aBUCUT, B
CBOIO OYepe/lb, OT APYIUX npasun A;.

Bl & All’ A12, ey 82 o AZ]’ A22,

BrpoueM, B posint MOChUIOK B; MOTYT BLICTYNATDL He KJ1ay3bl, a JIEMeHTapHbIE BbI-
CKasbIBaHusL — gaxmel. Jlanee 10ChLIKM Aj; ONsTb MOTYT ObITh 1MBO 3ar0NOBKAMH HO-
BBIX ITpaBuit, TnbGo drakramu. Tax obpazyercsi uepapxuueckas cmpykmypa opeeoeuoHoil
gopmui. B 1oruvecKux JepeBbsiX yKe He BOSHHKACT ONMUCAHHBIX BbILLE TaPa{OKCOB.

B ITPOJIOT e peanuzoBaHa npouedypa yrugpukayui, C NOMOIIBIO KOTOPO#M NPOU3BO-
JIUTCS CPABHEHUE Yeau C npasuiamu, a Ipasuaq CONoCTaBasiores: ¢ pakmamu. B pesy-
JIbTaTe YHU(PUKAIIMU TEPEMEHHBIM IIPUCBAMBAIOTCS KOHKPETHBIE 3HAYCHMS TaK, YTO
MPEAVKAT LEAM CTAHOBUTCSE HCTHUHHBIM (DAKTOM B Cydae MOJOXUTEILHOTO UCXO/A.
YT00hI MOHSTDH, KAK OCYIICCTBRISCTCs YHU(UKALUST, pazdepeM KOHKPETHBIH npruMep
MPOrpaMMsl.

Hpumep 9. UmeeTcs cienymollias nerena:

Heana unmepecyiom xomnvromepol, KHueu u agmomotuau. flempa unmepecyem neumo,
umo urmepecyem Heaua, Ho ecau 3mo Heumo 16451emes MEXHUKOU U ecau 2mo npousgéede-
Ho 6 Poccuu. Hagecmuo, 1mo KomMnsiomepst u asmomobuary — smo mexnuka. Kpome moeo,
U3BECIMHO, HIMO KOMABIOMEPLI NPOUICOOAMCS 8 AMepuke, a aemomoburu — & Amepure u
Poccuu. Bonpoc: «9mo unmepecyem [lempa ?»

st yno6eTBa Mosib30BaHHA TPOrpaMMOii Bee IPeIMKAThl M KOHKPETHBIE 3HaYe HUS
MEPEMEHHBIX HE KOJUPYIOTCS OTAE/IbHbIMH OYKBaMU, a TIPUBOAATCS HENOCPEICTBEH-
HO B CJIOBax, MEPEAAIOUIUMX MX CEMaHTUKY. Mbl, 0IHAKO, C/1€Ba OT TEKCTA MTPOrpaMMbl
MMPUBEJIEM CMMBOJIBHBIE BbIPAXEHHSI, YTOOBI fanee y Hac Obljia BOBMOXHOCTb po/ie-
MOHCTPUPOBATHL B AHAJIUTHICCKOM hopMe memod pe3oatouuil, KOTOPBIN N1eXUT B OCHO-
Be pyHxumnoauporanus [1POJIOI a. byaeM noMHUTL TAKKE, YTO BCE CKIIEMKH OCYILIe-
CTBJISIIOTCS C KBAHTOPOM OOLIHOCTH, XOTsl CaM KBAHTOP HE YKa3blBAeTCSI.

[Tporpamma:
1) unmepec (Hsan, xomnoromepot). A, a)
2) unmepec (HMean, xuueu). A(i, b)
3) unmepec (Hsan, asmomobuau). A(i, ¢
4) unmepec (Ilemp, x) < A(p, x)
5) <= unmepec (Hean, x), A(i, x)
6) mexHuka (x), T(x)
7) npoussedeno (x, Poccus). P(x, r)
8) mexunuka (komnsromepei). T(a)
9) mexnukxa (asmomobunu). T(c)
10) npoussedero (komnovromepst, Amepuxa). P(a, s)
11) npouseedeno (aemomobunu, Amepuxa). P(c, )
12) npouzseoerno (aemomobuau, Poccus). P(c,
Lens: 13) unmepec (Illemp, x). A(p, x)

[anHaa mporpaMMa no3BOJISIET COCTABMThH CREAYIOUIEE MPOTHBOpeYHe, KOTOPOe
MOXeT OBITH Pa3pellicHO B PAMKax METO/a Pe30JIOLHIA:
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A(i, a), A(i, b), AG, ¢), T(a), T(c), A, x) v A(i, x) v
v T(x) v P(x, r), P(a, 5), P(c, 5), P(c, 1), A(p, x) = 0.
Honb MOXHO MOMyYUTh TOJNBKO B TOM ¢ilydae, ecnu x = ¢ . Toraa
A(p, ¢) v A, ¢) v T(c) v P(c, 1)
HEeUTpan3yeTcsd npeaukaTaMu nojg HoMepaMu 3,9, 12 u 13. [Tonck HyXXKHOTO 3HaYe HU S
X KaK pa3 i OCYLIECTBILETCS Yepes npouenypy yHuUKauuu, KOTOpYio MOXHO OTCe-
JUTB IIYyTEM TPACCUPOBKH TIpOrpaMMbl. Tpaccuposia — 3TO MOUIATOBOE IIPOTOKOINPO-

BaHHMeE MMpoLiecca BLINOIHEHUs ITporpaMMbl. [TpuBeaeM TpacCHpOBKY Hallle mporpam-
MBI

1. B: ueas () — 13,

2. B: unmepec (llemp, ) — 1,

3. IT: unmepec (llemp, ) — 2,

4. IT: unmepec (Illemp, ) — 3,

5. ¥Y: unmepec (Ilemp, ) — 4,

6. B: unmepec (Hean, ) — 5,

7. Y: unmepec (Heawn, komnvromeput) — 1y,

8. B: mexnuxa (komnviomepsi) — 6,

9. V: mexuurxa (komnoiomepvi) — 8,

10. B: npoussedeno (komnsromepst, Poccus) — 7,

11. IT: npoussedeno (komnwiomepsi, Poccus) — 10,

12. TT: npoussedero (komnvromepst, Poccus) — 11,

13. H: npoussedero (komnvromepsi, Poccus) — 12,

14. Y1: unumepec (Hean, ) — 5,

15.Y: unmepec (Hean, knueu) — 2y,

16. B: mexnuxa (knueu) — 6,

17. T1: mexuuxa (kuueu) — 8,

18. H: mexuuxa (knueu) — 9,

19. IT: unmepec (Mean, ) — 5,

20.V: unmepec (Hean, aemomobunu) — 3,

21. B: mexnuxa (asmomotunu) — 6,

22. IT: mexnuxa (asmomobuau) — 8,

23.V: mexnuxa (aemomobuiu) — 9,

24. B: npoussedeno (aemomobuiu, Poccust) — 7,

25. I: npouzeedeno (asmomotuau, Poccus) — 10,

26. T1: npouseedeno (aemomobuau, Poccus)y — 11,

27.V: npouzsedeno (aemomobuiu, Poccus) — 12,
Y%

o
o20]

T ueaw () — 13,
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3aech UCIONB30BAHB! Claeayole 0do3HaueHUsi: B — BbI30B HOBOTI'O MPEeUKATa;
IT — roBTOPHLIN BBIZOB IpeAUKaTa; Y — YCIEHOE 3aBepHIeHUE IPOLeAYPbl YHU DU -
KallWM, T.€. BbI3BAHHLIN MpeanuKaT oTBeuaeT KakoMy-aubo ¢akrty; H — HeycrnenHoe
3aBeplicHUe YHUDUMKAUMY; Y — yKa3aTeslb, KOTOPbIit TOBOPUT O TOM, YTO CYILIECTBYET
o KpaliHelt Mepe ele oauH (PakT ¢ noaxoisiweit yHudukammein. CUMBOA MoaYepKu-
BAHMST HA MECTE X HA3biBACTCSl AHOHUMHOU REPEeMeHHOU W TIOJTHOCTbIO 3aMEHSET X MPH
TpacCHpoBKe TporpamMmbl. CTpoKa TPACCHPOBKHM 3aKAHUMBAETCS YUCIOM, OTBEYAIO~
UM HOMEDY JIMCTHHIA MPOTPAMMBL.

s Toro uTtobb! 0TBETUTHL Ha BOTIpoc «UTo untepecyet [leTpa?» uny B npenukar-
HOU popMme — unmepec (ITemp, x), TIPOJIOT -cucrema nwet paxThbl U 3arooBKU npa-
BWJI, COMTOCTaBUMBIE ¢ 11eib1o. [Touck Becerna HaYnHAETCS ¢ NEPBOM CTPOKU NMporpam-
Mbl. [TepBoie TpH hakTa HECOOCTABMMbI C LIENIbIO; Jajlee CAelyeT [IPABUIIO, 3aTOJI0BOK
KOTOPOTro 3aMeHsIeTCS Ha TPY Nojueiv. B cTpoke 6 BbI3bIBaeTCs nepBast MoaueNb. 3a-
teM ITPOJIOF-cucTtema BO3BpalldeTCsl B HA4ado MpPOrpaMMBbl, TAE €€ OXHAAET
«ycniex». BoicTaBiseTest yKazaTesib «y», K KOTOPOMY CUCTEMa BEpHETCS B ciiyyae «He-
ycIexa», KOTOPbIi MOXKEeT MOSIBUTBCSI B APYTOM MecTe nporpaMmebl. B cTpoke 8 mpous-
BOJMTCS BbI3OB BTOPOU NMOALIENIN — mexHUuKa (Komnbromepsl), 111 KOTOPOM TYT XK€ Ha-
XOOUTCs noaxoasaiuii pakt (ctpoka 9). OiHako ISl TPEThEH NOJALENN — Hpou3gedeHo
(komnvromepot, Poccus) — nyxHoro cdakrta He Haxoautes (ctpoka 13). Torma nepe-
MEHHasi X OCBOBOXKI4eTCsl OT CBOEH NPEeXHEH KOHMKPETU3ALMY (KOMUbIOmepsl) U TIPH-
HUMAET HOBOE 3HAUeHUE — KHu2u. 3Ta KOHKpPeTU3aluus He YIOBIETBOPSAET BTOPYIO
noauesb (ctpoka 18). IlepeMeHHasi BHOBb 0CBOOOXKAAETCS M1 MPUHUMAET 3HAYCHUC
aemomotuau. I1pn 5TON KOHKPETU3ALIMH YIOBACTBOPEHBI BCE TPU MOALENM, CIEI0BA-
TEJIBHO, Y MTOXCK OTBETA HA OCHOBHON BOMPOC 3aKaHUYMBASTCS «ycrexoM»: [letpa uH-
TepecyloT aBTOMoOMIN, T.e. unmepec (Tlemp, asmomobuiu) SBISIETCA TEM KOHKPETU3U-
POBAaHHBIM MPEIMKATOM, NTPU KOTOPOM obecneyeHa UCTUHHOCTD BCEil KJIay3hl.

I'pad noucka orsera, chopMyIUPOBAHHOIO B BUAE LU unmepec ([lemp, x), ipen-
cTaBaeH puc. 1.28. BunapHoe nepeBo Noayuuaoch B UTOTE MOJCTAaHOBOK ITPeAMETHBIX
KOHCTAHT Ha MECTO IepeMeHHbIX, IPABUJIA 3aMCHSIUCH (DAKTAMH, A LieJIb — MO -
Mu. Tpaccuposka noxassiBaet, uto TTPOJIOI -cucreMa He cpa3y BbiliJIa Ha 3TO Aepe
BO cxiieeK. B nyHkrax 7, 9 u 15 npoTokosia TPAaCCHPOBKU TAKXKE TPOU3BOJIUIUCE
CKJIEHKH, HO OHM MPUBEIHU K «Heycriexy». Ckopeilee TOCTHXKEHUE LEIN 3aBUCUT OT
MPaBUIBbHOTO BLIOOPA CTPATerHu MOUCKA U MCKYCCTBA NMPOrpaMMHUpPOBaHUS.

P\(p, X) v AU, x)vTx) v Px, r)" \ Alp. x) I

[ R, 0 v T vPlxr) ] [ Ao |

1o |

T(c)v Ple, r)

Puc. 1.28

1.11. 3aganus Ha NPAKTHYECKYI0 Pa0dOTy IO JOTHKe NMPeINKaToB
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1) YceTaHOBUTE UCTUHHOCTL JAOTHYECKOTO BbIpaXX€HHUA CBOCIro BapuHaHTa IIYTEM
KOHKpPETHU3alluH.

1. vx vy P(x, y) = 3x 3y P(x, »),

. ¥x 3y (A(y) v B(x)) = 3x A(x) v vx B(x),
C3x (B(x) A A= dx B(x) A A,

.3x (A(x) - B) = Vx A(x) - B,

. Vx Vy P(x, y) = Vx P(x, x),

.3x (A(x) v B(x)) = 3x A(x) v 3x B(x),

Ix A(x) = vx B(x) = vx (A(x) —» B(x)),

. ¥x (A(x) - B) = 3x A(x) —» B,

. Vx Vy (Ax) —» B(») = 3x A(x) - Vx B(x),
. 3x (A(x) = B(x)) = vx A(x) - Ix B(x),

. Vx A(x) v Vx B(x) = vx (A(x) v B(x)),
C3x A(x) v Vx B(x) = 3x vy (A(x) v B(y)),
.3x (A - B(x)) = A - 3x B(x),

. Vx vy P(x, y) = Vx 3y P(x, ),

CAx vy Plx, y) = 3x 3y P(x, y),

— ket e d ek
N bW = O

. vx Ay Plx, y) = 3x 3y P(x, p),
.3x vy (A(x) v B(y) = vy 3x (A(x) v B(y),
.Vy P(a, y) = Vy3ix P(x, »),
.Ax vy P(x, y) = 3x P(x, b),
.Vx (Av B(x))=Av vx B(x),
CVx Alx) v Vx B(x) = vx vy (A(x) v B(y)),
Cdx A(x) = Vx B(x) = Vx Yy (A(x) - B(y)),
.Vx (A = B(x)) = A - vx B(x),
. 3x P(x, x) = 3x 3y P(x, y),
25. vx P(x, b) = 3y vx P(x, y).
2) JlokasaTb UCTUHHOCTD MPEIMKATHbIX KJlay3 MCTOAOM PE30OJIOLNIA.
1. vzB(b, z,7) v IvA(b, v. b), Yu B(u, u, a) v vy Yz A(y, y, 7) =
= Iw Bw, ¢, w) A Ju Alu, u, u); Iw vu B(b, u, w) A 3z vx B(x, ¢, 2).
2. 3x vzB(x, b,2) > VYwA(w, b, w), IxVZA(x,2,2) v VX B(a, x, x) v VuA(a, b, u) =
=3y YwA(r, b, w);3uvv B(u, v, v) A3uAla, u, ¢) AVu3zB(u, b, z) A 3xVzZA(x, b, 2).
3. vy3zB(y, ¢, 2), VxIyA(x, y, y) v VxB(b, x, a)vAxvwA(x, ¢, w) v vVuawB(u, ¢, w)=
=3zB(z, ¢, 2) AVEIWA(U, ¢, w); Vu IwB(u, w, w) AJuA(b, u, u) A3xB(b, ¢, x).
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10.

11.

12

13.

14.

15.

16.

17.

I8.

19.

20.

21.

22.

Vx 3z B(x, z, @), Vu3aw A(u, w, w) v 3z Vw B(w, 2, 2) v 32 VX A(x, ¢, 2) =
=VXIWA(X, x, w) AVuIvB(u, v, b); 3vaw B(b, v, w) A3zA(b, 7, 2) AIWuB(u, v, a).
vx vz A(x, x, ), Ax E)LB(x, X, y) > VZA(z, b, 2) =

= Hu v A(u, v,v) A3zB(z, z,2); Yu IvA(a, v,u) ndyB(a, y, a) A3xA(x, b, ¢).
A(b, b, ¢}, Vvvw Bic, v, w), Vu E(_li, u, ay = Vv A(b, v, b) A 3u B(c, u, u) A
A Judx A(u, x, ¢); Vx B(x, ¢, a) A VyVZ A(y, y, 2) A Vy B(c, y, ).

Vuaw_z}(b, u,wyvB(c,c,¢) viwvuA(u,c,w)v vwB(b, w, w), YywIuB(w, u, a) =
= JuA(u, c,a) A3v AIwB(w, v, w); Iv IwB(b, v, w) AJZA(z, ¢, 2) A3xVYB(y, x, a).
Vy vz Ala,y, 2) v Vv 3w A(w, v, v), Vx Vz B(x, a, 7) v Vx B(x, ¢, a) =

= 3V Au, z, ¢) A Ix B(x, x, a); 3y B(b, y, b) A 3y B(c, y, a).

VzA(Z, b, 7) v Vx B(x, x, x), vzix A(a, x, 2) v Vwiu A(u, b, w) =

= 3w A(a, w, w) A Vy B(a, y, a); 3x A(x, x, ¢) ~ 3vaw B(y, v, w).
VyvzA(a,y,z) v VwB(a, w, w) v VyIxA(x, y, ¢), JuvB(u, u, 7) - IxVyA(x, y, a)=
= Ax VzB(x, z, 2) A Yw3z A(z, w, w) A Vw Ju B(u, b, w); 3u Vw A(u, w, ¢).
vx VyB(x,y,y) v VW§(w, w,w),3x VyB(b,y, x) vVvA(b,v, b) v VuB(u,c, a) =
= Ju 3Iw B(u, u, w); Vvu vv A(u, u, v) ~ 3w B(w, ¢, w).

Vy VzA(a,y,2)vVwB(w, b, w) v VYuavA(v, u, ¢), IxB(x, b, ¢) > VYVZA(z,y, 2)=
=37 VXA(z,x,¢); 3x VzB(a, x,2) nA(b, b, by A vz 3xB(x, b, 2) A3z A(a, 2, 2).
JuA(u, b, c)—> (FvIwB(v, v, w) > IvA(b, v, v)),3yB(a, y, a) v VX A(b, x, x) v

v VxVuB(x, u, b) = vx A(x, x, ¢) — Iy 37 A(b, y, 2); B(a, a, b).

vwB(b, ¢, w),Vx 3zB(x, b,2), VzA(a, z,2) = uB(u, ¢, a) nIwB(c, b, w) A
AJu~vw A, u, w), 2z Yw Az, w, 2) AVu 3w B(u, w, w) A 3w A(w, a, w).

vy Aa, v, b) v Yv A(c, v, o), VulA(u, u, b) v vx3w B(x, w, a) =

= JvIwB(b, v, w) Ay vz B(z, y, ¥); 3u 3w Alu, b, w) A Ju A(u, a, b).
IxAlx, b, ¢) > (IxVzB(a, x, 2) > VI A(b, a, 7)), Yyw Iz B(w, 7, w) v

vaIx VZA(x, 2,2) vVIB(z, ¢, 2) = VZA(a, b, 2) » 3u YwA(u, a, w); IwB(c, w, w).
Iz Vx A(x, b, 2), (Vx 37 Az, b, x) = Vx Vz B(x, 4, 2)) —> (Gu Vy A(y, b, u) A
AVxIyvzB(x, y, 7)) = Yu 3w 3y B(u, v, w) A 3u 3z Vv B(z, u, v).
(VuA(u,a,b) >3z vy Exﬁ(z, Y, X0 — Vu v YwB(u, v, w) v Vx 3y A(x, y, a)),
uvvA(u, v, a) = Yu w3y B(u, v, w) A Ix Iy VZ B(x, y, 2).

3x Vy 3zB(x,y,2),3uVy VxAu, x,y) v vx 3z B(x, a, 2), Vz IxB(z, 4, x) —

-S> VeIvVYwB(u, v, w) = 3u3v Vw A(u, v, w) A 3v Iw Yu A(w, v, u).

vx Ay A(y, x) > Vx vy 3z B(x, y, 2), 3u Vv A(u, v) = Vz Vx 3y B(x, z, »),
Vy3x A(x, y) v Iy Vu A(y, u) = Yy Vz 3x B(z, y, x) A 3y vz 3x B(y, z, x).

Ax Vy VZA(x, 3, 2) = Ala, b, ¢), Yy vz A(b, y, z) v 3x Vz A(x, a, 7),

Ix 3y VZAMX, ¥y, 2) > Ala, b, d) = Vx 3z A(x, b, 2) A VyIz A(a, y, 2).

vx dy 3zAx, z, y) vAu Vv IwA(u, v, w) = 3x Vzﬁ(x, b,z), (Vu3IvB(u, b,v) -
— Ay Vx Ala, x, y)) = (vz3Ix B(z, b, x) v Vu vz Ix A(z, u, x)).
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23. YuvvVywAlu, v, wy v ¥x 3y B(x, b, y) v Va Vv C(u, v, b), 3x Alx, a, b) v
vvydzBla, y, 2) vvvyvu C(v, u, a), vw B(a, b, w) =
= Vudv3Iw C(u, v, w) A Ix Vy Iz Clx, y, 7).

24. Ju vw Alu, a, w) v IvvwA(b, v, w) = Iy Ewé(a, v, w) A Yu 3w A(u, b, w);
Vudv3aw A(u, v, w) A A(b, a, d); A(b, a, ¢) A Vu vy 3w A(u, v, w).

25. 3y vz By, a, z) > Yu Vv A(b, v, u), vu Vv A(y, u, a) v vy Ju vz B(u, y, z),
vz B(z, z,2) = 3y B(a, y, b) ~ Ax Yy 3z Alx, y, 2); 3u Vv Iw A(u, v, w).

3) Ans nerenanl Bawero sapuaHTta (cM. 1. 1.7, 3anavue 3) BBeIUTE COOTBETCTBYIO-
M€ NMPEeAUKATBl, COCTaBbTE MPCAUKATHYIO K1ay3y U NOKAXKUTE €€ HCTUHHOCTh METO-
IOM pe3oaounii. Ecnv npeankarsl 1Jisi Balleil Kiay3bl BBECTH 3aTPYIHUTENBHO, IPU-
OYMaiTe HOBYIO JIET€HAY, Ul KOTOPO# BBEACHUE IMTPEAUKATOB U KBAHTOPOB ObLI10 OB
BO3MOXHO.

4y 3anana ITPOJIOI -nporpamMa «PoacreeHnble oTHOWeHUsI». Heobxommumo BuI-
NOJHHUTE TPACCHPOBKY TIPOTPaMMbI OTAE/IbHO IS ABYX LieJieit, TpeABAPUTEIbHO BBEAS
HEJA0CTAIOUIUE MPEANKATBL U MpaBiila. Tak KaX MOXET CYLIeCTBOBATh HECKOJIBLKO 3Ha-
YEeHUH [UIsl TIEPEMEHHBIX X ! p, VAOBJICTBOPSIOUIMX OMHOM U TOH XKe LieJIH, IIPU TPacCH-~
pPOBKE AOIYCTHMO OrpaHUYMTLCS ONHUM HCTHHHBIM 3HAUeHHWEM x WK y. Kpome Toro,
BBU/LY DOIBLIOIO YUCJIa TIOBRTOPHBIX BLI30BOB, PA3pPELIAETCs YKA3bIBaTh TOABKO MEp-
BYIO M NOCIESARION CTPOKH TOBTOPSIOUIUXCs] BbI3OBOB, HAIPUMED:

81. B: myxc (Penukc) — 85,
82. IT: myxc (Oenuxc) — 1,

99. I: myxn (Pennke) — 18,
100. ¥V: myoc (Penankc) — 19.
IMTPOJIOT -nporpamma «PoacTBeHHbIe OTHOUICHUSI»

Myxc {X) — x MYXUHHA, doub (X, y) — X 104D Y,
HeeH (X) — X XKEeHUIMHA, cbiH (X, y) — X CBIH ,
omey (X, y) — x OTell y, pod (x, y) — X POINTENDL Y,

Mmamo (X, y) — X MaTh y, 6pam {x, y) — x Opar y,
cecmpa (x, y) — X cecTpa y.

Kunayspt:

1) myxc (Hukonait). 2) myxc (MBan).

3) myxc (Ctenan). 4) myxc (Cepreit).
5) myxc (Iasen). 6) myxc (Urops).

7) myxuc (AHATOIUI). 8) myac (Mocud).
9) myxc (Poman). 10) myxc (Kupusn).
11) myxc (Amutpuii). 12) myxc (Makcum).
13) mysxc (EBreHuit). 14) myxc (Iletp).
15) myonc (Edpum). 16) myxc (KOpnit).
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17) myxc (Bagum).

19) myxc (Penukc).

21) scen (Onbra).

23) acen (Kanna).

25) ocen (Anuca).

27) men (Enena).

29) ocen (Ilonuna).

31) scen (Hatauins).

33) acen (benna).

35) omey (Huxonait, Usan).
37) omey (MBaH, Onbra).
39) omey (MBan, Tarbsina).
41) omey (I1aBen, Poman).
43) omey (Mocud, Upuna).
45) omey (EdumM, ITonuna).
47) omey (Iletp, Edum).
49) omey (Iletp, AHHa).

51) omey (Amutpuii, Hatanes).

53) omey (Oner, EBrennit).

55) mams (Exarepuna, Enena).

57) mams (Enena, HOpwuii).
59) mams (Mapust, Onbra).
61) mamse (Jlyusa, EBrenuit).
63) mams (Mapusi, Cepreit).

65) mams (TaTbsina, AHaToNuil).

67) mams (Buxrtopus, benna).
69) mamo (Onbra, XKanua).
71) mams (Kanua, Upuna).
73) mams (Mpuna, Kupuan).
75) pod (x, y) <= omey (x, y).

18) myxc (Oner).

20) acen (Mapusg).

22) xcen (TaTbsiHa).

24) acen (MpuHa).

26) xcen (ExaTepuHa).

28) ocer (Bukropus).

30) acen (Jlyuza).

32) acen (bapbapa).

34) xcen (AHHA).

36) omey (Crenau, Mapus).
38) omey (MBan, Cepreii).

40) omey (Cepreit, Bukropusi).

42) omey (Cepreit, IMuTpuit).
44) omey (Ecpum, AHATONHIH).
46) omey (YOpwuit, Banum).
48) omey (Iletp, Opuii).

50) omey (Maxcuwm, Iletp).
52) omey (Penvike, Ouer).

54) mams (Anuca, Ilerp).

56) mamy (Enena, Edum).

58) mames (Enena, AHHa).

60) mams (AnHa, Bukropusi).
62) mame (Tatbsna, IonmuHa).
64) mame (Anna, Oner).

66) mame (Anna, AMurpuit).
68) mams (Mapus, TaTtbsina).
70) mamo (Onvra, [TaBen).

72) Mame (Upuna, Urops).
74) mames (bapbapa, Poman).
76) pod (x, y) < mams (x, y).

77) coth (x, y) < pod (y, x), myaxuc (x).
78) dousb (x, y) <= pod (y, x), xceH (x).
79) 6pam (x, y) < pod (z, X}, pod (z, ¥), mMyxuc (x), x = Y.

80) cecmpa (x, y) < pod (z, x), pod (z, y), yHcer (x), X # .

Lenu:

1. mecme (Menukc, y), naemsnnux (Ilasen, y).
2. mems (AHHa, y), enyx (x, Anuca).
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. 0gorop. 6pam (Banum, y), enyuka (x, Cepreit).
. 0s0s (Edum, y), ceexposs (Mapusi, ).
. Hegecrmka (x, MakcuMm), suyx (x, AHHA).

3
4
5
6. naemannuya (Kanua, y), enyk (Poman, y).
7. mewa (Enena, y), enyuxa (benna, y).

8. mewa (Mapus, y), ceexop (x, Enena).

9. suyx (EBrenuii, y), dqds (Opwuii, y).

10. mems (Tatbsina, y), deowop. bpam (AMUTPUIL, y).
11. 3ames (Iletp, y), mems (Onvbra, y).

12. cgexop (Iletp, y), enyuxa (IToauHa, y).

13. ceexposs (x, Jlyuza), dadsa (Ceprei, y).

14. mecms (x, Cepreii), deorop. 6pam (BagumM, y).

15. mewa (x, Cepreit), deorop. cecmpa (x, Buktopus).
16. mporwop. cecmpa (x, Besna), zame (Cepreft, y).

17. naemannux (Banum, y), euyuxa (Mpuna, y).

18. nesecmka (AnHa, y), deowp. cecmpa (BukTtopus, y).
19. nesecmka (Enena, y), naemannuya (Buxkropus, y).
20. dsorop. cecmpa (XKanHa, y), naemannux (x, Edum).
21. mporop. cecmpa (Hatanws, y), ceexop (MBaH, y).

22. mecms (Iletp, y), mporp. 6pam (PomaH, y).

23. naemannuya (x, Cepreit), zams (Edum, y).

24. gnyuxa (x, Mapusi), dsorop. cecmpa (besta, y).

25. dsowop. cecmpa (x, Tlonuna), zams (x, IleTp).

1.12. Pa30op penieHuii 3a1a4 1o JIOruKe nNpeanKaToB

1) YcTaHOBUM UCTUHHOCTD CJAENYIOLNUX JOTMYEeCKUX BEIPAXXEHUHA ITyTEM KOHKpPETHU-
3aluu. Hnﬁ gapuanma 10 vimeem CIAEAYIOWES TOXICCTBO!

Ix (A(x) — B(x)) = vx A(x) — 3x B(x).
Joka3zaTenbCTBO:
3x (A(x) - B(x)) = (A(a) — B(a)) v (A(b) — B(b)) =
= K(@ v B(a) v A(b) v B(b) = (A(a) v A(b)) v (B(a) v B(b)) =
=3x A(x) v 3x B(x) = Vx A(x) —» 3x B(x).
HAns eapuanma 19 uMeeM clneayiouyro Kjiaysy:
Axvy P(x, y) = 3x P(b, x).

Hns nokasaTenbeTBa €€ MCTHHHOCTH U30aBUMCS OT KBAHTOPOB B 00eUX YaCTsX KJIa-
Y3bl:



(P(a, a) ~ P(a, b)) v (P(b, a) ~ P(b, b)) = P(b, a) v P(b, b) ;

P(a, a) v P(a, b), Pla, b) v P(b, a), P(a, a) v P(b, b), P(b, a) v P(b, b),

P(b, a) = P(b, b) ;

P(a, a) v P(a, b), P(a, b) v P(b, a), P(a, a) v P(b, b),P(b, b) = P(b, b) .
[Nocneanss xiay3a BepHa B CHAY aKcUoMbl nopsdka.

2) PewireHus anst BTOpOro 3aAaHusi NpUBEAEM ISl BceX BapuaHToB. OTBETH HETPY-
HO OYIeT OThICKAaTh, C/IU 3HATh, KAKMM 00pa3oM OblIK COCTABIEHBI JIOTUYECKUE Bbl-
paxeHus. 3aMeHa B COOTBETCTBHY C INPUHLIMITOM ABOHCTBEHHOCTH MPEATIONAraeT oli-
HOBPEMEHHYIO MEPECTAHOBKY MCCTAMM BCEX 3aK/IIOUMCHUH U BCEX MOCBIIOK, 8 TAKXKe
3aMeHy 0003HaYyeHHH:

Vel van, supeinf, ()< (), A< B,
a=b b=c c=a xou yov, 10w

Hns eapuanma I

W3 NPUHLKNA ABOUCTBEHHOCTH N0 8apuanmy 9.
s eapuanma 2:

B;vC, A vB = A;B,AC,

A =AlvA] =3xVz A(x, 7, 2) v Vu A(a, b, u),

A, = sup(A|, A7) = 3vvw A(y, b, w), A| = A,,

B, = inf(B;,B3) = Vx B(a, x, x),B, = B,,

B, =B’ AB; = 3uvy B(w, v, v) A Vu3z B(u, b, z),

B, = B; = 3xvz B(x, b, 2),

C,=C,AC) =3uAa, u, ¢c) A IxVz Alx, b, 2),

C, = inflC,,C) = vw A(w, b, w).
s eapuanma 3.

W3 MPUHLKINA ABONCTBEHHOCTH T10 6apuarmy 2.
Hns eapuanma 4:

M3 [PUHIIUIIA 1BOMCTBEHHOCTU O gapuanmy 10.
st eapuanma 5

A;, By > C, = A, A B;; C, AB, ACh,

Ay, §3 v Cy, Kz v B, Ez v 62 = 0,

A =VXVZA(x,x,2), Ay=3uIv Ay, v,v), Aj = A,

B, =3:B(z,7,2), B,=3yB(a,y, a), B, =B,

B; = 3x 3y B(x, x, ), B, = B;,

C, = inflC,,C) =Vz Az b, 2), C, = C,,

C,=C5AC, =vVudvAla, v, u) A 3x A(x, b, c).
Hnst eapuanma 6:

M3 IPUHLMIIA ABOHCTBEHHOCTH 1O eapuanmy 13.
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Hns eapuanma 7.

M3 PUHLMIA ABOUCTBEHHOCTH N0 gapuanmy 12.
dns eapuanma §.

AVvA] B vC = A ACyBAC,
A VvAILB vC, A v Gy, By v =0, A = A,
A=A VAl =VyVzAa, y, 2) v VvIwAw, v, v),
Ay =3uvzAu, z, ¢), B, =vxvzB(x, a 2), B, = B,
B,=3yB(b, y, b), C, =VxB(x, c,a), C; = C,,
C,=3xB(x, x,a), C] =VyB(c,y,a), C| = C,.
Hns eapuanma 9:
10 Kaay3e 8 CO CAeAYIOIUMHU 0603HAYEHUSIMHU:
A=A\ vA|=Vz3xAla, x,2) vVw3uAdu, b, w),
A, =3x Ax, x, ¢), B, =VzA(z b, 2),
B, =3w A(a, w, w), C;=3v3wB(y, v, w),
C, =vxB(x, x,x), C]=3yB(ay, a).
Ans eapuanma 10
Ajv B, vAl, B; > C =B5AC,ABY; Ay,
Ajv B, vAj, §3 v C., ByvC,vBS, A =0,
A=A vA] =VyVzAla, y, 2) vVy3x A, y, ¢,
A, = sup(A|,A)) = 3u vw A(u, w, ¢), B, = infiB}, B}) = vw B(a, w, w),
B, =B5 AB% =3x Vz B(x, 2, 2) ~ vw3u B(u, b, w),
B, =3uVvzB(u, u, 2), A, > A,, B, > B,, B, = Bj,

C,=3xVyAx, y, a), C,=Vw3rA(z, w, w), C; = C,.
Hna eapuanma 11

W3 NPUHUMNA IBOUCTBEHHOCTH 1O ¢apuanmy 5.
Hns eapuanma 12:

o kaayse 10 co ciieqyolwiMMu 0003HAYECHUSMHU:
A=A A =VyViA(a,y,2) vVuIvA(y, u, c),
A, =3z Vx Az, x, ¢), B, =VwB(w, b, w), B; =3x B(x, b, ¢,
C,=VyvzA(z y, 2), B, =B, AB) =3x Vz B(a, x, 2) A vz 3x B(x, b, 2),
C,=CyACy=A(b, b, b) A3z Ala, 2, 2).

Huns eapuanma 13
A > (B, -»C), B vCivD = A - Cy; Dy,
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XzVEQ\/C’l, Bl \/C'{ VDI’ADEZ’ —6230,

A =VxAlx,x,¢), A;=3ul(u b, c), A= A,
B,=3yB(a,y,a), B,=3Fv3wB(,v,w), B, =B,
Ci=3vA(b,v,v), C]=VxA(b,x, x), C,=3y3zA(b,y, 2),

C,=>C, C=C, D =vxvuB(x,u, b), D,=B(a a, b), D, =D,
Hns eapuanma 14

M3 IPUHUKOA ABOMCTBEHHOCTH No sapuarnmy 16.
s eapuanma 15:

M3 NMPUHUMITA ABOUCTBEHHOCTH MO gapuanmy §.
Hdns eapuanma 16:

o xaayse 13 co cneayioulMMu 0003HAYEHUSIMMU;

A, =VzA(a, b, 2), A, =3x A(x, b, ¢), B, =vw3zB(w, z, w),

B,=3xVzB(a, x,2), C|=VzA(b, a2, C]=3xVzA(x,z 2),

C,=3uvwA(u,a,w), D =VzB(z,¢,2), D,=3IwB(c,w, w).
Hns eapuanma 17

A, (A>C)—> (AAB)) =B, B},

A, B, AB;,AvB ,AvC,CvB =0,

A=vVx3zA(z, b, x) = VZ3x Alx, b, 2) = Vu Iy A(y, b, u),

B, = vx 3y Vz B(x, y, 2) = inf(B,,B%) = B, AB) =

=Vudw3vB(u, v, w) A 3u 3z Vv B(z, u, v), C=vVxVzB(x, a, 7).
Hns eapuarnma 18

(A - B)) > (B, v C), C = B}, B,

A=VuA(u, a, by, C=vx3y A, y, a),

B, = inf(B,,B%) = Vu 3y vw B(u, v, w) = vz 3y Vx B(z, y, x) =

= B ABY = Vu 3w 3v B(u, v, w) A 3x 3y Vz B(x, y, 2).
IOnsa eapuanma 19

C,A vB, B> C=A,rAS,

A =inflAS,AY) =Fu vy Vx A(u, x, y) = AL AAY =

=duIvvwA(u, v, w) A 3v 3w Yu A(w, v, u),

B =vx3zB(x, a, 7) = vz3x B(z, a, x),

C=Vx3yVvzB(x, y, 2)=VuIvvw B(u, v, w).
Hns eapuanma 20.

A-C,B->C,AvB=C,nC),

A=Vx3yAQy, x) = VyIx A(x, y), B=3u vv A(u, v) = 3v Yu A(», u),
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Ci=vxVyTdzB(x,y,2) =vzvx3Iy B(x, z, y) =
= inflC,,C%) = C, ACh = vy vz 3x B(z, y, x) A Iy vz 3Ix B(y, z, x).
Hnst eapuanma 21
B, > A, B, v C, C, > A] = A, AAY,
Al =A(a, b,c), Al=A(a, b, d), A =37A(a, b, 2)=
= inflA},A%) = A5 AAS = Vx 32 A(x, b, 2) A Vy 3z A(a, y, 2),
B, =vVyVvzA(b, y,2) = Ix Vy VI A(x, y,2) = B,,
Ci=3xVzA(x, a,2) = 3x3y vz Alx, y, 2) = C,.
Hns sapuanma 22:
CvC =B, (B->A) > (BvC0),
A=3ypVxAa x,y), C=VuvzIx Az, u, x) = sup(C', C"),
B=vx3zB(x, b,z) = vVudvB(u, b, v) = vz3Ix B(z, b, x),
Vx3dy3zA(x, z, ) vIu vy Iw Ay, v, w) =C' vC" = C.
Hna sapuanma 23
A vBivC, A)v B/ vC', B,= C, ~C,,
A=A B, =B,,B=8B,C=C,
A =vVuvvvwAu, v, w), A, =VxAlx, a, b),
B, =Vvx3yB(x, b, y), Bl =Vy3z B(a, y, 2),
B,=3wB(a, b,w), C"=>C=C, AC,,C=vuvvC(u,v,b),
C'=vvvuCl,u a),C=vuvviwC(u, v, w,
Ci=vu3lvawCu,v,w), C,=3xVy3zC(x, y, 2).
Hns eapuanma 24.

U3 MPUHLUTIA 1BOUCTBEHHOCTH 10 eapuanmy 21.
s eapuanma 25:

B, > A|,AT vB,, D= CaAyA,,

Al =vuvvAb, v, u), A =VuVvAQ», u, a),

Ay =3xVy3zA(x, y,2), A] = Ay, A] = A,

B =Vy3uvziB(u,y 2), B,=3yvzB(y, a, 2), B, > B,,
C=3yB(a,y,b), D=vzB(z,2,2), CAA;; Ay = A, .

3) Anst nerenanl gapuanma 2 IpakTHUYECKOro 3aaanus . 1.7 (3) BBegeM ciaeayoniie
IPEAMKATHI:

A(x, y, 2) — «X yBaXaeT y 10 IPUYUHE 2>,

B(x, y, v) — «x Aaer y maTepuanbHble CPEACTBA v».

C(x, y, w) — «y BO3BpalllaeT X JAOJIT, BbIPAXKEHHBINA B w».
O61acTu onpe/eeHus epeMeHHbIX:

x={a, b, ...}, rne a — 6uznecmen, b — bankup, ...
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y=1{c, d, ...}, toe ¢ — xydoscuux, d — ckyaonmop, ...

z=1e, f, ...}, Tae e — scarocms, f— Macmepcmeo, ...

v=/{i j, ...}, roei— Oenveu,j — NOMOUb 8 OP2AHUZAUUU BbICMABKU, ...
w=/{g, h, ...}, rne g — denveu, h — dobpas penymayus...

IMocbuiku:

Ecau nexomoputii x yeancaem nexomopozo y no npusune HeKOMopo2zo 7, Mo REpeblil 6ce-
20a oxacem 8mopoMy KOHKDEMHYIO MAMEPUAIbHYIO HOMOWbL, eCAU UMEemcs Onpedenet-
Has 8EPOAMHOCING MO20, HMO Y KAK-MO KOMHEHCUPYEm 3ampamsl X.

3x Iy 3zA(x, y, 2) = Ax 3y Iw C(x, y, w) - Vx Vy Vv B(x, y, v)).

W3 npuBeneHHOM JIereHIbl CIICAYET, UTO OUBHECMEH Y8ANCAC XYOOICHUKA 3d 20 Md~
cmepcmeo:

A(a, c, ).
IloHATHO TakXKe, UTO GusHecmen 6ydem umems 0o0pyIo penymayuo MeyeHama 3a mo,
YUMo OH NOMO2 XYOOUCHUKY 6 OD2AHU3AUUU SbICMABKU €20 KAPMUH:

C(a, c, h).

3akinoueHue: GU3HeCMeH NOMONCEM XyGO.%CHLle Op2aHU306aMb 6bICMABKY €20 Kap-
MUH:

B(a, c, j).
HOK333TI) MCTUHHOCTL COCTABIEHHOMN U3 9TUX npeayuxKaToB K1ay3bl HE COCTABUT 60-
JIBLIOI'O TpyAa.

Hnsa nerennnbl gapuanma 5 npaxTuyeckoro 3aganus 1. 1.7 (3) MOXHO BBECTH CIIETY-
oUIMe MpesuKaThl:

A(x, y) — «x U3BEpraer y».

B — «Bpicokas ypoxaiiHOCTb».

C(z) — «McTounmukoM Giara siBIsIeTCs z».
O6nactu:

x={a, b, ...}, tne a — syaxan, b — eposa, ...

y={c, d, ..}, rne ¢ — nenen, d — goda, ...

z={e, f. ...}, rae e — boe, f — npupooda, ...
ITockutkm:

Bce x uzsepearom kaxue-mo y. Vx3y A(x, p).
Ecau nexomopuie x uzgepeaiom kaxue-mo y, mo Gydem biCOKAs YPOHCAUHOCHD:

x Iy A(x, y) — B.
Buicokas ypoxcaiinocme écecda Hecem 61aeo Aoam:
B — vz C(2).

3axkiioueHue: mo, umo ucmounukom baaea aeasemea focnods boe, ne npomusopeuum
UCXOOHBIM NOCBIAKAM:

C(e).
Jloka3aTenbCTBO OYEBUIHO.
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4) NpousseneMm Tpaccuposky padbortsl [TPOJIO -nporpammel «PoacTBeHHbIE OTHO-
HIeHM» JUIS TIEpBO uenu eapuanma 12. JUist 3TOT0 UMEIOLLYIOCSH [IPOrpaMmy A0TON-
HUM KJ1ay30M:

81) ceexop (x, y) <=
82)"omey (x, z),
83) omey (z, u),
84) mamo (y, u).
Lens: 85) caexop (Iletp, y).
TpaccHpoBKa NPOrpaMMbl:
1. B: yeas () — 85,
2. B: ceexop (Iletp, _) — 81,
3. B: omey (Iletp, ) — 82,
4. Il: omey (Iletp, ) — 35,

15. T1: omey (IleTp, ) — 46,

16. V: omey (Ilerp, Edbum) — 47y,

17. B: omey (Edum, ) — &3,

18. IT: omey (Epum, ) — 35,

26. IT: omey (Edum, ) — 43,

27.Y: omey (Edpum, Anaronnit) — 44 y,
28. B: mams (_, Anaronuit) — 84,

29. IT: mamse (_, AHatonuit) — 54,

39. I1: mams (_, AHatonmit) — 64,
40. V: mams (Tarbsna, AHaToauin) — 65y,
41.Y: yeas () — 85.

M3 cooTBEeTCTBYIOIUIMX hakmoe W npagus COCTABUM TPOTUBOpEYHE:
ceexop (Iletp, y) v omeuy (Tletp, z) v omey (z, u) v mams (y, u),
omey (Iletp, Edum), omey (Edum, AHaronuit),
mams (TatbsaHa, AHaTonuit) = 0.

LleneBoli OU3BIOHKT HETpaau3yeTcsl npeaukaTaMyu noa Homepamu 47, 44 u 65,
KOT/Ia MepeMeHHbIC TPUHUMAIOT KOHKPETHBIC 3HAUCHUS:

y = Tamvana, z = E¢um, u = Anamoauu.

2. I'PYIIIbI

2.0. BBenenue
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B «Jlekuusix o pazputuu MateMaTuky B XIX cToneTun» BeTMKHUI HeMeELIKU MaTeMa-
MK Penukc Kuteitn (1849—1925) rociie GopmyinpOBKHU Y€ ThIPEX YCIOBHIA, ONIpeaesis-
IoUIMX anredbpanvyeckyto rpyny, Hanyucai cieayloiiee:

TakuM o6pa3oM, Kakas-1u0o ancsitnsg K BoobpaxeHHIO 31eCh OTCYTCTBYET B IPUHIIHUTIE.
BsaMeH aToro TiateabsHO NpCnapupyeTes Aoruueckuii ckener... [Togo6Horo poja aGeTpakT-
HBIE (POPMYJIMPOBKHU NPEBOCXOIHbI 11 LM(DOBKU JOKA3ATENbCTE, HO OHU COBEPIIEHHO HE Io-
BATCA JIA TOTO, 4TOOBI C MX TIOMOILUBIO OTLICKMBATh HOBbLIC Nacuvu U METOLbI. Bonee TOro, Kak
MpaBUJIO, OHU SIBJIMIOTCA 3aBCPUICHHUEM ONPECACACHHOIO 3Tana npealicCTBYIOUCTO pa3BUTHSL.
HOSTOMY BHEULIHE OHU 00Jer4yaior npernogaBpaiHiie, NOCKOJbBKY Ha UX OCHOBE MOXHO MNTPOCTO U
6e3 xaknx-1160 nNpodesioB 10Ka3bIBaTh U3BECTHBIC YXKe NpeltoxXeHust. OnMHaKo OHW BHYTPEHHE
quSBBIHaﬁHO 3aTPYAHSIOT yUallerocs, Tak Kak OH 0OKa3bIBac€TCA MOCTABJACHHBIM TICpeH YEM-TO
COBCPUICHHO 3aKOHYCHHBIM, HUUCTO 11€ 311as1 0 TOM, KaK aBTOD NPULHET K 3TUM OTIDECACTICHUAM,
K TOMY XK€ OH HC MOXECT cebc abCoMOTHO HUYCTO NpCACTABUTD. DroT MCTO HE 1MOOHIPACT K
TOMY, UTOOBI MOJB3YIOUIMMACA UM MbICIWA; TPeOYETCs TMLIL BHUMATCABHO CEIUTD, YTOOBI HE
HOrPEeIUTb NPOTUB JAHHBIX HAM YCTHIPEX 3anoseaeii ',

Ha cerogHsuwHuit AeHb CYLIECTBYET Macca yueOHOM IuTepaTyphl 1O AUCKPETHOM
MaTeMaTHKe, B KOTOpOU Teopus Fpyiiil, Kak OCHOBA JJIsi COBpeMEHHOi1 abCTpaKTHOM
anreOphl, 3aHMMAaeT BUJIHOE MECTO. B 3TUX KHUTaX MOXHO OTbICKATh JII00YyI0 hopmy-
JUPOBKY, OTHOCSILYIOCH K TOW WKW HHOW XapaKTepUCTUKE IPyNIl, TpUYeM, BO3ZMOX-
HO, CaMYI0 MPaBUJILHYIO U UIEAJILHO OTTOUCHHYIO AehuHuLMI0”. Ho TaM Heib3s1 Hali-
TH OJHOTO — CaMUX IpynIl. DTOT U3bsIH MOXHO UCITPABUTh, €CJIM 0TKa3aThCH OT TOTa-
JbHOTO opmanuszma. HyXXHO NONBITATLCH BCTaTh Ha KOHCMPYKMUBHbLE TTYTh PACCMOT-
PEeHHs TPYIIN, AeTAIbHO U3y4yasi MX CBOHCTBA M MOP(OJIOTUIO.

Panbliie, ABa-TpH necsTKa JIET Ha3a/l, NPenojaBaHue TEOPUH rpyIin 6bU10 obserye-
HO TE€M, UTO I'PYTIbI TECHO YBA3BIBAIUCH C (DYHJAMEHTAIBHBIMM 001aCTAMHU €CTECTBO-
3HAHUS -~ (PU3MKOMN DIEMEHTAPHbIX YaCTULL, KBAHTOBOM MEXaHUKOH, QU3MKOM TBEpP-
Joro tena ¥ kpuctaorpadueit. CeroaHs, JIMILMUBLIMCH TPEAMETHOTO BOIJIOLIEHUS,
NpeKpacHasi MaTeMaTHJyeckKasl KOHlenuus — 6a3a coBpeMeHHOM anredpbl — oKasa-
Jach HeBOCTpeOOBAHHOM. B HECKO/IbKO MOBEPXHOCTHBIE KypChl «IMCKpeTHOI MaTe-
MaTUKHW» FPYIIbI BOUJIH OTAE/AbHbIMU [JIaBAMMU Uallle BCETO B CIIMIIKOM aOCTPAKTHOM,
a 3HAYMT, 1 TIOXO YCBAaUBAEMOM BUIe (Ha uTO B cBoe BpeMst cetoBan @enukc KireitH).
Hmest HeMaJIblil ONBIT NperofaaBaHusi, aBTop yoeaunacs B 3¢ beKTHBHOCTH METOAA Ca-
MOCMOAMEABHO20 KOHCMPYUPOBAHUS Mamemamuyeckux obsexmos. I1puniepxxuBasich u3-

' Kneitn ®. Jlekumu o passurud Matematuki B XIX crogerun: B 2-x tomax. T. 1. — M.: Hayka, 1989, c. 372.
? Hanmpimep, «O6imas anrcbpar B 2-X Tomax o1 peaakuucii JLA, CkopHakosa. — M.: Hayka, 1991.

4-—6514

BECTHOU Memodonoeuu KOHcmpmeMBLBMal, OH MBITAETCS JaTh O IPYIax MaKCUMalb-
HO HarJISIAHOE NPEACTABJICHUE TIPY 3TOM AOTOLIHbIH YUTATE/1b TOCTOSIHHO HAXOIUTCSH
B POJIM aKTKBHOTO uccaenopatensd. [Tpy Takoi MeTOOUKE aBTOP HE NOJNXKEH CTPEMHUTh-
€4 K U30XEHHIO KaK MOXHO 00/bIIEr0 YMC1a FOTOBbIX TeOpeM; BaXHee 3eCh 1103a-
GOTUTBCS O PA3BUTHH aHAIIMTHYECKHUX CriIocOOHOCTEH 0byyarolerocs.

B otnuvuue ot niepBoit riasbl «J1orukas, 3/1€ch OTCYTCTBYIOT pa3/ieiibl C [PaKTHIECKU-
MM 3agaHusiMU. J1e/10 B TOM, YTO MocieoBaTe1bHO pa3brpas Bce rpyniibl ¢ 1 no 27 nops-
JIOK, a TaKXKe TIPOBO/ISI YACTUYHLIY aHAMU3 TPYI BbICLIMX ITOPSAAKOB, Mbl TEM CaMbIM 3a-
Ki1aapiBaeM Oe3rpaHuMyHoe nosie Wist ynpaxkHeuui. JIio0ol yuraresb cyMeeT COCTaBUTh
Ut cebst HebGonbloe 3aaaHre. Bot pumMep Takoro 3amaHus mo teme «lloactaHoBku»:
HALMU YemHOCMb, OeKPEMERM U YUCAO UHBEPCULL NOOCMAHOBKU X, eCAU U38eCIHO, 4MO

x '=a7' beba, e a=(015)(24), b~ = (14)(235), c= (0431).
3aganuii mogoObHOro poaa BCAKUM Mperogasareib NpuaymMaeT Maccy. Bpsa i
OTpaBIaHO TPATUTL GyMmary Ha OpMyIMpOBaHME 34134 CJEAYIOUIEr0 COACPXXaHUSL:
COCTaBMUTh PELIETKY DOArpynii rpynmns C ; C, ; Hallmu 6HyMpeHHUL a8MoMop@u3am epyn-
not D] 1 T. 1. «Oco60 0fapeHHbIM> MOXHO BbIIATH IEPCOHANLHOE 3aaHHe: OMbiC-

Kamb HAMUMEPHOE HenpueooduMoe npedcmasaenue epynno: epauerus ukocasdpa. Haxo-
HEIll, MOXHO MOoTpebOoBATL OT CTYAEHTOB Hposecmy NOAHbLE MOPGHOA0UMECKUT aHAAU3
epynn 32-20 nopadka. Vix onHux 0yaeT 40CTATOUHO, YTOOKI MOJHOCTBIO 3arpy3UTh UH-
JUBUAYATLHBIMH 33JJAHUSIMH Ha LIeJIbIA CEMECTP OIPOMHDIN TTOTOK CTYAEHTOB. Takum
00pa3oM, Noa60p NMPAaKTHYECKUX 3ajaHuil N0 3aKPETUTEHHI0 HOBOTO MAaTEPUANIA He
JIOJDXEH BBI3BIBATH Y KOro-JINOO 3aTPpyaHEHUI.
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2.1. BBeaeHnue NOHATHSA TPYIIbI

Jluneiinoe npeobpazosanie A BEKTOpa X B BEKTOP ¥ OCYILIECTBSIETCS C TIOMOIUIBIO KBajl-
paTtHOM MaTpPULIbL:

Ay dp - 4y,
a,, a .a

y=Ax, rae A=| 2 "2 r Q.0
anl anz a,,,,

Ecnn uMeet MecTo npamoe nipeobpaszosarue (2.1), TO 10JIKHO CYIIECTBOBATh U 00-
pamuoe pyu YCROBUH, YTO MaTpulla A uMeeT 00paTHYIO:

-1
y=Ax
Tpanzumuerocms TMHEHRHOTO NMpeobpPa3oBaHUs 33a4aeT ONEepaUUI0 YMHOXEHHUS.
[TycTh HaHbl ABa JUHEHHbIX ITpeoOpa3oBaHMs:
z= Ay, y = Bx,

Toraa cymectByeT TpeThe NpeodpazopaHue C, KOTOpOe MOay4yaeTcs IyTeM Iepe-
MHOXeHusI AU B, T.e.

z=Ay = A(Bx) = (AB)x = Cx. (2.2

Cwm. aBe knurn Jxopaxka Tloita «Martematiuucckoc otkpeitie» (197C) i «Maremarika U npaBaonojobHsIc
paccyxacHus» (1975).
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BoipaxeHue (2.2) cTajio BO3MOXHbIM Garoaapst AeMCTBUIO 3aKOHA aCCOLMATUB-
HOCTH B OTHOILLIEHUH oTiepaTopor A i B, a Takxe Bekropa x. Hapsny ¢ BblIoIHEeHHEM
3akoHa (2.2), neiCTBYIOT e1le TP 3aKOHA — OJIMH ACCOLIMATUBHOCTH U 1Ba JUCTPUOY-
TUBHOCTMU:

A(rx) = (AN)x = LA)x, (A + B)x = Ax + Bx, A(x +y) = Ax + Ay, 2.3)
e A — AEHUCTBUTENBHOE MY KOMTTJIEKCHOE UCIO.

ITpeanonoxum, 4To MaTpULa A B HEKOTOpoM 0asuce peayinzyeT IMHeHOe npeob-
pazoBaHue (2.1). B HoBoM b6a3uce 310 ripeobpa3zcBaHue OyaeT BbITISIET, MHAYE:

y' =Ax (2.4)
O6o03HauuM yepes 7 MaTpuuy rnepexoa BEKTOPOB U3 HOBOTo 6a3uca B CTaphblii:

x=Tx', y=Tx'. 2.5
IMoncraBus oGa Buipaxerus (2.5) B npeoGpasosanue (2.1), moaydmum

Ty =ATx'. (2.6)
YMmHox)uMm (2.6) ciesana T

y =T "ATx'. (2.7
CpaBHuBasi paBeHcTBa (2.4) U (2.7), OKOHYATEILHO HAXOOHM:

A =T'AT. (2.8)

Juneitnoe npeobpasoBanue (2.8) Ha3LIBACTCS NPAMBIM HPeoGpazogaHuem nooodus.
IIpo matpuiibl A 11 A' TOBOPSIT, YTO OHU H0JOOHBL. YTOOBI IONYUNTh 06pamuoe npeobpa-
30BaHUeE TIOA00M S, HY>XXHO BblpaxkeHHe (2.8) ciieBa yMHOXHUTL Ha T, a cripaBa Ha T 's
pe3yJIbTaTe MOJYUHM:

A=TA'T". (2.9)

TipsiMoe u obpatHoe rpeobpazoBaHusd 0O6aaIAI0T CAEAYIOUIMMY CBOMCTBAMU, KO-
TOPHIE MBI BLIMUILEM 30€Ch TONBKO 4151 NIPSMOTo:

T Y ABYT =(T "ATXT "' BT),

T YA+ BT =T 'AT +T ' BT, (2.10)

THA'T =(TYAT)!", T AT =(T 'AT)".

Cpenu 6ecyMuCIIeHHOTO MHOXECTBA BEKTOPOB X JIMHeHOTo npeodpazoBanus (2.1)
BCerna HalIeTCsl TAKOM, YTO Mo IeICTBUEM oTlepaTopa A BEKTOP X EPeHAET B KOJUTH-
HeapHBblil cede, T.e. KOOPAMHATLI IPeoOPa30BaAHHOTO BEKTOPA OTJIMYAIOTCA OT UCXOI-
HOTO TOJIBKO CKAJISIPHBIM MHOXHUTENEM A

Ax = ix. 2.11)

B aToM ciiyyae HeHyneBO#H BEKTOP X HA3bIBAETCS COOGCMEEHHbIM eKMOPOM OTEpPaTO-
pa A, a YuCHo A — ero cobcmeennbim snavenuem. PaBeHCTBO (2.11) 2KBUBAJIEHTHO CHC~
TEME YPaBHEHMUIA:

(A—LE)x =0, (2.12)
KOTOPYIO MOXKHO HCIOJIb30BATh UIS1 HAXOXKAEHHSI COOCTBEHHBIX BEKTOPOB X (31eCh £ —
eaIMHMYHas MaTpuua). Ho nipexae TpebyeTcst HaiTH Bce COOCTBEHHbIE 3HAYEHMS Ofle-
patopa A. C 5TOM LEeAbIO COCTABNAIOT XdPpaKmepucmu4ecKui onpedeaumend, KOTOPHIH
3aT€M PA3BOPAYMBACTCS B XApaKkmepucmuyeckuil MHozouaen — p(i):

p(R) = det(4 — AE) = 0. (2.13)
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KopHu MHorouneHa (2.13) noouepeaHo noacTasisiioTes B cucteMy (2.12). Pemas
€€ OTISNBHO JUIST KAXA0r0o COOCTBEHHOIO 3HaYeHUs A, HAXOAAT COOTBETCTBYIOLLUE UM
COOCTBEHHBIC BEKTOPHI X.

CobcTBeHHbIC 3HAUYEHMSI U COOCTBEHHbIEC BEKTOPB! YACTO WLLYTCS C NOMOLIbIO PO~
nenypsl duazonasusayuy Matpuiisl A. B pesyabtare 3T0ii npouenypsl Bce COGCTBEHHBIE
3HAYEHUS OKa3bIBAIOTCS PACTIONOXEHHBIMU Ha FIABHOM MArOHANN duazonanbHoi mam-
puybt A. 9Ta AMAroHabHAs MaTpHUlla TaKXkKe SIRIACTCS JIMHEMHBIM Npeodpa3zoBaHNEM
tHna (2.1), Wi KOTOpOro oCcTaroTcs B crje csoictsa (2.2), (2.3) 1, uTo 0cobeHHO BaXHO
JUIS Hac Ceifyac, A CBsI3aHa C MCXOAZHOM MaTpuued A rnpeoOpa3zoBaHHEM MOA00US:

A=T'AT. (2.14)

B cuny mpanzumuernocmu npeobpazoBaHus noaobus, T.e. ecliu

C=S"'BS, B=R"4R n RS=T,

T0 oneparop C cBsi3aH ¢ onepatopom A npeobpazoBaHueM TTOROOHS:
C=S"(RAR)S =(RS) "ARS)=T AT,

T.€. 8ce NOOOGHbIE MAMPUUBL UMEIOM 0OUHAKOBbIe COOCMBCHHbIE 3HAUEHUSL.

TpaHcdhopMmaumuonHas Matpuua 7, durypupyiouiast B npeodpa3oBaHUM Mogoous
(2.8), 1 MaTpuua A B 1MHeHHOM Npeobpa3zoBaHuK (2.1) HA caMOM JeJie BHITONHSIOT
ONWHAKOBbIE (hYyHKIIMM, T.€. IEPEBOAST OJIHH BEKTOPHI B Apyrue. Jlanee Mbl OyineM pac-
CMaTpHUBaTh 3aMKHYTbIE [0 YMHOXEHUIO 2pynns. TUHEHHBIX ONepaTOpoOB, MPeACTaB-
JIEHHBIC B BUZIE KOHEYHOH COBOKYNHOCTU MaTpuil. C roMoIIbio Tpeobpa3oBaHMs IO~
no6ust, B koTopoM T TipoferaeT Bce 3JIEMEHTBI TPYIIbl, MOXHO BBISIBUTb KAACC 9KGU-
8aNeHMHbIX Onepamopos. B 3TOM ciydae NposiBUTCS omHocumenstoe iogodbue. Ho Mo-
KET TOJIYYUTBCSI TaK, YTO paccMaTpHBaemasl rpyla onepaTopoB sIBASETCH JIMIL
nodzpynnoii 6osee 0GUIMPHOTO 3aMKHYTOro MHoXecTBa. Toraa npeobpazoBaHue Mo~
no6us 1o 6ojee LIMPOKOU Ipyrrne NONOJHUT Kiiace MoA0OHbIX ONEpaTopoB APYTUMHU
aJIeMeHTaMU. JiMaroHajbHbIA ONEpaTop A, caM He SIBISSICH 9J1EMEHTOM pacCMaTpHUBa-
€MO¥ TPYIIITbE ONEPATOPOB, MOXET CUMBOJNM3UPOBATDL HpedeabHo LUUPOKUH KITace No-
JOOHBIX JIEMCHTOB, HE BXOJSIIIMX B IAHHYIO IPYNIY OnepatopoB. TakuM oOpa3oM,
npouedypa duaeorHaauzayul MAaTPUIL NO3BOMASET PasOUTh I'PYIITY ONMePaTOpOB HA He-
CKOJIBKO HeErepeceKalouNXCsl afcoaomAbix KNaccoB rMoao0HbIX 3IEMEHTOB C OMHA-
KOBbIMU Ha0OpaMM COOCTBEHHbIX 3HAYEHHU . ADCOTIOTHBIE KI1ACChl TMOO COBIAIAIOT,
OO LIUPE OMHOCUMENbHBIX.

B nanpHellueM HaM 4acTO MPUAETCS UMETD E/10 ¢ MAaTPULIAMHU, ITO3TOMY HATIOM-
HUM OCHOBHBIC IEACTBUS C HUMH. [IpaBuiio nepeMHOXeHUSI MATPHULL IPOAEMOHCTPHU-
pyeM Ha 4yMucaoBbIX TpuMepax. [1ycTb 1aHbl 1Be MaTpuiibl —

I
-3 4 -6 3
HepCMHO)KI/IM UX ClieBa HaltpaBo KakK OHU 3anuCaHbl.
AB:[I 2](5 -2)2[ 1-542.(=6)  1-(-2)+2:3 J:(J 4)
3 406 3 ) ((-3)5+44.(=6) (=3)-(=2)+4-3) (-39 18
Tenepb cnipasa HalneBO —

a3 (1 2 (514623 52424 (11 2
-6 3 -3 4) ((-6)1+3:(=3) (-6)-2+3-4) \-15 0/
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[Mpo MaTpuLibl A U B TOBODAT, UTO OHHU He KomMMymupyiom, NTOCKonsKy AB+# BA. [Ise
Apyrue MaTpuibl — A; 1 B — KOMMYTHDYIOT IpYT C IPYrOM, B YEM MOXHO yOeIUThCS
NYTEM MX HEMOCPEACTBEHHOTO NEPEMHOXEHUST —

23 3 6
Al 2(1 4), Bl :(2 7), A]Bl = BlAl'

AN
PaccmorpuM nipeobpazosanmne noaodusi. [ycts ucxonHblit 6a31C BhIpaXXaeTcs ye-
pe3 ¢, a HOBbIK — 4Yepes @'

'

| 1
0 =X, 0 —E(wl + ¢ +w3):—ﬁ-(X+y+z);

, 1 1
0=y, ¢ :ﬁ'(% —w3)=~ﬁ-(y~z);

w

(P3:z, ¢

=“\lf6*'(2-@1 -9, _@3)=%.(2-x—y—z).

TornaTpanchopmauoHHagsmarpuua 7' v obpaTHas eid T~ BuirsagsT CJICTYIOIIUM 00-
pasom: |

(111 1y 2
BBB NN
T=l0 L__l T"IZ_LJ..ZL,

V22T V32 e
2 -1 1o
J6 6 6 Lﬁﬁ\/@

Hawa tpancdopmaunonHas MaTpuia 7 OTHOCUTCS K OPMOHOPMUPOBAHHbIM, T.€.
BO3BEIEHHUeE JII0OOI CTPOKU M 11000ro cTonbua B KBagpaT AAeT eAUHHUILY, a IEPEMHO-
XEeHHEe pa3IMYHbIX CTPOK U CTOJOUOB — HOJIb, HallpUMED:

HFE - FeEE-

Jins OpTOHOPMUPOBAHHBIX MATPULL {2 MMEHHO C TAKMMM Mbl Yallle BCero OyaemM nMeThb
[eJI0) ob6pamuas MaTPULLA TOJIYYAETCS YTEM MPAHCHOHUPOBAHUSA UCXOLHOM.

IMycte, nanee, B crapoM H6a3uce ¢ AeHCTBYET onepatop A, KOTOpBIA NEPeBOIUT KO-
OPAOMHATHL X, Y, Z B KOODAMHATL! X4, V4, 24:

011 X =0x+l-y+l.z=y+z,
A=1 0 1}  y4=lx+0-y+l-z=x+72,
110 2,=1x+l.y+0-z=x+y.

B HOoBOM Gasuce orepatop A , cornacho (2. 9), npespaturcsi BA':

2.0 0
A=TAT ' =A=[0 -1 0
0 0 -1

B nosom Dazuce neiicTsre onepatopa A' CBOAUTCSI K YMHOXEHUIO BCEX KOOPAUHAT Ha
yucna. PakTUYECKH, MbI HALIIIU coOCmaetHble 3Ha4eHtss MATPULIBL A, IOCKOJIbKY AUa-
TOHAJIbHASI MaTpULia A’ ABJISIETCS OJTHOBPEMEHHO MaTpULIEH A.

99



Bcro npouenypy TpaHchOpMalIMK KOOPAWHAT MOXHO MPOBECTH Ha YPOBHE ITpeoh-
pa30oBaHUSA COOTBETCTBYIOUIMX BEKTOPOB, He Mpuberas B ABHOM BUAE K QopMyIIe rpe-
obpa3oBanug riogodus. B camom nene,

, 1 ( 1
X'=—(x,+y,+2,)=21—(x+y+2)|=2-¢, +0-¢0, +0-0; ;
NE] ( A 4 A) [Lﬁ ( )} 0, ¢ P3
yr :L'(yA —ZA)2-1—'(x+Z—X*}’):(—l)'jr—l—(y“Z)}:0'(’)1 ‘_1'(-P2 +O'(P3;
NG} V2 V2

o | S
4 =“\/z'(2'x,4 =Ya —zA)z(—l)‘L—fé—'(lx"Y*Z)J:0'<P1 +0-¢; ~1-¢3.

TlocsiemHune BLIKIAAKY MTPU3BAHBI TAKKE IT0KA3ATh, 4TO JIIOGbIE peodpa3oBaHUs —
Oyab 10 A, A, T — He CyuIecTBYIOT caMu 1o cebe, HO Beer1a NpeanoaaraloT IpuCcyTCeT-
BUE OA3UCHbIX 6eKMOPOE.

O6paiaeM BHUMaHME Ha TO, YTO CyMMa JIUATOHANBbHBIX DJIEMCHTOB MaTpHIIbl A
(oHa HUMEHYETCsl xapaxmepom MaTpuubl A) paBHa CyMMe AHArOHaIbLHBIX 3JIEMEHTOB
MaTpuLbl A'. Y1 3T0 HecydyalHo: xapakmepbl nodobHbX Mampuy, éceeda o0uHaxoasi. Pa-
BEHCTBO XapaKTepOB [TO3BOJISIET KOHTPOJIMPOBATH NPaBWILHOCTb HAX0XIEHUS COOCT-
BEHHBIX 3HAYEHUH.

IlepecTaHoBKAa CTPOK MAaTPUILI C OJHOBPEMEHHOI 11epecTaHOBKOH COOTBETCTBYIO-
IIMX CTONOLIOB (a TaKasa npoleaypa TakxKe OTHOCHTCH K Nipeodpa3oBaHuio Mogo0us)
HE MEHSIET BHYTPeHHEN Npupoab MaTpylbl. JlarHHast TpaHchopMaliis He BIUsAeT U Ha
coOCTBeHHbIE 3HaYeHUs1. Ecnu MaTpunia A uMena coOCTBEHHBIE 3HAYEHUS A, TO SKBU-
BaJIEHTHas € MaTpulia A OyaeT UMETD Ty XK€ CAMYI0 MaTpuLly A, HO B KOTOpO# cobCT-
BEHHBIE 3HAYCHUS] OKaXYTCsl Ha HOBBIX MecTax. [lepecTaHOBKa CTPOK ¥ CTONGIIOB BO3-
MOXHA MTOCTOJIBKY, TOCKOJIBKY OH& HE MEHSIET CBSI3U IMaroHaIbHbBIX 3JIEMEHTOB C He-
JuaroHaibHBIMU. TlycTb B MaTpuue A 316MEHT d,; CBA3bIBAET JIEMEHTHI dy; U dag ,
TOTJA MOCJIe HOBOIO Pa3MELLUEeHMsI 2JIEMEHTOB Ha NHMAroOHaIM yXXe B MaTpule A’ yka-
3aHHas CBSA3b HCKHA COXPAHUTLCS:

(a,, a alﬂ Gy Ay ) Ay 00
A=\a,, ay apl, A=lay a, a5, A={0 i 0
a3 a3 033J \d32 a3 d33 0 0 A

Ceituac MbI JIOCTATOYHO MOATOTOBJIEHbI, YTOOL! BBECTH onpedeserue epynnol. Tpyn-
noi Ha3bIBAETCS ONEPayuoHHOe MHOMCECME0, B KOTOPOM IeHCTBYET Npouexypa YMHO-
JHcerus U KOTOPCE MONYUHEHO CIASNYIOUINM YembipeM YCAOBUIM —

1) 3amxrymocmu: 105t KaKI0M Naphl 3J1EMEHTOB g, Y g; U3 Ipylnbl G OHHO3HA4YHO
OTpelie/IeHO MPOU3BENEHME &8, = &3 MPUUEM IAEMEHT g5 TOXE J0KEeH 00513aTeTbHO
NpUHaLIeXaTs rpynmne G, T.¢.

8,8 ¢ G, 88 =8¢G.
2) Haauuus MoxscIecmeenHo20 1eMeHma e; Cpelli MHOXEeCTBa 3JIEMEHTOB IpyNIs G
JIOJKEH HAMTHCH TAKOM 37IEMEHT e, UTO ISl BCSIKOTo g U3 G CripaBe/l/INBbl PABEHCTBA:

eg=g, ge=g, egecC.

3) Haauuus obpammbix 21eMeHmMOE: JUIs1 BCSIKOTO g U3 G AOJIKEH OTBICKATHCS €AMHCT-
BEHHBIH eMy OOpaTHBbIii 9neMeHTg"l, rpuHaaaexamui G, npy yMHOXEHHUH Ha KOTO-
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PBIi TOJTyYrIICcd Obl TOXKIECTBEHHBIN DJIEMEHT €; CYyTh JAHHOTO MONIOXEHUA MaTeMaTH-
YeCKH BBIPAXKAETCS CAEAYIONIMM 00pa3oM:
-1 -1, . -1
e=gg , e=g g; egg G
4) accoyuamugnocmu: 151 TIOOBIX TPEX 2JIEMEHTOB g1, £ U & U3 G cripaBeUTIBO pa-
BEHCTBO:

81(8 &) = (8188
HOCIICIJ,HCC )’CJ‘[OBI/IG BBITOJIHACTCS )i KBAAPATHBIX MaTpHulil, B YEM MOXHO yGCJII/I—
TBCST TIyTEM TMEPEMHOXEHUs, B YACTHOCTH, MaTpULL pasMepHOCTH 2 x 2:

(AB)C= a, 4 ) b] b2\l . &G O _
ay aq J\by byj)\c3 cq
\_ dl dZ)
J— dy dy)

_ _(q, a2.‘b1 ba)fer ¢
'A(BC)_kch aJ((l)z b4j£63 C4j

d,
dy = aibicy + aybycy + a1bycy + aybyey,

(3]

rae
aibic, + aybyc; + abycy + aybye,

dy = asbic; + asbye) + azbycy + agbycs,

dy = a3b|cy + azbycy + asbycy + agbycy.
AHanoru4Hasi npoleaypa loKa3arejibCTBa paclipoCTpaHsIeTcss Ha MaTpulbl J1000#
Pa3MEepPHOCTH.

B ¢Bsizu ¢ 3TUM JU11 KOrO-TO, BO3MOXHO, YCJIOBUE ACCOLIMATUBHOCTH B OTIpeIee-
HWH IPYITIbI TOKAXETCS U3JIMIIHUM, KOJIb CKOPO 3TO CBOMCTBO BHYTPEHHE TIPUCYLIE
CaMUM UCXOIHBIM MaTeMaTu4ecKuM oOobekTaM,. Ha 910 criepayeT ckasath, YTO OINpene-
JIeHWe IpYITIbI 1aBaNoch B ateeGpauteckoli popMe, T.€. OTBICUEHHO, IIOCPENCTBOM ab-
CTPAaKTHBIX CHMBOJIOB, a [UISI CHMBOJIOB NMPHHAMJIEKAIME MAaTPULIAM CBOMCTBA J0JI-
KHBI GBITH OrOBOPEHEBI OTAEIBLHO. DTO TO3BOJUT B AalbHEHIIEM NPOU3BOAUTH HAI
CHUMBOJIAMHU Te XXe AeHCTBUSI, HTO ¥ HaJ MaTpuuamMu. OnHAKO HY>HO OTYETIMBO FIOHU-
MaTh, UTO ajirebpanyecKoe onpele/eHUe CXBATbIBACT CYUHOCME TPYTIIBI, HO HE SIBJS-
eTcs yeM-To GoJfiee IMPOKUM, Oonee 0000LIEHHBIM UK Bofiee nepBrYHbIM. Hanpo-
THUB, OHO CKOPEE OCHOBBIBAETCSI HA CBOMCTBAX KOHKPETHBIX MaTeMaTHIeCKUX 00beK-
TOB, YeM OOYCJIOBIMBAET KX. B KOHKpeTHBIX 00bEKTax BCera MPUCYTCTBYET HEYTO 60-
JIBIIIEE, YeM TOBOPUTCS B orpejieeHH. B yactHocTH, 1II060# 00BEKT Mpeanoaraet
CBOE CY6CMAaHYUOHHOEe CmpoeHue. BCAKAsl peaabHas TPyNNa NMoApasyMeBaeT JBa BULa
MHOXECTB: OIHO cmayuoraproe — 6a3uCHbIe BEKTOPbI, IPYTOe JurHamu4eckoe — oIle-
paTOpBI-MATPULIBI, ITpeoOpa3ylolue BeKTOpsl. Takum oOpa3oM, Ipynna eCcTb He TONb-
KO, roBops ciopamu [Tapna PiopeHCKOTO, «CUHTE3 HEKOTOPOT'O MHOMCECMEA B e0UH-
cmeo aKToM ayxa» («O cuMBoJax 6eCKOHEUHOCTU»), HO U CUHTE3 08U CeHUs U HOKOS,
usmMeHenua v coxpanerus. I1pu uncrto anrebpauieckoM NOAX0/1€, KOrJa peajibHbIe Ma-
TeEMaTUYeCcKUe OOBEeKTHI (MATPHLibl) TIOAMEHSIIOTCA aHOHMMHBIMM CMMBOJIAMH, 312
IBOMCTBEHHOCTb McIapsieTcsi. Ha mnepBulil MaH BBIXOAUT TOJNBKO OIEpallMOHHOE
MHOXECTBO, K KOTOPOMY M OTHOCATCS YeThIPe Bhillle CHOPMYTUPOBAHHBIX YCAOBUS.

IMpuBepx)eHel HCKITIOMUTENBLHO arebpanyeckoro B3rsiaa Ha IPyIbl, IPUCTYas
K aHAIU3Y CHMMETPUU KOHKPETHBIX FCOMETPUUECKUX DUTYD, KPUCTAJLIOB UK QU3HK-
YeCKMX 3aKOHOB, pacTepsieTCs U He By NeT 3HATh, KAKOro pOAa 97eMEHThI OCTaIOTCS He-

101



U3MEHHBIMU (UHBAPUAHMHbIMU) TIPY TPYTITOBLIX TPe0oOpa30BaHUSIX: TOHUMATD JIY TI0X
5JIEMEHTAMM CUMMETPUU JelicmeumensHo Cyuecmeyiouyo Mamepuaibiyio e Win
B803MOXNCHYI0 onepayuro. TOT, KTO HayuMTCsl pas/jiMyaTb JIBA TUIIA MHOXECTB, JIETKO
YCTAHOBHT, UTO 3a CYOCMAHYUOHHbIE 3AeMeHmbl HEOOXOAUMO NPUHUMATh, HATIPUMED,
BEpUIMHEL, TpaHK, pedpa reoMeTpUUEeCKUX PUTYD, a 33 OnepauuoHtble — Pa3NIUYHbIe
MOBOPOTbI, OTPAXEHUS, CABUTU 3TUX Uryp. Bribop cybCTaHLIMOHHBIX U ONepaliMOH-
HBIX 3EMEHTOB B3aMMHO 00ycioByeH. Tak, K MpUMepY, eCJIM B Kybe B Ka4ecTBe Cy0-
CTAHLIMOHHOTO MHOXECTBA B3SIThb YeTbipe €ro NPOCTPAHCTBEHHbBIX AUATOHAJIH, TO Ha
HHUX MOXHO MOJYYUTb 24 3JIeMeHTa pa3MyHbIX NTpeobpa3oBaHUi, a eClIM B KAYeCTBe
CyOCTaHLIMOHHOIO MHOXECTBAa BbIOpaTh LIECTh €ro rpaHeil, TO rpyrna BO3MOXHBIX
npeoOpa3oBaHmit BO3pacTeT A0 48 3/1eMEHTOB.

Huxe Mbl yCTAHOBUM, UTO 32 aOCTPAKTHBIM CUMBOJIOM MHUMOM eAMHUILILI ( £) M ee
anrebpanyeckuM onpeneseHueM ( it=— 1) ckpbIBaeTCsi KOHKpPETHAsi CyOCTaHLIMOHHAsA
koHcTpykiMga Ha 0,1 -MaTpuuax. ['pynrioBsie yCI0BUS TSI HEE HE MOTYT ObITh TPOAEK-
JIapUpOBaHEI cgepxy, 6e3 yueTa e enympenneii ipuponsl. OTCI0a, YTOOLI CO3M1aTh, K
npUMepy, abCTPaKTHYIO TEOPHUIO KOMIUIEKCHOTO YUCIA, HYKHO TpeIBapuTEIbHO XO-
POILIO U3YUYUTHL MHUMYIO EIUHHILY CHU3Y, C TIO3ULIMH ¢¢ CYOCTAaHLIMOHHOTO CTPOEHUS.
TTosicHMM cKa3aHHOE TPUMEPOM, B3SThIM U3 Oy1e60i nocuku. VI3BECTHO, YTO JIOTHYE-
CKME ONepalmy THIa TU3bIOHKIIMHU M KOHBIOHKIIMHY NOAYMHEHB] 3aKOHY aCCOLIMATHB-
HOCTH, a cTpenka [Tupca u wrpux leddepa — Her. [TpoUcTeKalOT yKa3aHHbIE CBOR-
CTBa OIEepaLMii HENMOCPEACTBEHHO U3 NPaBUJI UX MOCTPOEHUSI, KOTOPbIe TPOAMKTOBRA-
HBI, B CBOIO ouepeb, TaOJIMIIaMU HCTUHHOCTH U iMarpamMMamu Diltepa — Benna. Ta-
KUM 00pa3oM, cmpoeo akcuomamuueckoe HOCMpOeHUE A02UKU, KOTHAA
MPOBO3INAINAIOTCS €AMHCTBEHHO UMEIOIUMMH CUJTy aKCUOMBI KOMMYTaTUBHOCTH, ac-
COUMATHBHOCTH U IMCTPUOYTUBHOCTH, He 0c6060dcOaem ee Om 603MONCHO20 CyOcman-
UUOHHO20 KOHCIMPYUPOBAHUS, KOTOPOE YaCTO OKAa3bIBACTCS 32 pAMKaMu c(hOpMUPOBAB-
mencsa Teopun. AHaJIOTUYHAS CUTYallUs IPOCMATPUBAETCs U B reoMmeTpui. [pemno-
JKEHUE «JIBE MpsIMBbIe MEPECeKaloTCsi B OMHON -eIMHCTBEHHO) TOUKE» He TpebyeT JoKa-
3aTeJIbCTBA TOJBKO MOTOMY, UYTO OHO (baKTHUECKH obecreueHo CyOCTaHUMOHHON
JMIAHHOCTBIO — TeOMETPUUYECKOM MIOCKOCThIO. EC/u xKe MmpoBo3riialiaeTcs, YTO «IBe
NpsIMbIE TePeCceKaroTCs B IBYX TOUKAX», TO CYOCTAHIIMOHHON pealbHOCTHIO CTAHOBUT-
cs ap. BeuisHxXeHUe TOW UIH MHOK AaKCUOMBI He SIBJSICTCS UCKJIIOYUTENbHOM Mpepo-
raTUBOM CyObeKTa TEOPHH, KaK 3TO MOXET 0KA3aThCsl HA NIEPBbINA B3I, OHO BCeraa
CTABUTCSI B 3aBMCHUMOCTb OT HAJIMUMs aficKBATHOW Mamemamu4eckol cybcmanyuu.
Tak, mpexe 4eM IOCTYJIMPOBATh AKCUOMY B BUJIE «/1BE MPsIMbIC TIEPECEKAIOTCS B TPEX
TOUYKaX», HEOOXOAUMO YKa3aTh Ha COOTBETCTBYIOLUMM OOBEKT, rae Obl 3Ta CUTyauus
MorJia ObITh peaiu3oBaHa. Ecnu noaxoasiero o0bekTa He HAMAETCS, TO HE ClIefyeT !
OparbCsl 32 MOCTPOEHKUE EOMETPHUM C TAKOU aKCHUOMOW.

Hudyxmuenstii v KoHcmpyKkmusHblii yTb NO3HaHUSA siBiIsieTCst 061eHayYHbIM. OH, B
YaCTHOCTH, TPUHAT B €CTECTBO3HAHUU. MareMaTuK, KaK U eCTeCTBOMCIIBITATEb,
00513aH UMETH Iepe/l TJ1a3aMH peanbHbiil, a HE BbIAYMAHHbIH OOBEKT UCC/IEAOBAHUS.
HyxHo cneinThb, 4TOOb! CHMBOJIbI HE BBIXOIMIIM 32 pAMKH «CBOMX NMOJTHOMO4YHii», HE
BBICTYIAJIA B POJIA CAMOO08AEIOUUX CYuyHocmel, & TOJABKO KaK MX npedcmasument.
UpesMepHoe yBiaedeHUe aOCTPaKTHbIMM BelllaMy yOUBaeT MaTeMaTU4yeCKHil AyX U Be-
JIeT K yCTOM cxojacTuke. MCTHHHOE TBOPUECTBO HEBO3MOXHO 0€3 06pasHo2o mbilie-
HuA, 0e3 MexaHuveckoeo KOHCMPYUpOo8anus u3 ocszaemulx demasneii. B moboM ciyuae
MOXHO COIVIACUTBCS: IIPEXIE YEM BLIXOAMTh Ha BbICOKHE aBCTPAKTHBIE YPOBHH, XOpO-
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1o ObI MCCIIEA0BATh HE3HAKOMOE SiBJIEHUE HA 3HAKOMbBIX M TTIOHSITHBIX BelliaX, KAKOBbI-
MH SIBJISIIOTCS, B YACTHOCTH, BEKTOPbl ¥ MaTPHLIBI.
Huxe nmpuBoasitcst BoceMb cTerieHeil OAHOM 1 TOM Xe MaTpHIIb &

AL G 6
o e o) B e )

BrimmucaHHbIe MATPH LB COCTABIASIIOT ONEPAUUOHHOE MHOXCECME0, TTONYMHEHHOE YeThI-
PEM TPYIIIOBbIM YCJIOBUAM. B pojiM TOX1€CTBEHHOIO 2/IEMEHTA 3/IECh BLICTYIIAET S~
HUYHasg MaTpyua d=e [lepen HaMu xommymamuenas epynna A 6ocbmo2o nopadka C
tabnuueit yMHoxeHust — tadu. 2.1. CybemanyuonHbiM MHOXECTBOM JUISI Hee SIBJISIIOTCS
BOCEMb 0a3MCHBIX BEKTOPOB (MePBbIE CTOJOLUBI MAaTPHL), KOTOPHIE NIEPEXOAST IPYT B
Jpyra Ioj AeiicTBUeM npeobpa3oBaHuil a':

R R WA R W A FATEWAR AR

Ta6nuua 2.1
A a' a° a a ad ab a’ a8
a' a2 a’ at a’ at al a a'
a | a a | & | & | a | a8 | a a2
a at as a a’ a8 a a2 a
a al ab a’ a8 a' a? a at
a | a8 | a | a8 | a a | a | a | &
ab a’ as a' a? a’ at ad ad
a’ a8 a' a a’ at as ad al
as at a2 a a a | & a’ as
Hanpuwmep, 8=a’ x 5, 7=a’x 2, @=a x az, WY T1I0Apo6HO:
(1)2['15 7 ("ﬁ [/f] [/f /f}[ j [/f /f] [/ﬁ "7&}[0 —i]
i - i/ | i -1 ; :
o) \Va ValVa Va5 Ja Vo Va) Ve Vel 0

IMoamHoxecTBa {a2, a4, a,a } uia,a } 00pa3yloT nodepynnsi B IpyIe A, IOCKOJb-

Ky 3JICMECHTBI 3THUX ITOAMHOXECTB YIOBJICTBOPAIOT BCEM HEOOXOAMMbBIM I'PYIIIIOBbIM
YCJIOBHUSAM — 3aMKHYTOCTH, aCCOUUMATHMBHOCTH, HATMYIHIO B YKA3aHHBIX TOAMHOXKECT-
BaX TOXICCTBCHHOIO U 06paTHbIX 3JIEMECHTOB.

HpI/IBCJICM MHOXECTBO B, KOTOPO€ TaKXe COCTOMUT U3 BOCbMHW MAaTpHL, IMOJIYYCH-
HBIX OYTEM HHKITHYCCKOIo BO3BCICHWUSA B CTCIIEHD HCXOIHOM MAaTPHULbL b:

(e k(R0 - e HT)

[/r /f} [/< AS 1—1)) 5 _(/f /J’J 5 ( ACNAE ,)]

4

Vn Ve K-iy  Ka-i) | Vs Vs Y+i) Yd+i)
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MHOXecTBO B COCTaBsIeT rpyIiny, uzomop@Hylo rpynie A, NOCKOJIbKY €¢ 3JIeMEHTHI
TOXE TIEPEMHOXKAIOTCS B COOTBETCTBUH ¢ Tab1. 2.1 (ec/iu B IOCneAHE ! CUMBOJI @ 3aMe-
HUTHL Ha b). B rpynne B, kak u B rpy1ine A, UMEIOTCA B€ MOATPYTIbI U3 YETHIPEX U IBYX
ajieMeHTOoB. ITpuMmedaTenbHOI 0COOEHHOCTHIO LIMKIUYECKOM MpyIiTbl B SBISETCS TO,
YTO B KAYECTBE MONCOCCINBEHHO20 IAeMEeIM A 3MECH BLICTYACT HE eQuHUYHAS MATPULIA, &
HHYeM He MpUMeyaTenpHas Matpuua b = e. Ecin Matpuity, 0603Ha4YeHHYIO B CIIUCKE
KaK b’ (unu B, win b'), B3aTh 3a 06pazyiouyio, To MaTpuLa, 0G03HAYCHHAS KaK B,
NO-NpeXXHeMy OY/IET BBITOJIHSTL POJIL TOXAECTBEHHOTO 3JIEMEHTA.

Tpancnonupyem Matpuiibl b'. TToayuum HoBYIO LMKIIMYecKy1o rpyrny C, uzomopd-
HYIO Kak rpynne B, tak u rpynie A. Tabn. 2.2 geMoHCTpUpYeT ToXe LMKIINYeCKUM 3a-~
KOH YMHOXEHUS UCXOAHBIX (b') ¥ TpaHCTIOHUPOBaHHbBIX (¢') MaTPUIL:

dk =b'x ¢
Tabnuua 2.2

bixc/{ec'l ¢?2 | ec® | c?| c5]eb | c? ct
b g2 a3 | d* | d5 | o | a7 | b at
b2 d3| d4 | d5% | db | a7 | d8 | o o?
b3 d4| d5 | d® | d7 | d8& | d! d? d3
b4 d5| db | d7 | g8 | dt d? | d3 A
b ds| d7 | d8® | d! d?2 | g3 | d4 d>s
bb d’| d8 | d! d2 | d3 | d4 | db dst
b7 das| o' d?2 | d3 | d4 | d5 | db a7
bt d' d?2 | d3 i d4 | d° | db | d7 ds

OIHaKo BCA COBOKYITHOCTE M3 24 Matpul B, C, D v naxe otaensHo § MaTpuil D He
00pa3yIoT IPyIi, IOCKOJBKY B YKa3aHHBIX MHOXECTBAX, BO-IIEPBBIX, HET TOXAECT-
BEHHOTO 3JIeMEHTA (BO BCSIKOM C1y4ac 0OLIEro Ha BCE DJIEMEHTHI), BO-BTOPBIX, IPOU3-
BEICHUS DJIEMEHTOB 3THX MHOXECTB PaBHbI HYJCBOM MaTpuiie, KOTOpas, COIIACHO
IPYTIIOBBIM YCJIOBUSIM, HE MOXET BXOAMTb B COCTaB IPYIIIT:

¢ xb'=d" xd = 0 0.
00

Takum 06pa3oM, NMPoU3BeJcHHE IMEMEHTOB ABYX IPYII IOPOANJIO Heepynnoeoe
MmHuoxcecmeo D:

Vpl=b V(i) ) o (1
Vo Vo-1+iy ) i -1
g3 [ Va0 Yaled) g (i)
V14D Vs(-1-0) | _[
g5 Sl Vs (-1-0) s -1
VGl Jpd=i ] V)
g7 (VaCD YD) (]
A\ Y- Vs T L i)

dl
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IIpusenem npumMep nekommymamusHoil epynnei Dy Ha MaTpuLax, 3eMeHTaMHU KO-
TOPBIX ABJAAIOTCS 4ucia 0 u 1. 3aech Npu NepeMHOXEHUM MaTPULL CIIEAYeT YYUTHIBATD,
4TO cl0XeHUe ocyiecTsiisieTcs o mod (2), T.e. cymMa 1 + 1=0. To, yto rpynna D, ve
KOMMYTAaTHUBHA, BUIHO U3 e¢ Tabnu ikl YMHOXEHUs (Tab. 2.3), B KOTOPOii He BCe dJie-
MEHTBI PACTIOJIOXKEHBl CHMMETPUYHO OTHOCHUTEILHO TVIABHOW auaroHamu. Ilpuduem
JaHHAs TPYIIa OTHOCUTCS K BECbMa PAcipoCTpaHEeHHOMY THITY IPYITH, UMEIOIINX 06-
mWenpuHATOe o6o3HaveHue D; u HazsaHnbix D. KiieitHoM rpyninaMu dusdpa («<AU3Ap»
Ha3BaHHUE TE€OMETPUUECKON DUrypbl: du — «1Ba», 30p — «IIOBEPXHOCTD»):

o) )0 )

Ecnu B KauecTBe obpasyiouieco s1emenma U3 BLHITUCAHHBIX MAaTPUIIL B3SThH MAaTPHILY,
0003HaYeHHYI0 UMPPOIi 1, a Npu NepeMHOXEHUN MAaTPULL UCIIOJB30BaTh CIOXEHHE
nomod (3),koraal +2=0,2+2=1, 10 N0AYyUUM yukau4eckyio, a 3HAaUUT, KOMMyma-
musHylo TPYIINY € OBILENpUHATHIM 0603HadeHueM — Cg:

, ) ,
o (1O, 1Oy, 20 3:(2 0 41 0) 520
0 1 11 02, " 122 2 1 12

Tabnuiia yMHOXEHUs 21eMeHTOB IpyTiribl Cg (Tab1. 2.4) yxxe OyaeT CHMMETPHUYHOM OT-
HOCUTENIbHO CBOCH ITaBHOM AMAIOHAIH.

Tabnuuya 2.3 Tabnuuya 2.4

Dy 0 1 2 3 4 5 Co] O 1 2 3 4 5

0 0 I 2 3 4 S 0 0 1 2 3 4 5

I ) 0 3 2 5 4 1 1 4 3 5 0 2

2 2 4 0 5 1 3 2 2 3 0 1 5 4

3 3 S I 4 0 2 3 3 5 1 4 2 0

4 4 2 5 0 3 1 4 4 0 5 2 1 3 |

5 5 3 4 1 2 0 5 5 2 4 0 3 ]

IpuBencHHbBIX TIPUMEPOB, MO-BUIMMOMY, TOCTATOYHO, YTO0Bl YCBOUTH TIOHSTUE
TPYNTIbL. 3aHUMASICL MOPQPOAOUHECK UM AHAAUZOM TPYTITT, MBI MTO3Xe YOSIUMCSI, KaKyI0
HCKJTIOUUTENBHO BAXHYIO POJib MIPACT [IPU ITOM npeolpazoeanue nodobus WM, Kax
YacTO €ro HashlBAT, mpancpopmayuornoe npeobpasosanue (2.8). OHO T03BONSIET
rpynity G, COCTOSILYIO W3 lEMEHTOB { ..., u, v, w, X, ¥, Z}, Pa3OUTb Ha KAQCCbl 3K8UBA-
aenmuocmu. OTHONIEHHE SKBUBATCHTHOCTH MPEIITONaraeT BeIIOJTHEHHUE TPEX 3aKO-
HOB — pegrexcusrocmu (KaXIbiil 31€MEHT @ paBeH caMoMy cebe: @ = a), CUMMEeMmpPUHHO-
cmu(ecnu a=b, 10 n b= a) u mpanzumusnocmu (ecina=bu b=c, 1o a=c). Bce rpu 3a-
KOHa BBITIOJIHSIOTCS JUTS TTpeoOpa3oBaHus noao0ust, KOTopoe Jist IpyTiibl G ¢ yKa3aH-
HBIMH 2JIEMEHTAMU 3aITMLIESTCS KaK

x:z_lyz, (2.15)

B Teop#H rpyiin B 3TOM ClIyyae MPUHATO FTOBOPUTH, YTO JIEMEHT X CONPANCEH 3Te-
MEHTY y IMOCPEICTBOM 3JIeMEHTA Z. 3aKOH peghrexcueHocmu BBIMOIHAETCS 4151 Tpeo6-
pasopanus nmogodus (2.15) B cuiy HenpeMe HHOTO CYIIeCTBOBaHUS B rpyiine (G TAKOTo
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SJICMEHTA Z, UTO

-1
X=2Z Xz,

B YAaCTHOCTH, KOraa z = e. [1/isi Toro yto0n! yGeAUThCs B CIIpaBeJUTMBOCTH 3aKOHA CUM-
MempuuHocmu, 1OCTATOYHO NpeobpaszoBarue (2.15) yMHOXUTH CIIpaBa Ha 2 !yt cnesa
Ha Z, NOJIy4YuM

y=zxz_
Ho, Tak kKak BCcsIKHil aneMeHT z uMeeT cebe oOpaTHLIN (w), IocheaHee PaBEHCTBO

MOXHO MEePENUCcaTh B Hy>KHOM HaM BUJe, T.e. KaK (2.15):

yzw_lxw.

1

Hakonen, npoBepuM BbINOJHEHUE 3aKOHA MPAH3UMUGHOCMU, KOTOPBINA B JaHHOM
ciiyyae popMyIUpyeTes CAeAYIOLIMM 006pa3oM:
—1 - -
€U x=2 yIZ U y=vV "uv, o x=wuw
DTO BO3MOXHO B CUJTY

-1 - -1 -1 -1 -1
x=z yz=2z (» uviz=(z v Ju(vz)=02) u(v)=w  uw.

B kommymamuenbix TPYTIIAX KaXIbli 3/1eMeHT 00pa3yeT CBOI1 COGCTBEHHBIH Kaace
CONPANCEHHOCMU, TAK YTO YUCJIO KIACCOB PABHO HOpAOKY (T.€. YUCITY 3J1EMEHTOB) IPYII-
MBI

-1 -1
X=z yzr=2 Zy = )

Ortclona pa3dueHue TPYIbl HA OTHOCHUTENbHbBIE KJIACCHl 3KBMBAJIEHTHOCTH Haya-

JIHBIX ITYTH MOPHNKOB 3apaHee NpeapelieHo, TaK KaK BCe OHM KOMMYTaTUBHEL. Briep-

BbI€ HCKOMMYTATUBHOCTb MEXKIY 2JICMECHTAMH BCTPEUYACTCA B I'PYIIIIC IU3Apa D3, KO-
TOpast COCTOUT, KaK MBI YK€ BUACIH, U3 ILHCCTH SJICMCHTOB.

2.2. leiictBus ¢ 0,1-marpunamu

JBYM eIMHUIIAM — TTOJIOXUTEIbHOU (+1) ¥ oTpuuartelibHOMU (—1) — ITOCTaBUM B COOT-
BeTcTBMe aBe 0,1-mMaTpuubl pazMepoM 2 x 2:

RN £ ) I (| (2.16)
0 1 10

HpOI/I3BeIIeM 0OBIUHOE NMEPECMHOXKCHUC 3TUX MATPULLL

[1 0](0 1):(0 1], T.e. Kak | x (-1) =-1,
0 1){1 0 1 0
0 1y0 1 10
(1 0][1 OJF(O 1), T.. KaK (-1) x (1) = 1.

Y6exmaeMcst, 4To mpu nepeMHoxeHuu 0,1-mMaTpuilbl BeayT cebs1 aHAJIOTUYHO Tpa-
JUIMOHHBIM eauHuuaM. CienosaresibHo, 3ameHa (2.16) mMo3BoJsieT BOCCO3AaTh
JIeHACTBUSI ¢ OTPHLIATENbHBIMH YUCTAMHU 6€3 MCI0b30BaAHU S CAMUX OTPULIATEIbHBIX
qHUCe.
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PaccMOTpUM KOHKpPETHbIH YMCA0BOM npUMep:

3 By = A

BceMmaTM MaTpuuamMm noCTaBUM B COOTBCTCTBHUEC MATPHLIBI y,U.BOGHHOﬁ Pa3MEepHOCTH, B
KOTOPbIX HET OTPHUUATC/IbHBIX HUCE]T —

(01203001 4350(1050
100 2{03 1034050105
0310202012950/ {0750
300 1/l0202)9205/ 170075

3mech B MATPUYHBIX 610Kax 2 x 2 ObUIM IPUHSITH CileJyIOIMe paBEeHCTBA:

4 3y (10 2.9 (07

3410 1) 9 2)70)

4-3=1, 2-9=-17.
OaHaKO MOXHO MPUHSATH, YTO

3o i) G akG o)

Eciu MBI He 3aXOTHM CMELIMBATE MTOJOXUTEIBHbIE Y OTPULIATENILHEIE Yhcia (To-
JO06HO TOMY, KaK Mbl HE CMELIIMBAEM MHUMYIO U BEILIECTBEHHYIO KOMIIOHEHTHI KOMTI-
JIEKCHOTO YMUCa) —

4xet3Ix(—e)zlxet+t0x(—e),
2xet+r9x(—e)#0xet+ 7 x(—e)),

TO KaXJA0OMY YUCIy 6yaeT oTBeuaTh OeCUHCileHHOE MHOXECTBO MAMPUYHBIX HUcen, O -
HOM OrepaLy YMHOXEeHHs Ynces — 6eCUrCICHHOE MHOXECTBO MATPUYHBIX YMHOXE-
uuit. Hanpumep, npoussenennio (—3) x 4 = —12 , OyaeT COOTBETCTBOBATh OECKOHEU-
HBIU psifl CAEAYIOUIMX SKBUBAICHTHbBIX Oflepalri:

2 5)(6 2) (22 34) (3 6)(5 1) (21 33) (10 13)(4 0) (40 52
5202 6) \3¢ 22716 3)l1 5) 133 21/ (13 10jl0 4) {52 40"

Tenepb o6paTUMCA K KomuaekcHbiM dticram. Kak U3BECTHO, OHM CTpOSITCS Ha 6a3e

YeThIpeX eAUHULL
ig=1 i,=10 bLH=—-1, i,=—1i,

KOTOpble MEPEeMHOXAIOTCSI B COOTBETCTBUU ¢ Tab1. 2.5. MHAeKCh 6a3UCHBIX eAUHUIL
MOAYMHSAIOTCS 3aKOHY CJIoXeHUs 1o mod (4). DTOT 3aK0H CIOXEHUS NTOAydaeTcd Iy-
TE€M CABMIA KaXIIOM IocJeaylole CTpOKU TabJIuLbl YMHOXEHMS Ha OJHY NMO3ULIUIO
BJIEBO OTHOCUTEIbHO KaXxJOMH rpeablayiiei ctpokd. OgHOBpEeMEHHO pacCMOTPUM
Tab. 2.6, B KOTOPOW UHAEKCHI GA3UCHBIX SAMHNIL TAKXKe UMKIUYECKH CIBUHYTHI HA
OJHY NO3ULIMIO BIipaBo. Ha ocHoBe Tab. 2.5 noctpoum yersipe 0,1-mMarpuisr. Heno-
CpeICTBEHHBIM TTIEPEMHOXEHHEM JIETKO YOeXKIaeMCsl, YTO B OTHOLIEHWH 3TUX MaTPHUIL
JEWCTBYET 3aKOH YMHOXEH s, BhIpaKeHHbIA Tabn. 2.5:

i0=i1xi3=1,i3=i]xi2=—i UT. O.

107



Tabnuua 2.5 Tabnuua 2.6

Qgliyliolig igliliolig

io io i1i2 ig Folioliq|iolis

Py |Fq117io2]lF3lig Py Falfoldiq P>
Folioliglioliy Foliolia|ioliy
Fgligifoldij|f Falifaliglig

1 000 0100 0 01 01 00 01

i0=01 OO,iI:OOIO,i2:0001,i3_1 000‘ 2.17)

0010 0001 I 000 06100
0001 1 000 01 00 0010

0606ueHHbIM KOMARAEKCHBL

=

yucaom X Gynem Ha3blBaTh MATPULLY pa3MepoM 4 x 4:
Xo X X2 X3

X3 Xo X X3

X = inO + xli] + Xziz + X3i3 = (218)

X, X3 X3 Xg
®opmMyna yMHOXEHUST ABYX 000OILIEHHbBIX KOMIUIEKCHBIX YUCE X M ¥ BEITEKAET U3
MEPEMHOXEHUS ABYX MaTpull Buaa (2.18):

Xg X1 Xy X3\ (Yo Yy Y2 V3
X3 Xo Xy Xo||V3 Yo ¥y V2
xy = ! : = (2.19)

Xz X3 Xg X || Y2 Y3 Yo N

X X2 X3 X )\Y1 Y2 Y3 Yo

A

=(ytxntoyntxay)ihbt0ntxytxnytxy it
tontxntxytxay) bttty txyi
ITpu nepeMHOXeHMHU 060BIIEHHBIX KOMILTEKCHbBIX YUCEJ I1OJ0XNTE/IbHBIE U OTPH-
HaTebHbIE KOMITOHEHThI Pe3yJIbTUPYIOUIEro YHMcla He repemelinrpatorcs. Ecnu npu-

HATb OOBIYHBIC NEUCTBUS B OTHOLUEHHHU TTOJIOXKHUTEILHBIX U OTPULIATEIBHBIX CAUHUL,
KOTOpBIE MBI 0D03HAYUM KaK jy, ¥ j;, To U3 (2.19) nonyunm:

xoyotxiystxyntxy)jtontxntxntxni-—
—ontxyntxnyntxy)i-Grntantxuy txyi= (2.20)
= [0 — x)( Yo — ¥2) — (xy = ) (yy =y jo T
+ [ — 2 )(yy — ¥3) + (x; — x3)( Yo — )] /v
BBeist HOBble 0003HAYEHUS U151 KOOPAUHAT MPadutylioHHbIX KOMILUIEKCHBIX YMCE @

n b, o6pa3oBaHHBIX Ha Ga3uce j, U j|, ByAeM UMeTh 3HAKOMYIO HaM €O IIKOJIbI GOpMy-
Iy yMHOXeHust. Mtak, 0603HauuM

QGy=Xy— Xy, ay=X —X3, by=yYy— ¥, by=y1 —»3,
torna u3 (2.20) umeem
(ag by —ay by ) jo + (ag by + ay by) jy = (agJo + ay j)boJo + by j))=ab.  (2.21)
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W3 papeHctB (2.18)—(2.21) BbiTeKaeT BO3MOXHOCTh NPEACTABICHHs B MATPHYHON
dopMe AeICTBUIT Hal KOMITIEKCHBIMM YuciaaMu. Bo3bMeM mis npuMepa 1Ba KOHK-
PETHBIX KOMIUIEKCHBIX UUC/IA @ U b; X MPpoU3BeneHUe aeT YHCIO ¢ B COOTBETCTBUH C
TPaIULLHOHHON (POPMYIOM:

ab=(-3+Dl -2D=~1+Ti=c
B MarpuyHOM npeacrasieHun GyieM UMeTh:

0130W1002'2730 0710
ab—0013(2100=0273(0071}=c.
30010021 0| (3027|1007
1300JL0021 7302(7100)

3aech AJ1s1 YMC/1a ¢ ONIOXKUTENLHOE M OTPHULIATE IbHOE MATPUYHBIE YKCTA BBIYUTA-
JHCh, T.€. 2 — 3 =— 1. I1pu nepeMHOXeHHH K& 0600LIEHHBIX KOMITICKCHbBIX YHCEN X U
¥, KaK yxe OblJ10 CKa3aHo, OTPHLATEIbHDIC 1 NOJIOXUTENbHbBlE KOMITIOHEHTR! He OyayT
MmepeMelIMBaTLCs, Kak Toro Tpedyer dopmyna (2.19):

xy = (lig + 3i, + 40y + 2i) 2y + 3iy + 1iy + 5i) = (27dy + 31§, + 28i, + 24is) =

13 4 2)2 31 5)(27 31 28 24
21 3 4|5 2 3 1] |24 27 31 28]
4 21 341 5 2 3| (28 24 27 31
342 1)3 1 5 2) \31 28 24 27

I'eoMeTpuyecKMii CMBICST YMHOXEHUS ABYX KOMIUIEKCHBIX YHUCEJ XOPOIIO M3BE-
CTEH — 3TO TIOBOPOT B KOMILUIEKCHOMN IOCKOCTH. «BpalliaTelbHOCTh» YMCIaM CO00-
WIAeTCsl 3a CYET LMKIUMYHOCTH 6aszuca (cM. Tabs. 2.2), koTopas NposiBAsieTcs elle U B
TOM, 4TO ITOCAEA0BATEIBHOE BO3BEICHHUE B CTENCHb MHUMOM ¢IMHULBI JACT BCE YEThI-
pe TUIla eIuHNLL

. . . . . .4 .
11:1, 12:—1, 13:——1, it=i'=1. (2.22)
MHuUMas eTMHULIA HAShIBASTCS 00pasyrouiell YUKAUeck020 6a3uca KOMILIEKCHOIO YHC-

Ja. JIio6sie yeThipe 0,1-Marpulibl, o6aaaai0lMe CBOMCTBOM LIMKJIHUYHOCTH B CMEICTIE
(2.22), oyayr maBarb U3oMopdHele CTPYKTYpH. B yactHocTH, 0,1-Marpuilsl Bua:

1 000 0010
., 101 00 1 0 . |0 001 (0 .
Iy = = =é, L= = =1,
001 0 \01 0100} \-10
0001 Ll 000
0100 0001 (2.23)
. |t 000 (-1 0\ , |00 1 0] (0 -1
hH= = =€, Iy= = =—1
0001| (0 -1 1000/ °1 0
0010 0100

MIpH NEPEeMHOXEHUH nanyT Tabu. 2.5.

Basuc (2.23) nodoben 6azucy (2.17), T.e. OLHU MATPUIILI MOXHO TIOJTYYUTD U3 IpY-
I'UX NYTEM MepecTAHOBKH 2-TO U 3-TO CTOAOUOB U COOTBETCTBYIOUIUX CTPOK C OIHO-
BPEMEHHBIM Tepeobo3HadeHHeM 6a3MCHbIX eIMHUIL Tabu. 2.6, DTy npoilenypy, OaHa-
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KO, JIETKO MOXHO OCYUIECTBUTD U C MOMOLILIO TpaHChopMallMoHHOX MaTpubl T, Ko-
TOpas y4acTByeT B peobpa3oBaHuu nonodus (2.8), ais i; bynem uMeThb

1 00001 00yl 0000010
i1=T‘]><i1'><T=O 01 0{0 010,001 O:O 0 01 -

601o600i00O0T1|01 O0OO01/01 00

00010 00 0)l0 001 1 000

Matpuust Tu T~ ofHAKOBBI, TAK KAK OHU OPMOHOPMUPOBAHbL N CUMMEMPUHHBL.

HBa 6azuca 0,1-matpun (2.17) u (2.23) obpasyior uzoMopdHbie LUKINIECKUE
TPYIIIbI, TOCKOJILKY UMEIOT OJIHY U Ty Xe Tabauily YMHoXeHuUs (Tabu. 2.5). ITosoxu-
teapHast (+1) v orpruartesabHas (— 1) enMHULBI M COOTBETCTBYIOLINE UM 0,1 -MaTpHIIBI
(2.16) TakKe COCTABISIIOT M30MOPQHbBIE MPYIIIb U3 ABYX 3J1€MEHTOB. MOXHO CKOHCT-
pyMpoBaTh TAKYI0 CUCTEMY «KOMILJIEKCHBIX» yMces, 6a3uc KoTopbix Oyaet obnanarh
CBOMCTBOM ILIMKJIMYHOCTH, HO € TIepHuoaoM paBHbiM He 4, a 3,5, 6, 7, 8 u 1.1. Bce onu
6ynyT rpynnamu. CooTBETCTBYIOLIME TabAMIbl LIMKIMYECKUX CABUTOB Ha ITO3ULIMIO
BJIEBO M HA IMO3WLMIO BNPABO C NEPHOIOM PaBHBIM 6 npeacrasiaeHsl ta0t. 2.7 u
Tab. 2.8, B KOTOPBIX BBITHCAHbI TOJIBKO UHACKCH 0a3UCHBIX €INHULL, TAK KAK UMEHHO
OHM HECYT BC10 MHGOPMALINIO O CTPOEHUH Ipyribl. Bua 060611eHHOro KOMIUIEKCHO-
TO YMciia Ha 6a3e HecTH eAMHUIL M hOpMYAa KX nepeMHOXKe HUSI aHATOTHYHbBI BEIpaxXe-
HUsM (2.18) u (2.19); HUYEro NPUHUMITUATBHO HOBOTO B HUX He OYaET.

Tabnuua 2.7 Tabnuua 2.8
0i{1]2|3|4:5 0(112|3|41}5
112]|3(4]5]|0 510|112 }3]|4
2134|501 4 151/0|1]2]|3
314|510 1]2 345|012
4|1 5|0;1}12]3 21314501
5/0]1]12/3]4 112)13lals]0

Bba3ucnas 0,1-MaTpuna oTpuaTENLHOTO YUCA NTOYHAJIACh TYTEM YABOCHUS pa3-
MepHOCTH GasucHoM 0,]1-MaTpuiibl NOJOXUTEILHOTO YHcaa, KOMIUIEKCHOE YHMCIIO
MOJIYYHJIOCH 34 CYET YABOSHHSI COBOKYITHOCTH TOJOXUTEIBHOTO U OTPULIATETBEHOTO
YHCes, YTO MOXHO NpeaCcTaBUTh (DOPMYIOH:

x=[xetx(—~el+t[netxy(—eli.

Tenepb PACCMOTPUM SUNEPKOMNAEKCHOE YUCAO, KOTOPOC HA3bIBACTCA KE8AMEPHUOHOM K
KOTOPOC NnoJayvdacTcs NyTeM yABOCHUA KOMIUICKCHOIO YUCNA!

x={xetx (—olt[npetxs(—eli}+{[x,etxs(—e]+
+tgetx;(—elitj=xyetx (—e +txi+x3(—i)+
Fxg Tt xs (=) xgk+x (= k).

IlpuBenem Tadbauiuy yMHoxeHus (Tabi. 2.9) v tabauuy 0a3MCHBIX €AMHHUIL
(ta6i1. 2.10) kBaTepHuoHa. CpaBHHUBast o6 TaGaMIIbI, MOXHO 3aMEeTHTb, YTO OHU OT-
JMYAIOTC APYT OT JAPYyra TOJNbKO Nopsiaikom cTpok. OTciona BBIBOA: ISt IOCTPOSHUS
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Tabmubl 6a3ucHBIX 0, 1-MaTpuil HEOOXOAUMO CTPOKH TabJIULILI YMHOXEHUS YITOPSII0-
YUTb TAK, YTOOBI BCE €€ TOXKAECTBEHHbIe 3JIEMEHTBl 0KA3aJIMCh HA IIaBHOM IMarOHAJTH.

Ha ocHoge Ta61. 2.10 MOXHO BbIMUCATH MOJHYIO CUCTEMY GA3UCHBIX eMHMI] KBa-
TepHHoOHAa. B yacTHoCTH, a1 6a3ucHol enuuuubl k 0,1-MaTpula BLITISUINT CAEHYIO-
1IIUM 0Opa3oMm:

0000:0010
000000011
00000100 (000 I
5-|0.0.001.000[ |0 0 -10](0:
1001 00000 0 TT0 0] o
0001 0000(l-10i0 0
01 000000
10000000

AHAJIOTMYHO CBOPAYMBAIOTCSH BCE OCTalbHble Da3UCHBIE ¢AMHULbL. TTonHAas cucre-
Ma Ga3MCHBIX €IMHULL Ha cBepHYTHIX 0,1 -MaTpUUax KBATEPHUOHA UMEET BHII;

10 -1 0 . (10 . (4 0
e= "—e: , 1= , —I= 5
(0 lj (0 ~lj [0 i} (0 —iJ

0 1 0 -1 0 i 0 -
j = -j= k= ~k = .
R R R

Tabnuua 2.9 Tabnuua 2.10
e |—-e| i |~-il j I —-]| kK |-k e |\—el 7 |—-i)y j |- kK |-k
-e|l e \—-i| i |—-j| J |— k! k -e|l el|l-il i |-j| ] |—k| k
i |~-ij-el e | kK |-k -7 j -i|l i | e |~el-k| k| j|-F
- i i e |—e|l— k| k J | -7 i | —-i|l—e| e kK |—k|—-j| J
J |-/l kK |—ki—e| e i | =i AN k — k| e |—e| —i]| i
-Jj| J |~ k| k e |—e| —i}| i J | —Jl— k| kK |[—e| e i | =i
k |~k| j | ~j|l—-i| i |—e| e -k| k| —j| j|-i|l iie|—e
k| k | —j| i 1 -iji|l e |~-e kK |- k| j |-j| i |-i|l—e| e

IMpuBeneHHble MATPHLIBI 00PA3YIOT AHTUKOMMYTATHBHYIO TPYIIITY, TaK Kak, CO-
rjaacHo 1abia. 2.9, umeem:

ij=k, ji=—k, jk=i, ki=—1i ik=-j ki=}]
ITpuBenemM 006061IEHHYIO POPMYTY ITEPEMHOXKEHHUSI IBYX KBATCPHUOHOB X U Y, IO

KOTOpOﬁ OTPUHATEJIbBHbIC N MTOJTOXUTEIAbHBIC KOMITOHCHTLI YHCIOBOIO arperara yxe
HE NIEPEeMCUIUBAOTCH!

(egyp + Xy xp3 + X3y, Xgys T oxsys + xeyy +x7p6) x e
T (xyy t X T xyy Xy Xyt xeys xeyg + xpy) x (—e)
T (Xyy x5yt Xy T Xyt Xsyr  XgYs T xqpg) x it
+ Oys + Xy + oyt Xyt Xyt xsys Xy Foxgps) x (D) F
+ st X ys T Xy Xyt xp toxsy Xy, Hxgyy) xj
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+ (ys T st oxve T Xy Xyt xsyy T oxeys T xgpy) x (=) +

+ (Xys t X107 X0 X305+ X3+ X5y T xeyy oy x b+

T (grr X T oxps Ty Hxgn t xsyy o xey t xpy) < (— k)
YaBoeHHe KOMILUIEKCHOTO YMC/Ia MOKHO TIOHMMATh MHAYe, a UMEHHO, KaK YABOe-

HHE JUIMHBI 1IMKNa ¢ 4 10 8. Toraa HOBOe ruliepKOMILIEKCHOE YU CIIo OyAeT MMETh Tab-

JIMLY YMHOXEHMA B Buae 1aba. 2.11.
Tabnuua 2.11

e |\ —el i | —-il f | -Jj| kK |~k
-e| e | —-i| i {\-ji| J |—k| &k
i |—-7il—-el e k |—k| -] T
- i i e | —e|— k| k J | =7
J |-/ kK |~ k| i |—-i|l—e| e
-Jfl J |- k| kK | —-i| i e |—e
k |-k|—-j| j  l-e|l el —-i| i
- k| k J |\ —-Jjl e |—e|l i |~i

TMocnennsist Tabavua yMHOXEHUSL CUMMETPHYHA OTHOCUTEIBHO IJIaBHOM AMaroHa-
JIM, B OTJIMYME OT NPEeAbIAYILUEro ciyyasi. ITO 3HAYUT, YTO YMHOXEHUE IBYX TUIIep-
KOMIUIEKCHBIX YMCEN, NOCTPOEHHbIX HAa 0a3UCHBIX eauHuuax Ttabn. 2.7, Oyner yxe
KOMMYTaTHBHbIM.

[Be craenylouiye rpymnnbi 6azuCcHbIX eAMHULL —

Y Y 3 Y O O 1 Y 3 Y 8
othlo S GI GG SR

u3oMoppHb MEXTY COD0I, B YeM MOXHO yOCAUTLCS, €CAM COCTaBUTh IJISI HUX TaOIULIbI
YMHOXeHHST, COXpPaHHUB NP 9TOM MPHUBe/ie HH I Mops 10K 31emMe HTOB. Hanee, eciin o6a
pPsila MATPULL [IEPCMHOXUTH MEXIY COOOMH, BO3HUKHYT €111€ YeThIpe MaTPULLBL:

o2} 0 20 (000G 5

OO0BbeTHUB 9T MATPULBL C JIByMS IPEABITYIIMMH PSAAMU, TIOJYYUM HOBBIN KOMMY-
mamuenbtii 6a3nc u3 16 pasnuuHLIX MATPUIL

Ipouenypy yaBoeHHUsI 2J1eMEHTOB FPYITLI MOXHO TTPOACIKUTE, HAIIPUMED, U TaK:
YABOEHHbIE 0a3UCHBIC €AUHHULIBI KBATEPHUOHA —

b AN DEHE S GG Y

JIOTIOJIHUTD IN00O MaTpuuaMM BUIA!

o) Gah ot (5 oh G ob (530 (e ah (5 3)

<o
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JU00 APYTUMU MaTpHLAMH —-

N e A R i (O S N I R P

B 060uxX ciyyasix noayqaercs yxe HekommymamusHoiii 6a3uc u3 16 marpui.
OOpaTUMCst K BOTIPOCY O coOCHEeHHbIX 3HaueHuax. PaHee Mbl TOKa3aJIv, YTO BCAKYIO
MaTpully Z BHIA!

z—x R4 —(l Ox+/0 -1 =X+
y x)lo 1) T o))

MOXHO pPacCMaTpUBATh B KAYeCTBE KOMITIEKCHOTO yucaa. HecnoxHo nogobpats s 2
TaKylo TpaHCHOPMaUMOHHYI0 MaTpuLy 7, 4TOOBI C €€ MOMOUIBIO MOXHO BbLIO OCY1IE-
CTBUTH MpeodpazoBaHUe NOACOHs, PE3yAbTATOM KOTOPOro ObuM Obl COOCTBEHHBIE
3HAYECHUST —

1 ok | 1 ;
A=T"'eT :(/Ji /ﬁ](x _y](/ﬁ /ﬁj:(x_’y 0 j
Vo Vo) s\ a o) L0 x+iy
AHaJIOTUYHOTO pe3ynbTaTa MOXHO }IO6MT]>C5I, €CJIN U151 MaTpuiibl ZCOCTABUTDH XapaKTC-
PUCTUYECKUIA OITPEACIUTENDb M 3aT€M OTBICKATh KOPHHM XapaKTEPUCTUYECKOTO yPaBHE-
Hus. Jlna onpenenutens pasMepHOCTH 2 x 2 feiicTByeT npocras GopMmysa, KoTopas
[IPUBOIMUT K TIPEAbLAYIIEMY Pe3yIbTaTy:

2
A :‘111+a22+\/(‘111*‘122)
1,2 1

Ceifgac MBI YKaXeM eILe OAWH CITOcos HAX0XAeHUsI COGCTBEHHBIX 3HaYeHU . [1Jist 3TO-
'O C MOMOILbIO 3aMeHbt (2.16) YyBeIMUUM MATPULLY Z PAa3MEPHOCTHU 2 X 2 10 pa3MEPHO-
CTH 8 X 8, MPU BTOM Bce x CHAOAUM NHAEKCAaMU, YTOOBI MOXHO ObLJIO BUIETh, KAKMM 00-
Pa3oM CIEAYET MIPOU3BOAUTD [1EPECTAHOBKY CTPOK M CTOJIOLIOB [JIst TOTYYE€HUS HyXKHOM
HaM CTPYKTYPBHI:

+a,a, =Xxtiy.

x 0.0 0:0 0 y O x 0 y 0 0 0 0
00 x, 0 0i0 0 0 y/ {0 x5 y 0i0 0 0 0
0 00 x;7 0.y 0 0 Ol 1y 0 x 0i0 0 0 0
0 0 0 /0 y 0 0[ |0 y 0 x,:0 0 0 0 (x+iy 0
YT 0 0 0 0 Tlo o0 0y 0y o 2( 0 x-iy]'
0 » 0 0i0 x, 0 0/ {0 0 0 0:0 x, 0 y
00 y 0i0 0 x 0110 0 0 010 y x 0
00 0 yi0 0 0 x) 0 0 0 0fy 0 0 x

CoOCTBEHHBIMY 3HAYeHUSIMU 0, | -MaTPHiL IBJISIIOTCS KOPHH H-0M CTENEHH U3 EOH-
Hunpt. Ecin kaxkaa-nu6o 0,1-marpulia @ obpauaercs B eIMHUYHYIO MAaTPULLY e [pHU
IOKa3aTesie CTeNeHH, paBHBIM, CKaXeM, YeThbipeM, TO COOCTBEHHBIMM 3HAaYEHHUAMU
MAaTpULEB] @ OYAYT YeThIpe KOPHS U3 eAMHULb. MaTpulibl, 00JIaaoinme ONMHAKOBBI-
MU HAGopaMHu COOCTBEHHBIX 3HAYEHUH, TOT0GHBI MeX 1y coO0M, MpuieM OHU 006pasy-
10T abcoaromubie KJacChl SKBUBAIEHTHOCTH, XOTS CAMU MATPUILIbI MOTYT OBITh 3JIEMEH-
TaMU KOMMYTATHUBHBIX TPy, TIe KaXIbIH 3JIeMEHT, KaK U3BECTHO, 06pa3yeT CBOM
omHocumenbHbLl Knace SkBUBaieHTHOCTH. [IpuBeneM HecKoJibko 6a3ucHbIx 0,1-Mat-
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PMIL ¥ PSIIOM C HUMM BbIITHIIEM Habopbl MX COOCTBEHHbIX 3HAUEHUM:
(o 1 0 0\—1 (0 00 1%1 001 0)—1 (0 1 0 0}-1

10 0 0]+l [0 0 1 0j+1 [0 0 0 1j+i [0 0 1 0f+i
to 00 1]+’ fo 1 0 OJ—I’ 01 0 OJ-:" 00 0 lJ—i’
001041000+1L1000+1L]000+1
000 1i0000-1 (00000071 0y -I
001 0,000 0+ (0000000 1|-Ys1-i)
1000000 0/- [000001 00-Yz0+0
01.0.00000+ 00001000 =i
00000O0OTI|-"|1 0000000 -i
00000O0T 0j«i (01 000000 +
0000 000O0[-i [001 0000 0|Y0+d)
00000100/« (00010000 Yz0-0

Taxum o6pazoM, HaAOOPbI cOBCTBEHHbBIX 3HAUEHU I 6a3ucHbiX 0,1 -MaTpUll OTHO3HAYHO
XapaKTEPUIYIOT #EPUOOUHHOCI b MATPULIBL.

Ha ocrose 3aMeHBI (2.16) MOXHO IMOMYUYUTE MHOTHE BAXXHBIE MATEMATHIECKHE pe-
3YJIbTAThl, KOTOPBIE, OBITh MOXET, HEMOCPEACTBEHHO U HE CBS3aHbl € rpylinaMu. Tax,
JIETKO N0Ka3aTh, YTO MATPUIIBI BUAA —

e sh (oh (53

HUMECIOT OJWHAKOBbIC Ha60pbl COOCTBEHHbIX 3HAYEHUH, TTOCKOJIBKY BCE TPHU MATpULIbI
nocje pa3BopadyMBaHMs U COOTBETCTBYIOLLEH NnepeCTaHOBKU AUATrOHAJIBHBIX 2JICMCH-
TOB O6Hapy)KI/IBa}OT CBOIO HACHTUYHOCTD!

4 0 0 0{0 0 ¢ 0Y(a 0 0 0Oic 0 0 0)(az O 0 0:0 ¢ 0 0
0 a, 0 0,0 0 0 ¢ |0 a 0 0/0 ¢ 0 0[]0 a 0 0ic 0 0 0
0 0 a, 00 ¢ 0 0[]0 0 a 0:0 0 ¢ 0]|0 0 a 0/0 0 0 ¢
0 0 0 aic 0 0 0|10 0 0 a0 0 0 c[|0 0 0 a0 0 ¢ 0
0 0 0 c¢ib 0 0 O |c 0 0 0: b0 0 O[O0 c 0 0ib 0 0 0
0 0 ¢ 0:0 b, 0 0|0 ¢ 0O 0.0 b 0 0fjc 0 0 0i0 b 0 0
c 0 0 0/0 0 b 0[]0 0 ¢ 0 0 b, 010 0 0 ci0 0 b 0
0 ¢ 0 0i0 0 0 hJ)I'0 0 0 ¢ci0 0 0 )10 0 ¢ 010 0 0 b
Hecnoxuo Y6CZII/ITI>CH B CHPABCATUBOCTH UCNHU SKBUBAJICHTHBIX YHUCJIOBBIX MaT-
puLL

4 2\ (4 2) (4 -2\ (55+25i O
=28 7082 7)7\=2 7))L 0 55-25i)
Bce TONBKO YTO MOJYUYSHHBIE PE3Y/IbTaThl PACIIPOCTPAHSIIOTCS Ha MAaTPULIbI 00J1b-
X pasMepHocTeld. KpoMe Toro, cieiyeT UMeTh B BULY, UTO JI00YIO0 3pmMumogy mam-

puyy (H) MOXHO [peCTaBUTh KOMILJIEKCHBIM YMCIOM U3 MAaTPULL CUMMETPUYHOH (.5)
U KOCOCHUMMETPHYIHOM (K) CTPYKTYpHI:

S -K
H=5+iK= .
+i (K Sj
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3aBeplIvM ITOT pasesl ABYMS HETPUBHAJIbLHLIMH IIPUMEPAMH.

IHpumep 1. TlepemMHOX UM ABE MAaTpULILI A U B C BelileCTBEHHBIMU, B TOM YHUCJIE U OT-
pULIATETHHBIMM, MATPUUHBIMU 27eMeHTamMu. Jatee, ucronn3ys 3ameny (2.16), pas-
BepHeM MaTpulibl A M B0 MaTpuLl A, U B; 1 BHOBB MX IePeMHOXUM. [1JIst Bcex pe3yJib-
tupytounx matpuil C, C; n C, HaiineM coGCTBeHHbIe 3HA4SHMS, KOTOPbIE BBINUILIEM
B Tabsu. 2.12.

73 45 3l } 18 44 -39 (—11.26 ~5691 1810
C=4-B=|05 82 -59{ 37 11 -76|=| 4599 4458 -1166.
34 =27 -63)(-25 -64 87 L 1188 2239 -5435)

(7.3 00700 453l ().01 (1.8 0000 44

0 311100 1 4

Clmh B - 00 5.9“37 00 11 00, )
.................................. 59 001100 3700 I1:76 00
0.0 6.3J Lo.o 2500 6487 00
63 00,125 00i64 00i00 87
(314 2440: 00 56911 6117 43.07 (00 1126: 00 5691(1810 00
2440 1314 5691 00 @ 4307 6117 112600 5691 00 i 00 1810
14599 00 14678 221 00 1166 14599 00 (4458 00 | 00 1166
| 00 4599% 22 4678 1166 00 | P71 00 4599 00 4458 1166 00 |
2187 999 (4032 793 2052 7487 Lnss 00 2239 00 | 00 5435
999 2187 1 793 4032 7487 2052 00 1188 0 00 22391 5435 00

Tabnuua 2.12

CobcT. 3HadeHus C | CobeT. 3HaveHus Cy | CobeT. 3HadeHus O
- 0.0481 + 51.9424 |- 0.0481 + 51.9424 j| - 0.0481 + 51.9424 7
- 0.0481 - 51.9424 7| - 0.0481 - 51.9424 7| - 0.0481 — 51.9424 7

- 20.9338 - 20.9338 - 20.9338
— 195.3817 122.02
— 0.4562 16.3986
— -13.9279 -28.2267

Kommenmapuii k npumepy 1. Ilpouienypa ymHoxenus Matpuu A Ha Bu A, Ha B, nana
HOYTH ORMH M TOT XK€ pe3ynbraT: MaTpulbl C, C; ¥ C, 5KBUBAJIEHTHEI, HAa YTO YKa3bIBa-
€T HAUTMYHE B UX COBCTBEHHBIX 3HAYEHUAX TPEX OMMHAKOBBIX ynces. OIHaKO eCTh M He
SKBUBAJICHTHAsS! KOMITOHEHTA. DTO CBA3aHO C TeM, UTO pa3BepRyThle Marpuubl C; u G,
HecyT Gonee o6UIMPHYIO HHbOopMauuio, yeM MaTpuua C. [To3ToMy MBI TOBOpUM, YTO
matpuubl C; u C, nodobuet (comomopguut) C.

IIpumep 2. TlycTb nana spmumosa matpuila H, HalineM ee cOOCTBEHHbBIE 3HAYECHUS
A. 3aTeM KOMILIEKCHYIO MaTpully H pa3BepHeM B Be1ieCTBEHHYIO MaTpully H, ¢ OTpH-
LaTeJIbHBIMM 2JIEMEHTAMU U CHOBA Halaem cobGcrBeHHBbIe 3HadeHust A;. Hakoren,
HaitileM coOCTBEHHbBIE 3HAaYeHUs A, MaTpulibl 1, C TIONOXUTERLHBIMY 3IEMEHTAMH,
MoJiydeHHbIMM 110 popmye (2.17).

115



( 1.3 42 -37i 08i -1369 00 00

H=142+37 76 36-75i|, A=| 00 275 00|,
L 08 36+75 49 | 00 00 9.54J
13 42 00100 37 -08) (275 00 00700 00 00 )
42 76 361 -37 00 75 ’ ‘o.o 275 0000 00 00
goo|00.36 490 08 =75 00 100 00 954:00 00 00 ’
'Tloo <37 0813 42 00 |0 "'Ti00 00 00954 00 00 |
37 00 75 42 -76 36 Lo.o 00 00i00 -1369 00 |
08 75 00! 00 36 49 ) 00 00 00:00 00 -13.69J
13 00 00 00:42 00 00 37.00 08 00 00
00 13 00 00237 42 00 00:00 00 08 00
00 00 13 0000 37 42 0000 00 00 08
00 00 00 13100 00 37 42:08 00 00 00
42 37 00 0000 00 76 0036 00 00 75
f,-|00 42 37 0000 00 00 76,75 36 00 00

..............................................................................................

00 08 00 oo 00 00 36 75(00 00 49 00
0.0 00 08 00:75 00 00 3600 00 00 49

CobcTBeHHBIE 3HAYEHUS PABHbL:
2.75,2.75, 9.54, 9.54, — 13.69, — 13.69, 2.25, 1.82, 1.09, 10.46, — 7.81, 19.79.

Kommenmapuii k npumepy 2. Ecnu 661 MBI IpUMEHUTENBLHO K H| BOCIIONB30BATUCH
3amenoi (2.16) BMecTo (2.17), TO y BHOBb HOJYYHUBILIECHCS MATPHULIbI ObiIM GBI TOYHO
TaKUe K& COOCTBEHHBIE 3HAYEHMs, YTO M ¥ MATPULLbl 5. DTO TOBOPUT O TOM, YTO [UISL
HaXOXAECHMS1 COOCTBEHHbIX 3HAYECHH I BaXXHA UMEHHO CBA3b JMArCHATbHbBIX 3JIEMEH-
TOB C HeIIMarOHATLHBIMH.

IMpu nepexoae ot matpuiibl H K MaTpuile H; COOCTBEHHbiIe 3HAYEHHUSI POCTO Y-
BOWIMCE, & IPH niepexosie oT H; K H, 106aBUINCH 1IECTh PA3TMYHBIX BELIECTBEHHBIX
3HaueHUil. B npumepe 1 nonosiHuteNbHbie COOCTBEHHbBIE 3HAUCHUS TAKXKE ITOSIBU-
JIUCH 33 CYET CTPYKTYPHOMU TTePeCcTPOIiKU MaTpHLL, KOTOPAasi IPUBEIA K MTOJTOXHUTEIb-
HBIM MATPUYHBIM 3JieMeHTaAM. Takum obpazom, TpeboBaHMe O HEJZOMYCTUMOCTHU
CMELUEHUST ITOJIOXUTEIbHBIX U OTPUILIATE/IBHBIX YUCE TIOPOIHIIO HEIKBUBATIEHTHYIO
npouenypy. 3aecs Matpuua H, uzomopgua ucxonnoit marpuue H, rorna kak MaTpu-
ua H, tonsko zomomopgua H.

2.3. lloacTanoBKH

KoMIiekcHOE UMCA0 eCTh ABYXKOOPAUHATHBIM geKinop, KBATEPHUOH — YETBIPEXKOOP-
JUHATHBINA M T.1. B npeabinyiieM pasaesne Mbl paccMaTpuBaiu 6asucHeie 0,1 -MaTpHILhI,
KOTOpBIE HE IAI0T CMEIUMBATHCS Pa3JIMYHbIM KOOPAWHATAM YHMCIOBBIX ATPEraToOB U O/~
HOBpPEMEHHO 3aaI0T 3AKOH [MePEMHOXeHUS A1 uX 6a3UCHbIX e tMHULL. OaHaKo rpym-
el 0, 1 -MaTpu1l 06pa3yioT Bee Xe onepayuoHivie MHOXecTBa. COOTBETCTBYIOINM Cy0-
CMAHYUOHHBIM MHOXECTBOM JIst HUX c1yXKaT (0, 1 -BeKTOPBI-CTONAOL B!, 0 KOTOPHIX HUYE-
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ro He ObL10 ckazaHo. Mexay Tem, wist 0,1-Marpuil koMmuiekcHoro uucia (2.17) B
KadecTBe 6a3uca MOryT BLICTYINATh, HATIpUMED, 1€PBLIC CTONOLbI TUX MAaTpULL. Mbi He
cTaHeM oTiepupoBath 5TuMH 0, 1-BekTopamHu, a 1ipuderHeM K 6osee 3¢ dexTuBHOM! Me-
TOJAMKE, BBEJS B 0OpallicHHE HOBbIN MaTeMAaTHUECKUI OOBEKT — nOOCMAHOBKU.

Bcsikasi 0,1-MaTpuia nepectapiser 4Mcia B BEKTOPe-CTON0LEe, KOTOPHIA HyMepyeT
CTPOKM 3TOM MaTpuilbl. Hanpumep, mwist 6a3MCHbBIX AMHUL KOMIUIEKCHOTO YUCa i U
iy , UMeeMm:

01 0 0\/(0) (1 (0010(02
cfoo o) f2p 000 1|1} 43
PTlooo o 121 {3 Pt oo ofl2]]o)

100 0/3) 10 01 0 0)i3) U

CaemoBaTelibHO, 110001 (), | -MaTpHULIe MOXHO IMTOCTaBUTh B COOTBETCTBHE ABYXPSIIHYIO
TaOJMILLY; B HALIEM C1yvae 5T0 —

./0123.0123)
112 ,12: .
1230 2 30 1)

Taxue IByxpsjiHbie TaGNWLIBI U HA3LIBAIOTCH HodcmaHoskamu {airebpanyecKuit Tep-
MMH) UM hepecmanoskamy (KOMOWHATOPHbBIA TEPMUH, KOTOPBIM MbI TTPEUMYILECT-
BEHHO MOJIL30BATLCS HE OyIeM).

INoacraHoBKH YIMBUTENLHBIM 00pa30M COCANHIIOT B cebe onepayuonryo u cyo-
CMAHYLOHHYIO CYIITHOCTh JTMHEHHDbIX MpeoOpa3oBaHUi, paHee NPeACTaBJeHHBIX MaT-
pULaMU U BeKTOpaMu. 3a CyOCTAHLIMOHHOE MHOXECTBO CJIEIYeT TIPUHSTD UHOEKCb
MOJACTAHOBOK, T.e. yucia {0, 1, 2, 3}, a 3a ornepallioHHOE — CaMHM [TOJICTAHOBKH, IIEpe-
CTaBJIAIOLIIME DTU UHIEKChI. B obuiemM ciayuae vucio cy6cmanyuonHbIX 31eMeRmMo8 2pyn-
nbl He cosnadaem ¢ ONEPALUOHHBIM, HO MOXHO JOOUTHCSI TOTO, YTOObI 00a MHOXECTBa
WMeEIU OOMHAKOBOE YUCIIO SJ1eMeHTOB. sl 3TOro HY>KHO COCTABUTDb TabNMIly YMHO-
XXEeHMS, U 3aTeM 10 ¢T0J10i1aM (TaK MBI OyJeM ITOCTyNaTh B 1aJibHEHIIEM, XOTS HUYTO
He MellaeT 3Ty NPOoLeLypy IPOBOIUTL TIO CTPOKAM) BBHITTUCAThH TaK Ha3bIBAEMBIE pegy-
aapHvie nodcmanosxu. Iokaxem, kaxk 1o nenaercs. [TycTb faHa TabauLa NNepeMHOXe-
HUST MHJEKCOB (CyOCTaHLMOHHOE MHOXECTBO), KOTOPBIC B 3TOM CJ1ydae SIBJISIOTCS Ol -
HOBPEMEHHO M DJIEMEHTAMM Pyl (ONMepallMOHHbBIM MHOXeCTBOM) — Tabmr. 2.13.
Torga vckomad rpynna G peTyasipHbIX MOACTAHOBOK, OTBeualolasl croabuam
1abs1. 2.13, BRITJISIAUT CAEAYIOIUM 00pa3oMm:

0_012345671_01234567
01234567 10325476/
2_012345673_01234567
23016 745 32107635 4)
4 (01234567 (01234567
1456 72301/ 54763210/
6_01234567‘%01234567
6 7450123 76541032/
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Tabnuua 2.13

~Njolols]w|viwlo
oiNisiOlv|jw o=
giniviol=|joiw|n
aojo|Nfjoi= N |w
—~|lolw|vivwio|als
o= |vw|loiwis|lo
wlin|=mlolo|s|Nloe
Niwlo=lrlojoiw

IToncTtaHOBKHM MMEIOT Psii OYEBHAHBIX AOCTOMHCTB nepen 0,]l-MaTpuuamu:
BO-TIEPBbIX, OHU MEHEE I'POMO3/IKU, BO-BTOPbIX, UX MPOIIIE TEPEMHOXAaTh, B-TPEThUX,
CYIIECTBYET CrielHaIbHAs 3aITUCh TOACTAHOBOK, TIPU KOTOPOit Cpa3y MOXHO onpeje-
JIUTH UX CTeTNIeHb ePHOANYHOCTH. U 3TO Tpu TOM, 4To MMeeTcs TeopeMa Ko, yTteep-
XKIAI01IAs], YTO He CYLIECTBYET TAKOM IpyNIibl, KOTOPYIO HeTb3s1 ObLI0 OBI IPEeACTABUTD
MOJICTAHOBKAMM.

TToxaxem, Kak TpOU3BOAUTCS NEPEMHOXEHHE MOICTAHOBOK Ha ITPUMeEPE yMHOXe-
HUS 6a3UCHBIX eIMHUL KOMIUIEKCHOTO UKcna i) U ;. C 9TOil Liesibio NPOCeAnM repe-
XOI MHIEKCOB OT OJTHOM IIOJCTAHOBKH K Apyroi. MHaekc 0 moACTaHOBKH i) IEPEXOAUT
B 1, a | MOACTAHOBKM i, MEPEXOAUT B 3; CICAOBATEABHO, B PE3YJbTUPYIOUIEH MONCTa-
HOBKe i; ( OyneT nepexoauThb cpasy B 3. 3aTeM CMOTPUM, BO 4TO rnepexoaut 1: 1 - 2 -
0, 3HauuT, mis i; unnekc 1 nepeiinerB 0. Janee,2 535 1u3—>0-2,orciona2 » 1u
3 - 2. B urore noayduM NMOACTAHOBKY i; CIEAYIOLIETO BUIA!

.. 01 2 330 1 2 3y (01 2 3} .
LXh= = =1 .
1 2 3 0/\2 3 01 301 2

IlepemMHOXast BCeMH BO3MOXHBIMU CIIOCOOAMU PETYJISIPHBIE MTOJACTAHOBKM Iyl G,
ybexaaeMmcs, 4To OHM J1a10T 1abda. 2.13.

Jlerko nepeMHOXAalOTCsl OJHOBPEMEHHO TPU WM j1axe GoJibliiee YUCIO MOACTAHO-
BOK, HanpuMmep:

0123 40123401234 (01234
213 40/l1 4320)43210/{102 43/
33pecb 0> 2 - 3 — 1, 1.e. 0 Bpe3yibTUPYIOUIEN ITOJCTAHOBKE Cpa3y nmepexoauT B 1.

IMoacTtaHoBKa, He MEPECTABASIOAsl HU OJIHOTO UH/IEKCA, HA3bIBACTCH mMoxciecn -
sennol (HeiimpanvHoli Vian edunuyvnolr). OHa OTBEYACT eAMHUYHON MaTPULE:

012 ..
e = .
(1 23 J

ToxaecTBEeHHBIMU MOACTAHOBKAMU SIBASIOTCS iy B 6a3Mce KOMIUJIEKCHOIO YUCHa U
0 B rpynre G (ta6u. 2.13). [IBe NOACTAHOBKHU, AatoLMe MPH MEePEMHOXEHHUH TOXAECT-
BEHHYIO MOICTAHOBKY €, Ha3bIBAIOTCSl 83QUMHO 0OpamHbIMU, B YACTHOCTH, TAKOBBIMU
SIBJISIIOTCS TMOJCTAHOBKH i U i3 B 0a3nce KOMIUIEKCHOIO YHCIa;

, . 012 3)y(01 2 3 012 3y ,
Ll = = = Iy
2 31 0)32 01 012 3
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IToacranoskwu 1, 2, 3 rpynnsl GsiBASIOTCS B3aMMHO OOPaTHBIMMU, & [UTS MOACTAHOBOK 4,
5,6, 7 06paTHBIMU CIIyXaT 6, 7, 4, 5, COOTBETCTBEHHO.

Yrto0b! U3 3a1aHHON NOICTAHOBKH & MOJIyYUTh B3AUMHO 0OPATHYIO a_l, HeoOxonu-
MO BEPXHIOIO CTPOKY MOACTAHOBKH MOMEHSTh C HHXKHENR U YINOPSIOUUTL UHAEKCH
BepxHei cTpoku. [Tycts

,(012345%6
o041 326 5)

TOTAA, COTJIACHO ONpeieNeHUI0, Oy/l1eM UMETh:
0 (00413265 (0123456¢6
o1 23456/102 431635

BHuMaTebHbIi aHATIM3 BCEX MOACTAHOBOK I'pyrinbl G OATBEPXKAACT 3TY B3AUMOCBA3b
MEX/Iy UCXOJIHbIMH H OOPATHBIMH ITOACTAHOBKAMM.

[ToacTaHoBKHM yaA06GHO 3aNMUCHIBATL B yukAuveckoid gropme. I1py Takoit 3anIMcH MH-
JEKChI, OCTAIOIVECSt HA MeCTe, OOBIYHO He nuiuyTcd. Tak, NojJcTaHOBKA @ UMEET Clie-
JYIOLIMeE Tiepexoant MHIeKcoB: 0 > 0,1 24 52— 1,3 53,556 5. CieroBaTen-
HO, B LMKIH4YeCcKOH (popMe OHA 3alUILETCS TaK:

0123456
_(O 4130 6 5)--(0)(142)(3)(56)—(0)(142)(3)(56)(7)(8)...—(142)(56).

CumnTtaercst, 4To MHAEKCHI 7, 8 M T.4. Tak Xe, kKak 0 1 3, HeABHO [PUCYTCTBYIOT B [1OACTA-
HOBKE 4, HO TOX/IECTBEHHO NePexoasiT caMu B cebs. B CBsI3M ¢ 5TUM TOXAECTBEHHYIO
MOJCTaHOBKY 0003HauYaloT Yepe3 cAMHUUHBIN UMK e= (0). Pery/isipHble NOACTAHOBKHU
rpynmnbl G UMEIOT CNISYIOLUMNA HMKINYCCKUI BUM!

0 = (0), 2 = (02)(13)(46)(57), 4 = (0426)(1537), 6 = (0624)(1735),
1= (01)(23)(45)(67), 3= (03)(12)(47)(56), 5= (0527)(1436), 7 = (0725)(1634).
Be3pa3nleo, C Kakon MMO3ULIUU 3alTUCHIBATH LIMKJT.

() = (i), k) = (ki) = (kif), (k) = (kli) = ...,
MO3TOMY

i, = (0123) = (1230) = (2301) = (3012),

a = (421)(56) = (421)(65) = (214)(56) = (214)(65),

6 = (6240)(1735) = (2406)(3517) = (4062)(3517).

Luxibl o1HO#M M TOH XKe MOJCTAHOBKM MOXKHO IePeCTaBIISTh, T.€. OHU KOMMYTHPY-
10T BHYTPH 3TOI MOACTAHOBKMU:

(k) (D(mn) = (D(Gk)(mn) = (mn) (kD) = (nm)(kij)(]),
i = (02)(13) = (13)(02), a = (142)(56) = (56)(142),
6 = (1735)(0624), 4 = (3715)(4260).

PaznoxeHu1o NoJCTAHOBKY HA CUCTEMY He3asucUMbiX UMKIIOB OTBEYAET pasaoxe-
HME JaHHOU MOACTAHOBKH HA CUCTEMY KOMMYTHUPYIOLIMX MHOXUTEEH:

L {023 (01230123
2“2301J_2103,0321’
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a=(012345612(0123456][0123456}
0413265/0413255/01234635)
62(01234567):(01234567)(01234567)‘
6 7450123/61430527/l072541F¢63

BneMeHTapHast IMKJIMUECKas TOICTAHOBKA, TEPECTABISIONIAs IBA TIOObIX UHIEKCa i U
J HaspiBaeTcsd mparcno3uyuel. Tpancmo3uimst 001aaaeT BaXXHbIM CBOHCTBOM: OHa 00-
patHa cama cebe, T.e. (i) = (i) ~', Tak Kak (§j)(ij)= e. JJ106yi0 TPaHCRO3ULIHIO (i) MOXKHO
MPEeACTABJIATh IPOU3BEACHHUEM CMENCHHIX TPAHCTIO3ULIMH 110 hopmyJe:
H=0i-DG=1,-2).. (2.25)
W F 2,0+ DG IE DG, G2, DG — 1, )
HarpHuMep,
(48) = (87)(76)(65)(54)(56)(67)(78).
A m1060i1 LUKIT MOXKET OBITh Pa3I0XKEH HA TPAHCIO3ULIM U, IPUYEM HECKOAbKUMH CIIO-
cobamu:

(k) = (iHGiky = Gk)(i) = (ki) (k)), (2.26)
(k) = (HR)ED = GRGHGD = GRYGH) = (k)T = WUIDG) = ..
HaIpuMep,

a = (142)(56) = (14)(12)(56) = (42)(41)(56) = (21)(24)(56) = (56)(14)(12),

6 = (0624)(1735) = (06)(02)(04)(17)(13)(15) = (26)(46)(06)(35)(37)(13) = ...
CnpasemmBocts opmyit (2.25) u (2.26) nposepsieTcsi yTeM HEIMOCPEICTBEHHOTO TTe-
PEMHOXEHMSI CMEXHBIX TPAHCITO3UL M.

Ecnu paHa noicTaHoOBKA, MpeACTaBieHHAs B LIMKJIMYECKOM BHje, TO oOpaTHas ei
UIIeTCst IyTeM oOpaTHOH 3anMCcu MOCAeI0BATENLHOCTU BCEX €€ MHIEKCOB:

a = (ghijk)(Imn), a ™" = (gkjih)(Inm);
HarpumMmep,
6 = (0624)(1735), 6 ' = (0426)(1537) = 4.

Tpancnozuuuu, purypupyloinme B popmynax (2.25) u (2.26), cessanHbie, TaK Kak
HMEIOT KaKoi-Tnb6o obmni nraekc. Bee ca3anHble TPAHCTIO3UIHH He KOMMYTUPY-
10T U HE MOTYT ObITh NepecTansieHbl MecTaMu. Ecnn a, b 1 ¢ — 3aBUCHMBbIE TPAHCITO3HU-
LMY, LUKJIBI UM JaXe Leble MOJCTAHOBKU, TO UMEET MECTO PABEeHCTBO:

abc=c 'b"'a".
B uacTHOCTH, [JIsI CBA3aHHBIX TPAHCITO3ULUH UMEEM:

(k) ™' = (AGRGD) ™ = (D)~ = (DR = (k).
Bonee o61umii cnyyait npousuniocTpupyem npuMepom. IycTsb 1aHo chaeaylolee mpous-
BeJICHHE [TOJICTAHOBOK:

x=c lafib 2
Yro6el HAliTH X ', HEOBXOAUMO HCXOLHOE BLIPAXEHME 3aITCaATh B 0GpaTHOM HOPSIIKE
C MPOTUBONONOXHBIMY NOKa3aTeSIMU CTENeHeH:

x '=b2f a e,
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[IpaBHJILHOCTDL HAXOXAEHUS 0OPATHOIO BhIpaXKeHUs! TIpOBEpPsieTCs MPOCTO:
1 -1 -2 2 -3 1 -1 3 242y g3 -1
xx =@ lafPh OB Ca o= @ B BH S Ha Heo=e.
I/ICHOHL3yﬂ YKa3aHHbIC CBOMCTBA NOJACTAaHOBOK, 3alTMCAHHLBIX B [IUKIWYECKOM
BUAC, MOXHO COCTABUTDL HCCKOJILKO MOJC3HBIX NPABHUJT, KOTOPLIC CACIAIOT JIPOLECHYPY
HX NICPCMHOXCHHSA NOYTH MmexaHudeckoit. Bor HEKOTOPbBIC U3 TaKHUX NpaBHII.

IIpu ymuoxcenuu (caesa unu CRpasa) CMeXCHON MPAHCROZULUL HA N-UUKA O1UHA NO-
credHe2o yMeHbllaemes Ha eOUHULY U CIar08UMCS DAGHOH n — 1:

(abedef...) x (cd) = (abdef...)(¢), (cd) x (abcdef...) = (abeef...)(d);
B YACTHOCTH,
(325614) x (56) = (32614)(5), (123) x (12) = (23)(1).

boitee obu1ee MPaBUIIO 3BYUUT TaK: HPOU3B0AbHAAL MPAHCHO3UYUS OeAum YUKA HA 084 He-
CBA3AHHBIX ROOUUKAQ:

(abedefgh...) x (cf) = (abfgh. . }cde), (cf) x (abedefgh...) = (abegh...)(fde);
B YACTHOCTH,

(1234) x (13) = (12)(34), (13) x (1234) = (14)(23).
OO0paTtHoe IPaBUI0, KOTOPOE MOXHO ObL10 Obl HA3BAThH HPABUAOM CKACHKU O8YX LUKA08,
MBI ITPOUJUTIOCTPUPYEM PUCYHKOM -— puc. 2.1,

(vwxyz)(abedefgh) x (yo) = (vwxcdefghabyz).
Craeugarue LIMKJIOB MPOU3OUAET M B TOM C/iydae, eC/1d B HUX UMEIOTCSI 00UHAKO0GbIe UH-
dekcobi, KOTOpBIE YIOOHO 3arucaTh NEPBhIMY ~- puc. 2.2:

(abc...) x (aij...) x (axy...) = (abc...jj..xy...).
IMpu coBraneHny MEPBbIX d8yX HHIEKCOB CKJICHKHU YKE HE NOMYIUTCH:
(abed...) x (abij...) = (aij...) x (bed..).

Korjga 3T MHIeKChl B LIMKJ1aX NepeCTaBneHbl MECTAMM, CKJIeHiKa CHOBA BO3MOXHa, HO
YK€ € BBINNAACHUEM OJHOTO U3 NMHIIEKCOB!

(abcd..) x (baij...) = (a)(bcd...ij...).
MOXHO TIPOIOSKUTL COCTaBAeHWE NOAOGHbBIX NPABWI, TOJILKO HYXKHO TIOMHMT,

4YTO 3a49aCTYI0 NPOLIE NMPOU3BECTH HETTOCPEACTBEHHOC NEPEMHOXCHUE NOACTAHOBOK,
YEM IbITATHCS BCITOMHHUTDL ITOAXOASLEE NTPpaBUIiO.

b G 2
a x y
z i y h a X
v b b4 \
f ( .
- v e b =
w s f b a
X d w d i
e
X .
J
Puc. 2.1 Puc. 2.2
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B HEKOTOpPBIX ClTyyasix NOJE3HBIMU MOHATUSMMU SBJISIIOTCS YETHOCTD, IEKPEMEHT U
YUCI0 UHBEPCHI MOACTAHOBKH a. [expemenmonm (D) NOACTAHOBKHU @ Ha3bIBAETCA pas-
HOCTBb MEXIY YUCIIOM BCEX MHAEKCOB (1) M KOJIMUECTBOM LIUKJIOB (M), BKIIOYas LIUK-
JIBl €IMHWUYHON JNMHbL. Yucao uneepculi (I) MOACUHUTHIBAETCS CEAYIOLUM 006pa3oM:
JUIST KaXXAOr0 MHIEKCA HHXHEH CTPOKM TOJACTAHOBKU @ OMNpPEAcIsIeTcsl KOMUIEeCTBO
CTOAILLIMX NTPABEe €r0 MEHBIIMX MHACKCOB, 3aTCM NOJYYEHHbIE PE3yNbTaThl CKIAIbIBA-
10TCs. Yemrocme NOACTAHOBKY @ OMpPeAC/IsieTCS YETHOCTBIO YUe/Ia TpaHeno3uLuit ( 7),
HA KOTOPbIE MOXHO Pa3OXHTDL 3Ty MOACTAHOBKY. ECIM feKpeMeHT U YNCio HHBEp-
CH1 SIBJISIIOTCSI HEYETHBIMUY YHUCIAMU, TO U YUCJIO TPAHCNO3ULIMI TaKXKe OyIeT HedeT-
HbIM. IlycTh 3anana noactaHoBka:

1234567
(1 5243 7 6]:(1)(253)(4)(67)—(1)(25)(23)(4)(67).

B COOTBETCTBUU € OnpeaeseHUsAMI UMEEM:

T=3, D=n—m=7—-4=3, I=0+3+0+1+0+1+0=5.
K ckazaHHOMY 100GaBMM: TOXIECTBEHHAS MMOACTAHOBKA € 4eTHa, J100asl TPaHCIO3M-
unsa — HeuvertHa. [TpousseneHne YeTHBIX NOACTAHOBOK U IBYX HEYETHBIX BCETA JACT
YETHYIO MMOACTAHOBKY, 4 YMHOXEHHE YeTHOM U HEYETHOH — HEUYETHYIO.

C NOACTAHOBKAMU MOXHO BCTPETHTBCS M [IPU PELUEHMH 33124 NPUKIIaniHOM MaTe-
MaTMKH, B YACTHOCTM, TIPH BBIUMC/IEHUM onpeaeiuTeseit. BCoMHMM, Kak yLieTcs
OIpEe/IUTEb TPETHETO MOPSIKA:

Q. ap dp

det A = 021 dyy dy3| =
a3 dzp di
= anayayy *oapayay toapaysay — apanay — apdy dyy — a1d3as).
3aech UHAEKCHI NPEACTABAAIOT COOO0I 1EeCTh MOACTAHOBOK TPETHET0 NOPSAAKA, IPHYEM
nepen YeTHbIMM MOACTAHOBKAMH CTOUT TUTIOC, & Tepesi HEYETHBIMM — MUHYC. AHaNIO-
TUYHO GYAYT BLIYUC/ISITBCS ONpPEASIUTENM 4-10, 5-10 U T.4. NOPSIAKOB, TONLKO YUCIO
ciaraeMbix Oyaet paBHo yxe 24, 120 u T.4.

ScHO, YTO IOACTAHOBKU TECHO CBSI3aHLI ¢ Kombunamopukoi. I1epsblii Borpoc, Ko-
TOPBE 31€Ch 3BYUUT TaK: CKOJIBKO NMOACTAHOBOK MOXHO COCTABUTH U3 B MHIEKCOB?
Oka3spIBaeTCA, 3TO YHUCIO PABHO A/, T.€. PABHO UMCIY HepecmaHO80K U3 1 UHAEKCOB.
Orcrona nonyuaiorcs yncna: 3! =6, 41=24 5= 120 u t.1. [ToueMy 3T0 UMEHHO TaK, 110~
HSITBb HECJIOXHO. [IpecTaBuM rnepecTaHoOBKY # MHIEKCOB ClleIyIolei NOACTAHOBKOM:

1 2 3 ... ... n=-1 n

B0y By o,

a =

ITepBbiit MHAEKC /| MOXHO BbIOPAThL # pa3indHLIMU ciocobamu. I1oce aToro BeIOOD i)
MOXHO OCYUIECTBUTH TOJAbKO (11— 1) criocobamu; MHaeKca iy — (# — 2) cToCO0aMU M T.A.
Tak Kak BbIOOP KaxX/J10T0 MHACKCA § OCYLIECTBISIETCS HE3aBUCUMO, 001Iee YHUCIIO CTiO-
cO0O0B pasMeHIeCHUS A UMCeT MO H NO3ULIUSIM PaBHO MPOU3BEICHUIO!

n(n=10-(n=2-...3.2-1=n.
Hanee BcraeT BOIIPOC: CKOMBKO KJIACCOB TMOJCTAHOBOK Pa3IMYHON HUKJINUECKOM
CTPYKTYPbl MOKHO COCTABUTH M3 11 uHaeKcoB? OTBET Ha 3TOT BOTIPOC TAKOB: KOUYE-
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CTBO KJIACCOB OIPEAEsi€TCs YUCIOM BO3MOXHbBIX Pa3JIOXKEHUH 1 Ha cliaraeMale, IpU-
4eM TaKKiM 00pa3oM, 4TOOB! Kaxa10¢e nocieaylolliee caaraeMoe ObL10 He GONbINe mpe-
npaymero. B yactHocTH: nipu #1 = 3 uMeeM Tpu cnocoba paznoxenus: 3,21 n 111, Tak
KaK

3=3, 3=2+1, 3-1+1+1.
CregosartesibHO, MOXET CYILHECTBOBAaTL TPHM Kiacca NoacTaHoBoK: (abc), (ab)(c),
(a)(b)(c).Tlpu n=506yneT yxe ceMbKiaaccoB: 5,41,32, 311,221,2111, 11111, cnoacra-
HOBKaMM BUA:

(01234), (0123), (012)(34), (034), (12)(34), (14), (0).

Hakownell, BO3HMKAET elle OAWH BOMPOC KOMOMHATOPHOTO XapakKTepa: CKOJBKO
MIOJCTAHOBOK COAEepXHUTCS B kiacce €7 [nsg npencraBiaeHus LUKIMYECKON CTPYKTY-
PBI MOACTAHOBOK, obpasyloiux kiace C;, OyaAeM Noab30BaThCS CIENYIOMEH cneyugpu-
Kayueii:

Ciky, ky, ..., k)3

34€Ch k; — 4MCa0 |-LMKIOB, BXOASILMX B MOACTAHOBKY U3 kjacca Cj; ky — 4HCIo
2-IMKJIOB, ..., k, — YMCNO n-UMKI0B. PaccMoTpuM cnyvait n=4. Torna toxaecTBeHHas
MOACTAaHOBKA M3 YeThipex ONWHAPHbIX LMKIIOB e = (0)(1){2)(3), o6pasyromas xracc C,
Oyzer umeTs crieundukaumnio Cy(4, 0, 0, 0); noacranoska (01)(23) us kinacca C, umeet
cneguduxaumnio C,(0, 2, 0, 0); noncranoska (0)(123) uz knacca C, — cneundnxkauuio
Cx(1,0, 1, 0); noncranoska (0123) uz kiacca C; — crieundukauuio C3(0, 0,0, 1); mox-
ctaHoBka (0)(1)(23) uz knacca C, — crneundukaunio Cy(2, 1, 0, 0). Takum o6pazom,
MBI TIEPEYH CITHIIM BCE NATH BO3MOXHBIX KJIACCOB /1151 MOJCTAHOBOK, COCTOSIILIMX U3 Ye-
THIPEX MHAECKCOB.

Taxk Kak r-LUKJI COAESPXKUT F UHACKCOB, 4 BCErO UHAEKCOB R, TO JUIsl 11I000TO0 Kacca
C; cipaBeUIMBO PaBEHCTBO:

1-ky+2-ky+ ... +n-k,=n
Hanpuwmep, anst xnaccos C; u Cy umeeM:
Voky+3 ky =11+31=4 1 k+2 k =12+21=4
vk, ATMHA KOTOPOTo 7, MOXHO 3anucath /4 crnocoGaMu, pUUEM TEMEHTHI B KaX-

JOM M3 3TUX ITUKJIOB MOXHO Bbl6paTb r kr cnocobamu. Tak Kak Bce 51U Bl)160pbl MOXHO

CREeNIATh He3aBUCHUMO, HeOOXOAMMO OpaTh ipou3seaeHuer X 7! . ECJIM MOMHMTD, 4TO 06-
LIee YHUCIIO MOACTAHOBOK PABHO #/, TO (hopMyia jU1sh HAXOXAECHHUS YMCa DJIEMEHTOB B
xiacce Ck,, ky, ..., k,) BBIDJISLAMT CJIEAYIOLLMM 00Pa3oM:

Ci(ky gy k) =n/ 1% ke 125 eyt b kL
B HalieM KOHKPETHOM CJIy4ae YMC/0 JICMEHTOB I10 KJIacCaM pacripeaesuTCs Clie-
OYIOIIUM 00pa3oM:
Cy(4,0,0,00=1, C0,2,0,0)=3, Cx1,0,1,0)=8,
C3(0,0,0, )=6, Cy2,1,0,0)=6.
Yucno 3neMeHTOB BO BCeX NSITU Klaccax JOJIAKHO ObITH pasﬂon! .
M=1+3+8+6+6=24.
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3aBepliuM 3TOT pasien JAeMOHCTpaUUeld OJHOIO HEeCIOXHOT0, HO BECbMa NoJie3-
Horo npuema. Kacaercs oH GbICTPOro OTLICKAHMS CONMPSOKEHHOM TIOJCTAHOBKM b,
€CJIM M3BECTHA UCXOHas a ¥ TpaHcdhopMallMoHHas 1. JleMOHCTpallMIo NpoBeleM Ha
KOHKPETHOM NPUMEDE.

ITyctb naHbl cneayouime NoACTAHOBKH —

a = (052)(134)(67), ¢=(0235)(1467).

YTo0b! HATH COMPSIKEHHY IO OTHOCUTENLHO ¢ NOACTAHOBKY b, He00X0AMMO OCYLIECT-
BUTH NpeobpazoBaHue nogobusi, caesiaB MpU 5TOM YMHOXEHUE TPeX NMOJCTAHOBOK:

b=1t""at=(0532)(1764)x(032)(134)(67)x(0235)(1467) = (032)(17)(456).

OnHako NoxCTAaHOBKY b MOXKHO HAWTH 6¢3 3TOr0 YTOMUTENLHOTO NEpeMHOXeH M. s
3TOr0 HY>XXHO Ha MECTO WHAEKCOB NMOJCTAHOBKH @ HOCTABUTb MHJIEKChI, YKa3aHHEIE
moacTaHOBKOI . Tak, nepsuiit unaekc 0 1101CTAHOBKY @ 3aMEHSIeTCS Ha MHAEKC 2, T10-
CKOJIbKY B IOACTAHOBKeE f MHAeKC 0 riepexoauT B 2. BTopoil MHAEKC S TIOICTAHOBKH @
HeoOX0AMMO 3aMeHUTL Ha (), TaK KaK B MIOJCTAHOBKE FOCYILECTBsgeTCS nepexoas — 0 u
T.1. B pe3yarTare noayuynm:

b = (203)(456)(71).

CpaBHUBas JAHHYI0 [IOJICTAHOBKY C TIPEIbIAYIIEH, yOeK1aeMCsl B MX ITOTHON TOXAECT-
BEHHOCTH.

2.4. I'pynnbl HEOOJbIIUX MOPSAKOB

ToxnecTBeHHBII 3AEMEHT e 06pasveT epynny nepsoeo nopsioka. O6o3HauuM ee Kak C.
HecMoTpst Ha HEMHOTOYHMCAEHHOCTL €€ 31 MEHTOB, OHA, TEM HEe MEHEee, yIOBJIETROPSIET
BCEM YETbIPEeM YCIIOBUSIM ONPEAS/ICHUsI IPYITITbE; B KAUECTBE 3JICMEHTOBE, & L 8,858
OyJIeT BhICTYIATh ONUH 3j1eMeHT e. [TonoxunrensHas (+1) v oTpuatenbHas (— 1) enu-
HMIIB1 00pa3YIoT epynny emopoeo nopidxa Cy. C epynnoii mpemseeo nopsidka (Cs) Mbl pa-
Hee ellle He CTATKUBaIUCh. Cneayiouiye NnoacTaHoBKHU U 0, 1 -MaTpuLIbl COCTaBAT TAKYIO

TpynIy.

o1y [l Y0 o1 2y [0 1Y 0 1 2
02(012}0]0’1:[126]:001’2:(201}
00 I 1oo)

ba3ncHble eAMHHULIBI KOMTUIEKCHOTO Yncha {iy, i), iy, [;} paHee HaMM YXe paccMaTpuBa-
nuck. OHM 006pasyloT epynny yemsaepmozo nopsaoka C,. OJHAKO 3TO HE eIMHCTBEHHAS
TPYIa U3 YETbIPEX DJIEMEHTOB.

B camowm mene, B ponu obpazyroueco snemenma a rpyniisl Cy, B CUIIY YCIOBUS LIUK-
JIUYHOCTH (2.22), MOXET BLICTYTIaTb 1400 i}, TGO I3 — B 000MX Cliyyasix Tabauuen yM-
HOXEHUsA sIBAsIeTCs Tabn. 2.14, yTo Takke OTBeYaeT paHee NPUBEIACHHOU Tabsule
(tabn. 2.5). Ho MoxHO B KauecTBe 0Opa3yIoiiuX B3sITh 1BE HeCBA3aHHble TPAHCITO3H-
uuu @ v b. B 5TOM cityuae Mbl TaKXKe MOJYYUM IPYIHTY YETBEPTOTO Nopgaxa (C22), HO

KOTOPAs yX€ MEepPeMHOXaeTCsl B COOTBETCTBUM ¢ Taba. 2.15 wiM, ecnu nepedTtu Ha
SI3BIK TONBKO MHAEKCOB, Tabu1. 2.16. [TocneaHsisi Tabauiia HaM TakKe Hy KHa JUTs NOLy-
YeHUS pezyasapHblX NOOCMAHOBOK:

e=(0), a=(01)23), b=(02)(13), ab=(03)(12),
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KOTOPBIE OYYT U30MOPGHB! HUCXOAHBIM NOACTAHOBKAM rpyrmblC3:
e=(0), a=(01), b=(23), ab=(01(23).

Tabnuua 2.14 Tabnuua 2.15 Tabnuua 2.16
ela | a|a ela| b ab 01123
alaia| e al|lelab| b 1101342
a|ale| a blabl e | a 2131011
alela|a ablblale 3/2{110

CuTtyauust oKaxercss HeCKOJIbKO MHOM, eCJIy B Ka4eCTBe 00pa3yIoimx O JHOM rpym-
el (C, C3) B3STH HeCBSI3aHHBIE 2-LUMKJI U 3-UMKII {Tadn. 2.17), a B kauecTBe 0Opasyio-
mux apyroit (Cy) — eMMHCTBEHHBIN 6-1MK1 (Tabn. 2.18). Ipynnoi wiecmoeo nopsadka, B
OT/IUYHUE OT FPYIIIT YETBEPTOro NMOPSIIKA, UMEIOT TOJIBbKO OAHY KOMMYTATUBHYIO CTPYK-
TYpY, B 4eM MOXHO YOEIUTHCSI, €CJIM COOTBETCTBYIOLME KIeTKU Tabn. 2.17 mtabir. 2.18
3aKOAMPOBATH OFHOMMEHHLIMM HHAEKCAMU — Tabu. 2.19. TaGnuibl cTaHOBATCH He-
PasIMYMMBIMK, CIEJA0BATEIBHO, IPYINbI u3oMopPHomu: CyC;y = Cg, 4TO HA DJIEMEHT-
HOM YPOBHE TO3BOJISIET 3aIIMCATh CJEAYIOIME COOTBETCTBUS:

a = (012345) ~ ab = (01)(234), a* = (042)(153) ~ b = (234),
a’ = (024)(135) ~ b = (243), @ = (054321) = ab® = (01)(243),
& = (03)(14)(25) ~ a = (01), e=(0).
31160[: MNOJACTAHOBKH, NMOJAYYAOHIHUECS NTPU TNTOCNECAOBATEABHOM BO3BCACHHUHU B CTCNICHD

UCXOITHOTO 6-1[MKJIA @, ABJISIOTCS HE YeM HHBIM, KaK PeryisipHBIMU MOACTAHOBKAMM ITO
cron6uam ta6n. 2.19.

Tabnuua 2.17 Tabnuua 2.18 Tabnauua 2.19
e |ab b | a b | ab? ela gl a a ad 0(1]1213i415
ab | b | a b lab’| e ala | alalad e 11213141510
b | a b lab’| e | ab a B g alela 2131451011
a b lab’| e | ab | b? alat ablel|la|a 3l4t5]0!11]2
b |ab’| e |ab | %2 | a a|\al el ala a 4151011218
ab’| e lab | b | a | b 2l el alaladla slol1]213]4a

HBe ceasannbie (T.€. UMeIOLLMe OOLIMH HYIeBOI MHAEKC) TPAHCTIO3ULIMU a U b Tak-
e 00pa3yIOT IpYTY U3 LLIECTH DJIEMEHTOB, HO YXX€ HEKOMMYMAmMueHyo, C MpUHLUIIN-
AIbHO UHOMW, HecummempuyHoi OTHOCUTENBHO IJIAaBHOM 1MaroHanu, Tadaulel yMHO-
xeHus (1ab:. 2.20). ITo Ha3BaHMIO reOMETPUYECKOH (DUTYpHI 3Ta IPYINIA Ha3bIBAETCS
dusdpanwrod v 0603Havaercs Kak Ds. Tabn. 2.20 ynoOHO nepernucars B YUCIOBLIX MH-
nekcax — tabn. 2.21, Torna MoXHO OyIeT COCTABUTH PErysipHBIC MOICTAHOBKM, KOTO-
pbi€ OUEBUAHO, JOJKHBI OBITh U30OMOP(MHB! UCXOAHBIM 110JICTAHOBKAM TPYITIbI AU~
pa —

Ds: a=(01) =~ (01)(24)(39), b= (02) = (02)(13)(45),
ba = (021) = (043)(152), ab = (012) = (034)(125),
aba = (12) = (05)(14)(23), e = (0).
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Ta6nuua 2.20 Tabnuua 2.21

e a b | ab | ba | aba 011231415
a e |ab| b aba| ba 11013121514
b | ba e |aba| a | ab 2/410(5(113
ab (aba| a | ba | e b 3151|402
ba|! b |aba, e | ab| a 4125|031
aba| ab | ba | a b e 5({3j4|1[2]0

Tlepeitast K pacCMOTPEHUIO FPYTN LIECTOro NOPsAKa, Mbl MPOITYCTHIH epynny Hi-
moeo nopadka. OMHAKO HETPYAHO AOTAAATbCS, YTO TPYIIL], MOPSIAOK KOTOPBIX PaBEH
npocmomy uucay (2, 3, 5,7, ...), Bceraa 0yayT UMeTb U TIPOCTOE YUKAUYECKOe CTPOEHUeE.
Ho yeM Gonblue neauTeneit y nopsiika rpyfiibl, MyCTh 1K€ U OAWHAKOBBIX, TEM pa3-
HooOpa3Hee BapuaHThbl €€ CTpocHMUsl. Jlanee HaM NpPeACTOUT PacCMOTPETh IISTh pa3-
JMYHBIX 2PYRN 80CbMO20 HOPAOKA. AHAIM3 HAaYHEM C KOMMYTaTUBHBIX TPYIIIL.

IMockonbKy BoCEMb MOKHO TIpeaCcTaBUTL TpeMs criocobaMu — 1 x 8, 2 x4, 2x2x
2, CYLIECTBYIOT TPU PA3JIMUHBIX KOMMYMAamusHsiX rpynibl: iepsas (Cg) CTPOUTCS C MO-
MOIIIbIO O[{HOTO-EAMHCTBEHHOTO §-11MKIa, BTopasi (C,Cy) — Ha ABYX HECBSI3aHHBIX 2-
U 4-1MKJ1aX, HAKOHEL, TPEThbs (C23) - Ha TpeX HECBSI3aHHbIX 2-LHKJIaX:

Cy  a=(01234567), = (0246)(1357), a =(03614725), &' = (04)(15)(26)(37),
@ = (05274163), a® = (0642)(1753), a = (07654321), e = (0);

C,Cp: a=(0123), b= (45), a* = (02)(13), a’ = (0321),
ab = (0123)(45), a*b=(02)(13)(45), a’b=(0321)(45), e=(0);

C3: a=(0D), b=(23), ¢ = (45), ab = (01)(23),
ac=(01)(45),  be=(23)(45), abe = (01)(23)(45), e = (0).

N3 Hexommymamuenbix Tpyni BOCbMOTO TOpsiIKa UMEIOTCA ABe: oHa obyagaer
CUMMeETpHUEH dusdpa (D}l ), Apyrasi — KeamepHuUoHa (Df). HvisapansHast rpynna noiy-
YyaeTcsl ¢ NOMOUIbLIO 4-1IMKJIa M HECMEXHON TPAHCITO3M LIMU, MHAESKChl KOTOPO# COBMNa-
10T ¢ uHAekcaMu 4-1ukia (taba. 2.22).

Tabnuua 2.22

Dl e=(0), a | a@ | a| b | ab|ab|ab
a=(0123), a e |ab | ab|ab| b
a? = (02)(13), a | a | e | a |ab|ab| b | ab
a’ = (0321), 2! e | a | a|ab| b |ab|a»
b =(02), b ab|ablab| e | B | 2 | a
ab = ba? = (01)(23), ab| b |ab|lab| a | e | B | &
a’b = ba? = (13), 20| ab| b || a2 a | e |
a’bh = ba = (03)(12). ab|atb|lab | b | & | 2| a| e

KBaTepHUOH oOpa3yeTcsi Ha ABYX 4,4-UMKIaX, HECMEXHBIE MHAEKCHl KOTOPBIX
B3aMMOCBS3aHbl TAK, YTO IPH BO3BEJICHWU B KBaJipat MOJy4YaeTcs OJlHA U Ta Xe MOoA-
CTaHOBKa — 2,2,2-uuk (Tabu. 2.23). Ins rpynnel iusapa Di ObU1M MPUBEIEHbI TOJb-
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KO TpH Rauboee XapakKTEPHBbIX COOTHOIUCHUA. OnHako ob11ee YHC10 BO3MOXHBIX CO-
OTHOLUICHM A OINIPENCHAACTCA HUCIIOM nepecmaio60K BCEX creneHen 06pa3y}oumx aunb.

Tabnumua 2.23

e a | a | a| b | b | ab| ba
ala | a| elab|ba| b | b
2| a3 | e al|B | b  bal|ab
L | g | g’ | balab b | b
b | ba| b lab|l a2 | e a !l a
b lab| b | bal|l e | 3% | a3 | a
abl b ba | D | & | a | al e
ba | b 1 ab| b |l al|l | e | &

J1st rpynnel KBaTepHUOHA DZ TOJIHBIU NepeueHb AIreOpanieCKMX COOTHOLICHUM
BBIIIAAUT CIISAYIOLENM 06p330M —
D}: e =a’h* = b%a* = &’ = b*a’ = (0),
a=a'b* = Ba' = &b = Ba® = (0123)(4756),
P = & =db*=ba? = a*b’ = Ba* = (02)(13)(45)(67),
& = a’b* = 1°d® = a'B? = ba' = (0321)(4657),
b=d"' = b'a* = B = B’a® = (0425)(1637),
a'b' = b'a® = a’b = ba' = (0627)(1534),
b = d’b' = b'a’ = a'h = Ba’ = (0524)(1736),
&b = b'a' = a'b’ = b'a® = (0726)(1435).
Ecau B kKayecTBe 06pa3yloliux a v b B3Th 1BA HECBA3aHHBIX IPYT C APYTOM 3-LIMK-
ja, TO TIOJIYYMTCSI KOMMYTaTUBHas rpynna C §, KOTOpasi He MOXKET ObITh CBejIcHA K

nukianyeckoi Cy. ITocnenHee o3Havaer, YTO CyLIECTBYIOT IBE Pa3IM4HbIX KOMMYTa-
THUBHBIX 2pynnbl 0eesamoeo nopaoka —

Co: a = (012345678), ci: a = (012),
a’ = (024681357), a* = (021),
@ = (036)(147)(258), b = (345),
a* = (048372615), b = (354),
@ = (051627384), ab = (012)(345),
a® = (063)(174)(285), a*b = (021)(345),
a’ = (075318642), ab? = (012)(354),
a® = (087654321), b = (021)(354),
e=(0); e=(0).

HexoMMyTaTMBHBIX IPYIIIT JeBATOTO MOPsijKa He cyiuiectByeT. [logobHas curya-
LUMA HATIOMMHAET aHAJIOTUYHYIO CUTYAlMIO, CJIOXKMBUIYIOCS C FPYIIIAMH Y€TBEPTOTO
nopsinka. JlelcTBUTeAbHO, YuCio 9 packiIaablBAeTCs Ha JBa OOWHAKOBBIX MPOCTHIX
MHOXUTENA — 3 x 3; yrcio 4 Takxke packiablBaeTCs HA OAUHAKOBEIE IPOCTHIE MHO-
xureau — 2 x 2. OTcrofa MOXHO OXHAATh MOBTOPEHUS JAHHOM CUTYallMH HA TaKUX
mopsiiKax, Kak 25=5x5,49=7 x 7 u 1.1.

TTpono/mKyM Haluy PacCyKAeHMst B 9TOM Xe HanpapiaeHuH. Yuco 6 packianbiBa-
€TCS Ha ABa Pa3/IMUHbBIX IPOCTHIX MHOXMUTENS — 2 x 3, Kak MbI BUNEJTH, KOMMYTaTHB-
Hag Ipymnna, HocTpoeHHas Ha OAHOM 6-HMKJIe, U KOMMYTaTUBHAs TPyIa, OCTpOeH-
Haf Ha 2- ¥ 3-1uKtax, moJayqIminch U3oMophHBIMH. MOXHO OXUIATh, YTO TPYIINa Ae-
csiToro nopsiaka (ducio 10 packaaabiBaeTcsl Ha Ba pa3IMYHBIX IPOCTHIX MHOXHUTENS
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— 2 x 5) Taxke uMeeT nusomopdHeie kommyratusHbie rpynnst C,Cs ~ Cp,. B camom
Jicsie, CIEAYIOLIEE COOTBETCTBHE LIENUKOM MOATBEPIKIAET HATLE NPERNOI0XKEHHE.

C]() ~ C2C5
a = (0123456789) ~a b= (01)(23456),
a’ = (02468)(13579) ~ b = (24635),
a’ = (0369258147) ~ ab’ = (01)(25364),
a* = (04826)(15937) ~ b* = (26543),

> = (05)(16)(27)(38)(49) ~a=(01),

§ = (06284)(17395) ~ b = (23456),
a’ = (0741852963) ~ ab® = (01)(24635),
a® = (08642)(19753) ~ b’ = (25364),
& = (0987654321) ~ ab® = (01)(26543),
e=(0) ~ e = (0).

KpoMe KOMMYTaTUBHOM CTPYKTYPbI, FPYIINa AeCATOr0 HOPSKA, KaK W IPYIITA HIECTO-
FO, UMEET AUDAPAIBHYIO CTPYKTYPY —

Dk a=(01234), ab = ba' = (04)(13), b = (14)(23),
a’ = (02413), b = ba’ = (03)(12), e = (0).
a’ = (03142), &b = ba’ = (02)(34),
a* = (04321), a*b = ba = (01)(24),

Tenepb Mbl BIpaBe MPeNoaoXUTh, 4TO B pstay rpynit 6-ro u 10-ro mopsiakos, o0Ka-
XyTes TaxKe rpynnbl 14-1o (2 x 7), 22-ro (2 x 11) M 7.4, MopsAaKoB, HO He 15-10 (3 x 5),
MOCKONBKY YHCI0 15 HeUeTHO, a 3HAUUT, TUDAPATbHOMR IPYTIITEI IJIs1 Hero He CYLIecT-
BYET.

3a MpoCToi UMKIIMIECKOI rpynnoii 11-ro nopsiaka caeayior 6oratbie Ha CTPYKTYp-
Hble Bapualuu rpynnsl 12-ro nopsinka. Eciu B kauecTse 00pa3yoniux KOMMYTaTHB-
HBIX TPYMIl BeIOpAaTh CUCTEMY HECBSI3aHHDBIX LLUKJIOB, OTBEUAIOHIYIO AETUTEISIM YHCIa
12, To 3T ueThIpe IPyItbl pacnHafyTcs Ha Ba kiacca uzomopoubex rpymn: GGy~ €y
uGGC~ CfC3 . U3oMopduam cyliecTByeT M cpeii HEKOMMYTATUBHBIX I'PYTIII, 2 UMEH-

Ho: CyDy = D{, 06pasyioluMH KOTOpbIX BYAyT:

GDy  a=(012), b= (02), ¢ = (34),
D! a=(012345), b= (15)(24).

Y1roObl Jiydliie NOHSATH CYHIHOCTL M30MOpdHY3Ma, Bce Tpynnkl 12-ro mopsiaxa cse-
neM B Tabn. 2.24. B rpadax d; 3To# TabAUUBI NPUBENCHB! PE3yILTATHI JICACHUS TIO-
psSAKa IpyNIibl HA Haumenblee obujee Kpamuoe JJIMH HUKIIOB, BXOJSIIHUX B IIOACTA-
HOBKH. OKa3pIBAETCsI, U30MOP(HBIE TPYIILI UMEIOT OIMHAKOBBIC HA0OPb! 3THX UU-
cen: wia C3C, v Cy, cripaBeuTuB iepededb uncen d;, aisa C,Cq u C3C; — ds, a ans
C,Dyu D} — d.

Yucna d; oTpaxaloT 0AHHAKOBOE HMKJIMYECKOE CTPOEHUE MTOACTaHOBOK. OMHAaK0
ONMHAKOBbIE PSABI d; CIYXAT HeoOX00UMbIM K dOCMamoyHbiM YCIIOBUEM H30MOpGhU3Ma
TOJNBKO JUISE KOMMYMamueHbix Tpynt. [Inst HexomMmymamueHbix TPy JaHHOE YCJIOBKE

SIBJISIETCST JIMLIDb HeoOX00uMbIM, HO ATEKO HE JOCTATOYHBIM, B yeM MBI yOeMMCs, pac-
CMaTpMBas rpyins 16-ro nopsuka.
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Tabnuua 2.24

Cio | G3Cy | dv | CoCs 02203 b | oD Dg [o) 062 dy 7 as
a ab | 1 a b 6 | abc a 2 a 4 a 2
a2 |ab?| 2| b alc | 2| ab a |4 a2 | 4] a2 4
b | 3| B a 4 | aba| a | 6 b 4 a3 6

a 4 b c 6 ba a 4 b2 4 a 4

ap| 1| v a° 4  bac| a5 | 2| a’b | 4] & 2

b’ | 6| b ac | 2 a b | 6| baz | 4| b 3

a (abd| 1| ab | abc| 2 b ab | 6| ah | 4| ab | 3
a | a2 |4 ab’| ab | 2 c |ab|6| bPa | 4| ab!| 3
a° b (3 |abP| bc | 6| ac |ab| 6| ab |6 | &b} 3
al®jap’| 2| abt| ap |2 bc (b6 | ba | 6| ab!| 3
al |a2b3i 1 | abS| abc | 2 |abac|ah’| 6 |abla| 6 | &b ! 3
e e (12| e e 12 e e |12 e 12| e 12

B ta6n. 2.24 npuBeacHbl 31EMEHTLI H PSIABL ¢; elie sl ABYX rpymn 12-ro ropsigka.
OnHa u3 Hux, D ¢ psioM dy, B UeM-TO HAITOMWHAET rPYyIIy KBATePHUOHA, TAK KAK JUIS

Hee 2-[UKIIBI, [TOJYUECHHbIE OT 00pa3yIouvx a ¥ b paBHbI MEXy COOOM: a’ = b*. Takum
0o6pa3om, 8 HoA0BHBIX IPYTIfiax (A OHM BCTPEYAIOTCA U1 BCEX TPYIIH, MOPSIIOK KOTO-
PBIX IEJUTCS Ha 4) CyllecTBYeT 0iHA-eAMHCTBEHHAs TTOJCTAHOBKa, KOTOpasi COCTOUT
M3 COBOKYTTHOCTH TPAHCTIO3ULIM I, BCE OCTAJIbHBIE NOJACTaHOBKH UMEIOT UMKJIMYHOCTD
ooabine apyx. s cpaBHeHMs D42 C D62 NPUBEIEM TOJHYIO CUCTEMY PABEHCTB MEXY

JIEMEHTAMU I‘IOCJ’[CIIHeﬁ rpynnbl —
Dk e= b = b'd’ = 0 = b = (0),
a= a'b' =04 = a'h’ = p’a* = (012345)(6789AB),
22 a%b = b°d’ = @' = b’ = (024)(135)(68A)(79B),
@ = &b = ba = d®B = K6’ = (03)(14)(25)(69)(TA)8B),
a' = a'b* = b°a* = a' b = b'a' = (042)(153)(6A8)(7BY),
& = a'b* = b°a’ = b = B’a’ = (054321)(6BA9S7),
b= ' = b'a® = &b = b'a’ = (0639)(1B48)(2A57),
a'b' = b'a’ = a'p’ = b’a® = (0B38)(1A47)(2956),
a’b' = b'a* = &b = b’a' = (0A37)(1946)(285B),
b = &b = b'd® = a°b = Ba" = (0936)(184B)(275A),
a*b' = b'a’ = a'b’ = B’a’ = (083B)(174A)(2659),
ab = b'a' = &b = b’ = (073A)(1649)(2B58).

OcraBluasicss HEKOMMYTaTUBHas rpynna 12-ro nopsiika Ha3blBaeTCs 2pynnoi mem-
pasdpa (1), NOCKONBLKY OHA OTBEY4ET I'PYyIIie BpALICHUs 3TOH reOMeTpHYeCcKoi dury-
pul. Ha npumepe rpynnesl T Mbl NpOWLIIOCTPUPYEM OIHO, NOBOJBHO HENPUITHOE,
CBOMCTBO ONpPEeReTsIIOIINX COOTHOMWEHNN — WX HeodrozHauHocmb. LISl monydeHus
KOHKPETHBIX 2JIEMEHTOB I'PYIIILI TeTpasapa B KauecTBe 00pa3ylolnuX MOXHO B3ATh
JABa CBA3dHHBIX 3—HMKJIa C AByMsI 06H.IHMH WHACKCAMMU, TOrJa CUCTEMA ONpEaAcsalo-
JIRE70,¢ COOTHOLUEeHUH 6}/ILCT BbITI4ETE Tak:

T: a=(012), 6 = ba=(01)(23),  ab=bd’ = (02)(13),
b=(123), a’b = ab*a’ = (03}), ab? = b*a’b = (032),

i
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a* = (021), b%a = ba’h’ = (013), ba® = a*ba = (023),
b = (132), a*ba’ = ab’a = b*ab® = ba’b = (03)(12).
Kak BHIOUM, B 3TMX PaBEHCTBaxX (UTypHUPYIOT DJIEMEHTHI, COCTABJICHHBIE U3 TpeX
OyxB. Eciu B kauecTBe 06pa3yomx B3Th 2- U 3-LIMKJIbl, TO B OTIPEAEASIOLINX COOT-
HOLIIEHUSIX MTOABITCS 3JIEMEHTBI U3 YeThbipeX OYKB:

T: a=(012), ab = ba’ba’ = (132), abab = ba* = (123),
a’ = (021), a*b’ = baba = (032), a*ba’b = ba = (023),
b=(01)(23), aba=ba’b=(013), a’ba® = bab =(031),

aba’ = ba’ba = (02)(13),  a’ba = baba® = (03)(12).

YToObl McYepTaTh BCe NBEHAAUATH IMOJCTAHOBOK KOMOMHALMAMU U3 ABYX OYKB,
HYKHO BBIOpaTh B KauecTBe 00pasyoux Tpu 3-uukia. OQHaKoO B 3TOM cIydyae Bo3pa-
CTET Y YMCJIO BO3MOXHBIX DABEHCTB —

T: a=be=(012), a’c = b a’ = cb = (023),
b=ac’=(123),  ab’=bc*=cta=(032),
¢ = b%a=(013), ab = ca = b*a’ = a*c* = (02)(13),
& =B = (021), a’b’ = bc = ba = c*b = (01)(23),
b =cd® =(132), ac=ch =c*d®=bc* = (03)(12), *=a’b=(031).

Ha npumepe rpyrmsi rerpasapa 7' Mbl MoKa3anu, Kak He TOX0XH MOIYT OBITh OTIpe-
JieJIAI01IMe COOTHOLIEHUSI ISt ONHOM M TOM Xe rPYIIThl, €CJM B KAYeCTBE 00pa3yiolImX
BBIOpaTh Pa3IMYHbBIE CUCTEMbI 3JIEMEHTOB.

Yucio 12 packiiagbIBaeTCsl HA TPH MPOCTbIX MHOXHUTeNsi — 2 x 2 x 3. 3agaaumcs Bo-
pocoM, He 6yayT iu Tpynmibl 20-10 (2 x 2 x 5), 28-10 (2 x 2 x 7) M T.4. NOPSAIKOB UMETH
aHaJloruyHoe ctpoenue? MMest nepen coboil ynopadoyennsie TabAULIBI YMHOXEHUA
pasmepom 12 x 12, MoxxHO ObLJIO OBl MOTIBITATLCS COCTABUTD aHATOTUYHbBIE TAONMULIBI
pasmepoM 20 x 20, 28 x 28 u T.4. I1puBenem Tabnunsl 12 x 12 a1t rpynnel AM3Ipa Dé

(Ta6n. 2.25), Tpymnnsl TMNA KBaTepPHUOHA D62 (tabn. 2.26) v rpynnbl Tetpasapa T
(tabn. 2.27).

Tabnuua 2.25 Tabnuua 2.26
0123|456 |7|8|9(A|B 0{1|12|3|4|5|6|7/{8]9]A|B
112(314{510|B!6|7|8{9]|A 112|13{4|5/0|B|6|7{8|9]A
2|3(4|5|0|1]A|B|6|718]|9 213|4|5|0]1]A|B|6]718]9
3|4|51011{2]9(A|B|6|7|8 3{4|5{0(1]2]9|A|B|{6!78
415(01112|3|819|A|BiI6|7 415/011{2|3]8|9|A|B;6|7
5(0(112|3{4]718|9]A!B|6 5011213147 |8|9IA|B|6
6|718|9|A|Bj0j1]213/4]|5 6|7|8|9|A|B|3|4|510(1]2
7/89{A|B}|6]510|112]3|4 718|9/A|B|6]2{3[4(5{0]1
8|9/A|B|6|7}4!5(0]172]|3 8|9|A|B|6]7]112]3|4|5]|0
9 AB|[6|718]3[4|5]011]2 9|A|B|6|718]0|1|2[3|4]|5
AB|6|7|8]912|3|4|5]0]1 AlB|6|7]8[9]5]0]1(2|3]|4
B|6|7i{8[9|AJ112[3]4|5]|0 B|6|7|8/9|A14({5/l0]1]2]3

CocCTaBHTB [TO AaHAJIOTUM TAOIHLIBI YMHOXEH U1 IIJTSl KOMMYTATHBHBIX IPYIIT ITOPSIA-
KOB 20-ro, 28-r0 M T.A. HE NpEACTaBIsieT OONbLUIONH CnoXHOCTH. [TOBTOpUTH TIpUBE-
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nAeHHble Tabnuubl and rpynn D)y, D)y, D}, D}, n T.1. Toxe HeTpyaHo. OIHAKo npuay-

MarTb TabJMLIBl YMHOXEHHS pasMepoM 20 x 20 u 28 x 28, ananormynbte Tabmn. 2.27, He
yaaercs. I'pynn 20-ro u 28-ro nopsaakos ¢ TETPAdAPAILHOM CTPYKTYPOii POCTO He Cy-
wecTByet. B taba1. 2.28 npuseneHbl BO3MOXHbIE BADUAHTI IPYIIT UHTEPECYIOIIMX HAC
nopsinkoB. OxasbiBaercst, rpynn 28-ro HOpsiiKa TOAbKO qeThipe, a rpynn 20-ro —
TATh, ONHAKO IPYMNa, KOTOPYiO Mbi 0603Hauuny kak D2, ganexa ot TETPA3APATLHOTO

CTpoeHUsA. M TyT BO3HMKAET 3aKOHHBII BONPOC, KaK BOOGILE OCYLIECTBIACTCH MOUCK
HOBBIX rpyrin?

Kakux-10 061nx MeTo1K, cpadarhiBalOIIMX BO BCEX BO3MOKHDIX ciyuasix, 31ech
HE CymecTsyeT. Hyxe Mbl IPOieMOKCTPUPYEM OMH U3 MHOTMX TIPHEMOB TNOJY4eHMS
OTIPEACSIOINX COOTHOLIEHUM UIst HOBBIX IPYMIl. DTy NEMOHCTPALMIO CHAYANA TIPO-

BEACM Ha TPYTIIL, CTPOCHUE KOTOPON HaM M3BECTHO — D%()

Tabnuua 2.27

T o L o e

>
"

A2 ol aNsie b alsNahale\sl\ 1\
3yaisyolii2aVolalale\T) 8l
4 5 3 Al B 9 7 8 6 1 2 0
5 3 4 8 6 7 2 0 1 B 9 A
6 7 8 9 A B 0 1 2 3 4 5
7 8 6 1 2 0 4 5 3 Al B 9
8 6 7 5 3 4 B 9 A 2 0 1
9 A| B 6 7 8 3 4 5 0 1 2
AlB|9]4]|]5]|3}]1 210]17]8] 6
B9 | A]2]0 )1 81617]5})3]| 4

Ta6nuua 2.28
(pynnel Fpynnst Mpynnot
12-ro nopsiaka 20-ro nopsiaka 28-ro nopsaka
C3Cy = Cr2 C4Cs ~ Oy CyCy = Cop 7
CoCs ~ C2C, CyChp = C3Cs CoCis = C2C,
CoDy =~ D} CoDd ~ D}y G0} = DYy
D¢ Of D
T DZ OtcyrcTByeT

ITpexae Bcero npuMeM GyHIAMEHTAIBHOE YCJIOBUE A1t 06pa3y10um)2( an b, xaca-
IolLeeCcs MX LMKJIMUHOCTH: @'’ = b* = e. 3aTeM, 110 aHAIOrMH ¢ rpyTiIoi D¢, mpearono-

3KUM CIpaBeNTUBOCTh PABEHCTBA ab = ba’. SIcHo, ¥TO B IpyIIIe D120 JOJDKEH CYIIECTBO-
BaTb 1eMeHT aba’. [IpeacraBuM ero AByMsl ClocoGaMu:
aba9=axba9:axab=a2b, abd’ = ab x @ = ba’
Ciie10BaTeNLHO, B UCKOMbIX COOTHOUIEHUSIX €CTh PABEHCTBO — a*b=bd’. Janee, BO3b-~
MeM aneMeHT a*ba® 1 cHoBa pacnuLieM ero IByMst Coco6aMu, OTYYHM HOBOE COOT-

x & = ba".
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HoleHe — a'b = ba’. bepst rioaxoasiiive 2eMeHTS, B TOM 4yucie bab, b2a3b, U IpeJi-
CTABJISIS VX ABYMS YKA3aHHBLIMM CI10COOAMU, HAXONKM BCE HEOOXOMMBIE COOTHOILIE-
HUS CPYIIIBL, KOTOPbIE Mbl CEHYAC BLINUCHIBATH HE fSyueM

Ecnm 6b1 Mbl B35111 32 OCHOBY papetic 180 ab= ba’, Ham He yIaJ10Ch Obl €10 COBMEC-
THTb C «<KBATCPHUOHHBIM» YCIOBHEM @ = b7, 1\010poe HemGe)Kuo BOJHMKaeT B IpyIre
D]O Bb16paHHOC dex,HClBO BHG‘{CT Jd (,060»1 cooTHoweHue ab’ = b*a’. Ecau APUHATD
YCIIOBUST: a’=pt= e, ab=>ba’ 11 a’ # b, 4NCI0 HAEMEHTOB B HOBO#A rpyiifie BO3pocio Ol
1o 40, uro TakKe Ui Hac Henpuemaemo. [Tonck nen3BecTHO! HaM rpynnm 20 ro 1o-
PSIKA TETPAIPATIBHOIO CTPOCHHUS YMECTHO HAYATH ¢ IPEANONOXEHUS @ =b=e Jla-
Jiee, Hayaady, 6epeM CHOBa paBeHCTBO ab= ba’ u CMOTPHM, YTO NMOJYIUTCS U3 DIeMeH-
Ta aba’:

3 2
abd’ =ax ba’ =ax ab=a aba’ = ab x @ = ba’ xa’ = ba.

Tak, Mbt l'IO.Hy‘ldi:M HOBOE PABCHCTBO — @°b = ba. 3aTeM HILEM PABEHCTBO, OTBEYA-
IOLIEE DIIEMEHTY a ’ba. [Ipononkast aHANOTHUYHbBIM 00PA30M, HAXOIUM BCE 3JIEMEHTBI
HOBOY IpYILibi, KOTOpas, OJIHAKO, COBEPLICHHO HE noxoxa Ha rpynny 7. O603Ha4yuB
€e KaK DD2 (oOUEeTPUHATOH cUCTEMBI 0003ZHAYEH U JUTs1 BCEX IPYIN TI0Ka He Bbipabo-
TaHO), RBIITUILIEM BCE €€ DJICMEHTbl BMECTe ¢ ONpeaesioliiMy COOTHOLICHUSIMHM!

DE: a, b, ab = ba’, ab’ = b’a*, ab’ = b’a?,
a, b, a’b = ba, a’b? = e, a’b’ = BPat,
a, b, a’bh = bat, a’h? = bla?, a’b’ = ba,

at, e, a‘b = ba?, a'h? = Pa, a'b’ = Pad.
B nanHOM ciyyae Ham MOBe3so: BbIGOp KaKOro-TO HOBOI'O MCXOAHOr0 PaBeHCTBa, Ha-
npumep, ab = ba4, npuseneT K uzoMopdnoil rpynne. Ipyrux ke rpynn 20-ro nopsaka,
KpOME INepeYnCcAcHHbIX B TabJi. 2.28, He CYLECTBYeT.

Nrak, xakoit-1u60 yHUBepcasibHON HOPMYITB, N0 KOTOPOH MOXHO Gb110 6BI 3apa-
HEe PacCUUTATH YHCIIO FPYIil M UX CTPYKTYPHYIO OpraHM3aLuio A 1eboro Hanepen
33JlaHHOTO TOPSIIKA, HE CYHIECTBYET, XOTst MMEIOTCS BITONHE 3aKOHOMEPHbIE PSAbI
TPYILM, OPSIAKY KOTOPbIX YAOBAETBOPSIOT OIIPeACICHHON cucTeMe AeuTeneil, B 4a-
CTHOCTH:

{4=2x2,9=3x3,25=5x5,...}, {6=2x3,10=2x%x5,14=2x7,..}.
TOIBKO YTO PACCMOTPEHHAS rPYINa NONanaeT B PAJl FPYII, fOPSUIOK KOTOPBIX Ofpe-
gensietcst opMynoit: n=(p-—1)-p, rie p — npocroe yncio. Tak nonyuyaercs nocueaoBa-
TENAbHOCTL —

2=1x2, 6=2x3, 20=4x5 42=6x7, ..}

OHHH nochaeJ0BaTeAbHOCTHU BO3pACTAOT MEUICHHO, KaK HANPpUMED, PAABI FPYIII

OU3Apa U KBATCPHHUOHA!

{2,4,6,8,10,12, ..., n=24k}, {4, 8, 12,16, 20, ..., n =4k},
JPYTUe CTPEMUTEIILHO, KAK HANpUMeED, Pl U3 CUMMETPUYECKUX TPYIIIL:

{2, 6, 24, 120, 720, ... , n = k'}.
TMTocaei0BaTeILHOCTH EPECEKAIOTCS APYT ¢ APYTroM. B Toukax nepeceyeHust MOTYT 10~
JIy4aThCst M30MOPGHBIE TPYITIIBI WM COBEPLISHHO OTIMYHbBIE — IPENCKa3bIBATh 30ECh

yT10-1u60 TPyAHO. CyLIECTBYIOT TAKME FIOPSLIKHU, T/E MePeCeKaoTCss MHOXECTBO PSIOB
¢ CaMbIMHU Pa3HOODPA3HBIMY OPraHU3aLYOHHBIMU NPUHLIMIAMH. TaKUMH TOYKAMU

nepeceyeHust ABISIOTCS I'PYINILI NOPsiAKOR 16, 24, 32, 48, 64 v t.4. Tax, ais 64-ro 1o-
psnKa uMeeTcs 267 CTPYKTYPHBIX pa3HOBUAHOCTE. [1aTh OITpeAesisiiole COOTHOle-
HUS BCEM IPYIITAM JIaKe JUTS TAKOTO JIOCTATOYHO CKPOMHOTO NOPSIIKA, Kak 64-i1, rpen-
CTapJIsIeTCs BEChbMA HENPOCTO 3a1aueid.

2.5. OTHOLIEHHE DKBUBAJICHTHOCTH
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H3zomopghusm siBiisieTCs1, NOXANYH, ONIHOM U3 0OCHOBHBIX HOPM CYIIIECTBOBAHKS DKBUBA-
JEHTHOCTH. JBe rpyrinbl A ¥ B cunTaoTcs u3oMopGhHbIMH, eCJIH MOXHO HAlTH TaKy1O
TpaHCHOPMAITMOHHYIO MOACTAHOBKY ¥, HE PHWHAUIEXAllyI0 HU A, HH B, uto BCe 3Jie-
MEHTA @ TPAaHCGhHOPMUPYIOTCS B JIEMEHTHI b

b=t""at. (2.27)

B 3toM caywae rpynnbl A © B uMeloT OJIMHAKOBbIE TAOIUIIBI YMHOXeHUsI. OmIHaKo
HWAEHTUYHOCTH TabJULL SIBASIETCH HE BCET/la OYeBUMAHBIM (PaKTOM.

ITycTb gaHa KOHKpeTHas Tabnuua ymHoxeHust — Tada. 2.29. ITockoabKy OHa He
CHMMETPUYHA OTHOCUTENLHO IIABHOI AMArOHAIN U MMeeT Ha Hell ABa TOXAECTBEH-
HblX SJEMEHTa, MOXHO MPEATOJOXUTb, YTO TPyNna, KOTOPYyl NpeacTaBiIseT
Tabn. 2.29, mo-BUIAUMOMY, SIBJISICTCS TPYIIIOL D(f. CrenoBateibHO, HAM HYKHO YCTa-

HOBHUTb UACHTUYHOCTH Tab. 2.29 u tabin. 2.26. C 3To# uenbio u3 tab. 2.29 sriGepeM,
MpUYEM JOCTATOYHO MPOU3BONLHO, PErYISIpHYIO MOJCTAHOBKY 4. DTOU MOACTAHOBKE
MTOCTABUM B COOTBETCTBUEC yHopadoxerHyr NOJCTAHOBKY 1 9KBUBAJICHTHOM! HUKIIWYe-
CKOWM CTPYKTYDbl, B3ITOM M3 TabJL. 2.26 —

4 = (042A78)(1B9356), [ = (012345)(6789AB).
Tabnuua 2.29

0|11 2{314|5]|617:!8/9|A|B
1A} 9,]0, B 4}1215]618]3]7
2157 B|A[9}13]0j4]1]8]6
3/ 0| 6|A|57]8iB|9i2]|1]|4
416 A9 1213|580, B}7]1
5/ 8{1|216{Al7]9;3]4!B]O
6/7/,Bi14,/1|2}A3]/5/0]|9;8
719|068 |1IB]2iAI5]4]3
8§ B4, 510161 A|71312]|8
9415171381011 | BlA|6]|2
Al31811]71B]191412:6]01}5
B!2(3|8[9|0J4/6[1[7]5]1A

Teneppb BOCITONB3YyEeMCSE TPUEMOM, OOPATHBIM TOMY, O KOTOPOM LIIJIa peYb B KOHIE
1. 2.3. CuuraeM noacTaHOBKY 1 BepxHel CTpoKoi TpaHchopMaLtMOHHOM IMTOJACTAHOB-
KH 1, a TOJACTAHOBKY 4 ec HMXHelH CTPOKOIi (ITOACTAHOBKY f NeperMIIeM B LINKJIMYe-
cKoit hopme):

9 A
3

5 l2]:(0)(14713(3)(2)(3/&589).

\O ©o

7
1 B
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Hanee 3anumieM o6paTHoe K (2.27) npeobpa3oBaHue noaoousa —
1

a=tbht .
IMoacraBuB BMecTO b perynsipHble MOACTAHOBKHM M3 Tabi. 2.29, nonyyumM:
6 = 1 (01A3)(258B)(4679) ¢ ' = (0639)(1B48)(2A57),
2 = £(027)(195)(36B)(4A8) ¢ ' = (024)(135)(68A)(79B),
9 = £ (03A1)(2B85)(4976) ¢ ' = (0936)(184B)(275A),
1 = £ (042A78)(1B9356) ¢ ' = (012345)(6789AB),

I

A =1 (05AB)(1437)(2986) ¢ !
B = 1 (06A9)(1238)(457B) ¢ '
4 = 1 (072)(159)(3B6)(48A) 1 '

(0A37)(1946)(285B),
(0B38)(1A47)(2956),
(042)(153)(6A8)(7BY),

It

5 =1 (087A24)(16539B) ¢ ! = (054321)(6BA987),

8 = £ (09A6)(1832)(4B75) r ' = (083B)(174A)(2659),

3 = £ (0A)(13)(28)(47)(5B)(69) ' = (03)(14)(25)(69)(7A)(8B),
7 = £ (0BAS)(1734)(2689) t ™' = (073A)(1649)(2B58).

CTpost o BHOBB NMOJAYYEHHBIM TOACTAHOBKAM @ TabJIMIy YMHOXEHUS, yOexmaeMcs,
YTO OHA B TOYHOCTH COBIIaZaeT ¢ Tab. 2.26. CaenosarenbHo, Tabs. 2.29 ecTh He 4TO
MHOE, KaK TabJTHLIa YMHOXEeHMS Tpyniisl D .

HN3oMopdu3M sBisieTcsl BAXXHON, HO He eIMHCTBEHHON (POpMON SKBUBAJIEHTHO-
ctu. Llennio gaxe BechbMa MOBEPXHOCTHOTO MOPpoA02UHeCK020 AHAAU3A 2PYNNbL CITYKUT
YCTaHOBJIEHHE OTHOIUCHUS SKBUBAJICHTHOCTH MEXIY OTAENBHBIMH €€ DAeMEHTaMH.
Besikoe OTHOLIEHME 2KBUBAIEHTHOCTH, KaK MBIl YK€ 3HAeM, pa3OMBaeT Ipyniy Ha
KJIaCChI 5KBHBAJIEHTHBIX 2J1eMeHTOB. [0 rpuynHe KOMMYTaTUBHOCTH TOXAECTBEHHO-
IO 3JIEMEHTA e CO BCEMH APYTUMU 3JIEMEHTaMU TPYNIbI OH BCeraa o6pa3yeT CBoii cob-
CTBEHHBII KJtacc. B rpyrine MoXeT HaXOOUTLCS HECKOJIBKO TaKUX 3JIEMEHTOB, KOTO-
phle, KaK M TOXIECCTBEHHBIN 2JIEMEHT, KOMMYTUPYIOT CO BCEMH BJIEMEHTAMM IPYIIIILL.
Torma Kaxaplit U3 HUX OyaeT 0Opa30BbIBATL CBOM KJIACC SKBMBaJIEHTHOCTH. COBOKYII-
HOCTh TaKUX DJIEMEHTOB Ha3bIBAeTCS yexmpom Tpynnsl. LleHTp rpymnsl G, KOTOpHIi
MBI OyneM 0603Ha4aTh Yyepes Z, Bcerna obpasyer nodepynny B G. B KOMMYTaTHBHBIX
IpYMIIaxX MOJYy4aeTcsl, YTO BCE DIEMEHTH! LEHTPAbHBI.

Tloarpynnet G; rpynnsl G nendarcs Ha cobcmeennsie N Hecobemeennste. K neco-
6cmaeHHbiM OTHOCATCS TIOATPYIIIA TOXAECTBEHHOTO 31eMeHTa (G ¥ cama rpynna G,
BCe OCTaJIbHbiE NOATPYNIIbl — cobecmeerHbie. Hnoexcom nOArpynisl G, B rpynie G, 4To
0603HavaeTcst KaK | G Gi| , Ha3bIBaeTCs YacTHOE OT ACJIEHUs mopsaaka rpynmnsl G
(obo3Havaercs Kak | G| ) Ha NOPSIAOK MOATPYMIIbI | G,-l . B aTOM Cci1yyae BeINOJHAIOTCS
3JIEMEHTAPHbIE YHCIIOBbIE COOTHOLIEHUS:

6:Gl=16l/1Gl, Il =l6l/1G:6Gl, |Gl=lG: Gl x| G|l

(ITyTaHUIIBE MEXY TEPMUHAMMU «WHJIEKC TTOArPYIIIb» i « MHAEKC MOJACTAHOBKH» OOBIY-
HO He BO3HUKaeT). Muaexc Beeraa siisieTcs yeasiM YACIOM. DTO 3HAUUT, YTO MOPSIAOK
TIOATPYHITEI JOJIXKEH OBITh ONHUM U3 deaumeneli nopsiika rpynnsl. IToaToMy, B yacTHO-
CTH, B IPYIIIE IIECTOrO NOPSAIKa He MOXET ObITh IOATPYIIT YETBEPTOTrO WIH TISITOTO IT0-
psankoB. OnHako U3 pakTa CyIleCTBOBAHHSI TOIO MJIM MHOTO ASHUTEIS €1iIe He CICIyeT,
YyTO 00%3aTENBHO JOXKHA CYIIECTBOBAThL COOTBETCTBYIOLIAST eMy MoArpynna. Hanpu-
Mep, B rpyIine tetpasapa T HeT MoArpy i 1ecToro Nopsaxa.

Booblue roBopsi, nodepynnut ABAAIOTCS 00beKTAMH MOP(]OJIOrHUECKOTo aHaIN3a C
TOYKH 3pEHUST OMHOWeHUs ROPAO0Kd, KOTOPBIM Mbl ceiiyac MmoApoOHO 3aHUMATHCA He
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6yneM. BMecTe ¢ TeM OTMETUM, YTO SKBUBAJIEHTHOCTD 3JIEMEHTOB TECHO CBSI3aHa C MX
Hepapxveii, I03ToMYy, Hepelako, 06a BMia OTHOLIEHU# TPYIHO PACCMAaTPUBATh pas3je-
apHO. Ham Mopdonornyeckuii aHajin3 ¢ TOYKU 3peHUs SKBUBAIEHTHOCTH HAYHEM C
NIepBO HEKOMMYTATUBHOM IPYIIIIbI AU3APA, KOTOPYIO MBI 3amuiueM Kak Dj:

0=(0)=e, 1=(01)=a, 2=(02) = b,
3=(12) = aba = bab, 4= (012) = ab, 5=(021) = ba.
Onement | TpanchopMuUpyeTcs 110 aneMeHTaM D; creaylommM o6pasom:
010 '=eae=a=1, 3137 ' = abaa-bab=b=2,
I''1' =aqaa=a=1, 4147 = abrarba=b=2,
2127 = brab=bab=23, 5157 = ba'a-ab = bab = 3.

Orcio/ia BUIHO, YTO 2JIEMEHT | CONMPSIKEH € 91eMeHTaMu 2 M 3, T.e. Brpymnie D; uMeeTcst
KJIaCC 3KBUBAJIEHTHOCTH

C, ={1, 2, 3}={a, b, bab}={(01), (02), (12)}
(0603HaYeHHs KJIACCOB YKBHBAJIEHTHOCTH M KOMMYTATHBHbBIX FPYII COBIAAAIOT, HO
TIYTaHUIIBI He BO3HMKAET, TAK KaK KJ1acChl pACCMAaTPHBAIOTCS TOJIBKO B HEKOMMYTATHB-
HBIX rpynimax). Eciau m060it U3 3THUX 2J1eMEHTOB NOABEPTHYTh TpaHChOpMAaIIKH, OH He
JACT B pe3yJIbTaTe 3JIEMEHTHI 4 U 5, IMOCKONbLKY NocheHie 0O beIMHEHBI B CBOI KJ1ace
3KBUBAJIEHTHOCTUH —

040" = eabe=ab=4, 34:37" = gba-ab-bab = ba = 5,
1417 = arab-a=ba =5, 4447" = ab-ab-ba = ab = 4,
2:427" = babb = ba =5, 54:57" = ba-ab-ab = ab = 4.

Taxum 06pa3oM, nosBUIICS KJiacc
G, ={4, S}={ab, ba}={(012), (021)}.
Kpowme Toro, umeercs Kiacc

Co ={0}={e}={(0)}.
Wrak, rpynna nusapa D; pa3buBaeTcs Ha TpH kiiacca 3KBuBasieHTHocTH — G, €y, G,
YTO COIJIACYETCsl ¢ HAITMMM KOMOMHATOPHBIMHU PACCYKICHUSIMH.

Kiacchl 3KBMBaJIEHTHOCTH MOXHO nepeMHoxaTb. [IpounsBenenne C; x Cj eCcTh
MHOX€ECTBO BCEBO3MOXHBIX TIPOM3BENEHUI 2/1eMEHTOB, B3AThiX U3 C; u G, npudeM
COBITAJAIONIME BIEMEHTHI HEe OTyCKaloTCs. B pe3ynntaTe nepeMHOXEHHUS Yeabix KIlac-
COB BCEr/a If0JIyuyaloTCs TOXE eable KIACChl:

C, xCy=1{4,5}x{4,5}=1{5,0,0,4} =2:C, + C,.
C] X C2 = {15 27 3}X{4’ 5} = {2) 31 35 17 1: 2} = 2.Cl;
C, x Cy={1,2,3}x{1,2,3}={0,4,5,5,0,4,4,5,0 =3 Cy + 3-C,.
B rpynne D; coaepxarcs caenyounue Hecobcmeerbie TOATPYTHIbL:
Gy=1{0}, G={0, 1, 2,3,4,5}
Tpu TpaHcmozuuuy 00pa3yioT TpU co6cmeenHbiX IOATPYIBI BTOPOTO MOPSAKa:
G, =1{0, 1}, G, ={0, 2}, G5 =10, 3}.
Eme onna cofcmeennas noarpynmna obpasosana 3-uuknom — G, = {0, 4, 5}.
Hudexcormonrpynn Gy, G, Gypasunl 3, a, st Gy — 2. Llenmp rpyniisl D; COCTOMT U3 O -
HOTO TOXECTBEHHOTO 31eMeHTa — Z= Gy = {0}.
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IMonrpynmst Gy, Gy, Gy ounuaoTest oT Gy HE TONBKO MOPSIIKOM, HO U €1LE ONHMM
BaXHBIM 00CTOATENLCTBOM: (7, COCTOMT U3 MOMHBIX KiaccoBs Cy U C,, B TO BpeMst Kak
3KEUGANeHMHble DIEMEHTHI Kiiacca C; OKa3bIBAKOTCS MTOASIEHHBIMU MEXIY PA3AUUHb!-
My TTOATPYIIIIAMH BTOPOTro MOPSIAKA. DTO OTIUUHE MEXAY MOATPYIITaMHU BbISIBAAETCS
IIPY COCTABJCHUM TaK Ha3BIBAEMbIX Kaaccoe cmedcrocmuy. CyuleCTBYIOT eeble U npa-
8ble CMEXHBIE KIIACCHI, TOCKONBbKY KAXKAIN IEMEHT g U3 IPYIIEI G, HO He BXOAS NI
B noarpynny G; MoxeT oOpa3oBhIBaTE BCEBO3MOXHBIE PON3BeNeHHUs cripaBa G; g U
cnepa gG,. HalineM npaBbie M 1eBHIE CMEXHbIE KIaCChl, HATIPUMED, LIS MOATPYIITEL
Gy, momyunM:

{0,1}2={2,4=C,, 20, 1} = {2, 5} =C}',
{0, 1}3=1{3,5 =C), 3{0, 1} = (3,4} =Cy,
(0, 1}-4=1{4, 2} = C5, 40, I} = {4, 3} =C},
{0, 1}:5 = {5, 3} = €}, 50, 1} = {5, 2} = Cy.

Mbi BUAMM, YTO JIEBBIE U [TPABE CMEXHBIC KJIACCHI JLJI51 9TOM TTOATPYIIbI HE COBITAIAIO0T.
Taxkasi xxe kapTuHa OyaeT HabI04aThCS 1 U5t ABYX APYIUX NOITPYIT BTOPOTO MOPSIKA.
B otHOMICHHUH G, CUTYALMS UBMEHUTCS:

0,4,51=1{1,3,21=C, 140,4,5 ={1,2,3 =C",
(0,4,502=1{2, 1,3} =C", 240,4,5}=1{2,3,1}=C",
0,4,503=13,2,1}=C", 3{0,4,5=1{3,1,2=C".

Wrak, nust noarpynnsl Gy aesvie u npagsie kaacch: cognand: C'=C",

Takoe monoxeHue Belileit pacnpocTpaHsieTcsi Ha Jlobble moarpynitsl G, B COCTaB

KOTOPEIX BXOASIT HOAHbIE KAGCCH! cCOnpsidcernocmy. 17151 HUX BBITIOIHSIIOTCS pABEHCTBA!

Gz =8G, G= ngg‘l‘

IMocnenHee BoIpaxkeHUE IEMOHCTPUPYET TECHYIO CBSI3E MEXKILY KJIACCAMM CMEXHOCTY 1
KJaccaMu CONPSKeHHOCTH. I ToCKOAbKY 1 NoATpy NIkl G; OTAEIBHO €BbIE U OTAEIb-
HO ITIPaBble KJIACChl CMEXHOCTH He HepeceKaromces, OHU TaKXKe SIBISIOTCS KAACCaMu K-
BUGAACHMHOCMU, Y TAK KaK NOArpyIina G; He U3MEHSIETCS Mo/ TPaHCHOPMALMOHHBIM
JEUCTBYIEM DJIeMSHTA g, €€ HA3bIBAIOT UHBADUAHMHOI WU HOPMAAbHBIM Oeaumenem
rpynnsl G (06o3Havalotr N = G)).

Beenem nousitue gpaxkmopepynnbi. C 3TOM 118110 PACCMOTPUM JiBa KJ1aCCa CMEXHO-
¢t Nx v Ny (JUist HOpMasibHOTO JenuTesist N He MMEET 3HAUEHHU S, KAKKE K1acChi — Jie-
BBle WM Tpasbie). BeibepeM M3 DTUX KJACCOB MO KOHKPETHOMY MPEICTaBUTEINIO:
a € Nx, b e Ny v cocrtaBuM U3 HUX MpousseneHue a + b. [TonyyeHHbIid TakuM o6pazoM
HOBBIHI 9/1eMEHT OyAeT NPUHALICKATE KJIACCy CMEXHOCTU NXp, UTO HETPYAHO AOKA-
3aTh. Ui 3TOrO 3anuiIeM:

a-b=mx-ny=mx n-e-y=mx-n-(x'x)y=m (xnx")‘xy:mlxye Nxy;

a=mx, b= ny, N=xNx"; mnl ImeN.

INpencrapieHHoe 1OKA3aTENbCTBO OJHOBPEMEHHO IEMOHCTPUPYET YCAOBUE 3aM-
KHYymocmu, IIDH KOTOPOM OJMH CMEXKHBIM Kyacc Nx yMHOXaeTcst Ha apyroit Ny u ro-
Jiygaerca Tpetuit Nxy, IIpUYEeM BCE DIEMEHTBI-KIacChl MpUHamiexar rpynie G. Tak

NPY ITOMOILLM HOpMaIbHOro AenuTenst N nonyuunach GakToprpyrnmna, KoTopyio 06o-
3Havaior G/N. Posib TOXIeCTBEHHOTO 3eMeHTa 14 pakToprpynmsl G/ N urpaet caMm
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HOPMAJTbHBIHA AenuTenb N. B KadyecTBe 00paTHbBIX 3J1IEMEHTOB 151 Nx 1 Ny BBICTYIIAIOT
Nx'v Ny ', 3akoH accoOLMaTHBHOCTH 31ECh TaKXe He Hapyluaercs. [1opsaok dak-
toprpynmsl| G/ N | pasen uniekcy nuBapuantHoit noarpynmst | G: N |.

B naurem nipumepe ¢ Dy uMeeTcsi TOJbKO OIMH HOPMAabHbIH IETUTENb — IMOATPYTI-
na G, MO3TOMY 30€Chb MOXHO OCTPOUTD TOJIBKO 0jHY dakToprpynny D/ G, ¢ Tabnu-
el yMmHOXeHnus — 126, 2.30. M3 tabnnubl BUAHO, KAK DAEMEHThI rpyTinet Dy npoeyu-
pyomcs Ha TPYIY BTOpOro nopsnka. Takoe oTHOMEHHWEe MeXJIy rpyIIaMy Ha3blBaeT-
cst eomomopuzmom. B cnydae nocTpoeHusi UMEHHO (GakTOPTPYIIIbl MOJIY4aeTCcsl Tak
Ha3bIBAaEMBIN ecmecmeerHbill VW KanoHuveckuid romoMopdusm. Ho aneMeHTHI rpyn-
16l Dy MOXXHO NTPOELMPOBATL (—> ) Ha 20610 NOATPYIIITY BTOPOTO NOPSAKA, B TOM YUC-
Jie M Ha Moarpynny, Hanpumep G = {0, 1}, T.e. UMeeT MecTO uzomopduam:

Ta6nuua 2.30

D}/ G4 = G[: €CJIH D3 —> G], TO {0, 4, 5} {1, 2, 3}
{0,4,5 >0 u {1,2,3} > L {1, 2,3} ] {0, 4, 5}

B sTOM crieuManbHOM cilyyae, KOTAd 2JeMEHTDI FPYIIbl G MPOeLMpPyIOTCS Ha DJICMEH-
TBI CBOEH MOATPYITITbI, FOMOMOP(HU3M yKE HA3ZBIBAETCH IHOOMOPHUIMOM.

JloGaBuM TakKe, YTO HOPMAIBHbIH AeAUTE b, 0 KOTOPOMY CTPOUTCS (pakToprpyr-
n1a, HaswiBaeTcsa Adpom romomopduama. Ipu sunomopdusmMe sapo mpoeLUpyeTcst Ha
TOXIECTBEHHBII 2/1leMEHT HEMHBApHAHTHON noarpynin. B mpoexunu Dy — G rpynna
G, Ha3e'BaeTCd o6pasom, a rpynna Dy — npoobpazom.

BBeneM nioHsiTue sHymperneeo agmomopghuzma rpyisl G, KOTOpoe ONMPEaEIsiCTCs
CAEAYIOLIMM Npeobpa3oBaHueM —

x=gyg
Asmomopgroe peoGpazoparye OTIIMUACTCS OT MOXOXEr0 Ha HETO mpaHchopmayu-
OHHO20 TEM, YTO DJIEMEHT g PUKCHPOBAH, a X M ¥ IPOGETAIOT BCE BJICMEHTHI FpyNIsl G.
Haiinem BHyTpeHHuU# apToMopduam juist Hawel rpynnst Dy
0-:007' =0, 1-0-17"=0, 2027 =0, 3037'=0, 4047'=90, 5057'=0,

010l =1, 1'1-17' =1, 2127'=3, 3137'=2, 4147'=2, s5157'=3,
0207"'=2 1217'=3, 2227 "'=2 3237'=1, 4247'=3, 5257'=1,
0307 =3, 1-:317'=2, 2327' =1, 3337'=3, 4347'=1  5357'=2,

0407 =4, 1417 =5 2427"=5 3437'=5 4447"'=4, 545"'=4,

0507 =5, 1517 =4, 2527 =4, 3537'=4, 4547'=35 5557=5
Uncna, oTBevalilee y, 00pasyloT BEPXHIOO CTPOKY MOACTAHOBOK aBTOMOp(du3Ma, a
YHCJIa, OTBEYAIOIIUE X, — HHXKHIOW CTPOKY ITUX NOACTAHOBOK. Toraa B UIMKITUYeCKOR
opMe HoICTAHOBKY BHYTPEHHETO aBTOMOp@HU3Ma NMPUMYT BUI;

0= (0), "=(23)(45), 2" ={13)(45), 3 =(12)(45), 4" = (123), 5 =(123).

BHOBb MOJY4YeHHDIE MOACTAHOBKU 06PasyloT rpynny, u3oMopdHyo HCXOXHOU
rpyrne D;. Takoe coBmaneHMe HeCydaitHoO U OO BSICHSIETCSt OHO TeM, UTO 6HYMPEeHHUL
asmomophusm epynnei G ece20a uzomopen pakmopepynne G / Z. Tak xak uewmp Z
rpyribl Dy COCTOUT M3 eAIMHCTBEHHOTO TOX/IECTBEHHOIO 3/IEMEHTA, TO M HOMYy4YHJIOCH!

D/ Z~Dy =~ {0, 12,3, 4,5}
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31ech HaI0 TIOMHUTh, UTO LIEHTP JIIOOOH rpyMIbl ABSIETCS €€ HOPMaJIbHbIM JeTUTEEM
M [TOCTPOEHME 10 HEMY COOTBETCTBYIOLLENH QDAKTOPTPYIIBI BCErIa BO3MOXHO.
IIpoBenem moposozuneckuii anasu3 K8AmMepHUOHA D} C MOJICTAHOBKAMM:

0= (0), 1 = (0123)(4756), 2 = (02)(13)(45)(67), 3 = (0321)(4657),
4 = (0425)(1637), 5=(0524)(1736), 6 = (0627)(1534), 7 = (0726)(1435).
I'pynna D} pa3buBaEcTCs HA MMSITh KJIACCOB COMPSIKEHHOCTH:

Co=1{0}, C,={2}, C,={1, 3}, G3={4, 5}, C4={6, 7}.

Tabmua yMHOXeHHsI KJ1acCoB IpejcTapiieHa 1abj. 2.31. Bee nmoarpyniibl KBarep-
HUOHa G; UHEAPUAKMHDL.

Ta6bnuua 2.31

G C, C, Cs Ca
| 2c + 20 C, Cs Cy
G (&) 2:Cy + 2.0 2:Cy 2:C3
C3 C3 2:Cy 2-Cy + 2:Cy 2-C
Ca Cy 2:C3 2-Cy 2.Cy + 2:Cy

B rpynne D? MMeIOTCA YeTbipe HETPUBUATBHBIE [TOATPYHIIbL:
G] = {07 2}5 G2 = {01 1’ 27 3}: G3 = {Oa 2, 4; 5}; G4 2{01 2; 67 7}
Tabauma yMHOXEHUS CMEXHBIX KJIacCoB st (pakToprpyinn DZ /Gy n Df /G, npex-
CTaBJIEHBI COOTBETCTBEHHO TabJ1. 2.32 M 1a6.1. 2.33. Tabnuib ymuoxeuus wis D3 /Gy n
D}/ G, ananornynsl Tabn. 2.32.

Tadnuua 2.32 Tabnuua 2.33

{0, 2} {1, 3} {4, 5} {6, 7}
{0, 2, 4, 5} {1, 3,6, 7} {1, 3} {0, 2} {6, 7} {4, 5}
{1, 3, 6, 7} {0, 2, 4, 5} {4, 5} {6, 7} {0, 2} {1, 8}
{6, 7} {4, 5} {1, 3} {0, 2}

IlenTp KBaTepPHUOHA COCTOMT U3 ABYX 3eMeHTOB — Z= (; = {0, 2}. CrenoBaTenpHO, eT0
eHympeHHull agmomopghusm OyIeT COCTOSATb TONBKO U3 YETHIPEX TTOJCTAHOBOK;

D2/Z={(0), (45)(67), (13)(67), (13)(45)} = CZ,

— GHYMPeHHUI A8MOMOPHUIM KBAMEPHUOHA U3OMOpheH epynne C22 (Tabn. 2.33).
BeenmeM noHsTHE 2020M0pda Y IPOAHATIU3UPYEM €r0 CBOMCTBA. DTO CAEIAEM CHA-

yajia Ha OCHOBE IpyNIbl Au3apa D, 3aTeM KBaTepHUOHA Df. C 2TO# LEBI0 COCTABUM

0OBIYHYIO TAOIMUY YMHOXeHHUST st Dy (Tabu. 2.34) v BeIULLIEM LTSI HEE peeyasapHble

nodcmarogku, TIpUUEM OTAETBHO OTBEYAIOILME cmoabyam (MX Ha3bIBAIOT NPagbiMu) |
OTAEJNIBHO — cmpokam (1eebie, BbIIACIECHDbI IHTPUXOM):
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Ds: Ds: Tabnuua 2.34

0 = (0), 0 = (0), 0| 1]2|3|4]|s
1= (01)(25)(34), I' = (01)(24)(35), 110]4|5]| 2|3
2 = (02)(14)(35), 2 = (02)(15)(34), 2 5|01 4|31
3 = (03)(15)(24), 3= (03)(14)(25), 3|45 |0j1]2
4 = (045)(123), 4 = (045)(132), 4 131112510
5= (054)(132), 5" = (054)(123). 5121 3i1{01|4

IlepeMHOXKM 5TH TTOACTAHOBKU:

11" = (23)(45), 21'=(04)(12), 31'=(05)(13), 41'=(025143), 51' = (034152),

12/ = (05)(12), 22" =(13)(45), 32" =(04)(23), 42" = (035241), 52' = (014253),

13 = (04)(13), 23 = (05)(23), 33 = (12)(45), 43 = (015342), 53" = (024351),

14’ = (035142), 24' = (015243), 34’ =(025341), 44’ = (054), 54 = (123),

15 = (024153), 25" = (034251), 35 = (014352), 45 = (132), 55" = (045).
ITockoIbKY BCE JIEBBIE PETYJISIPHBIE MOACTAHOBKU KOMMYTUPYIOT CO BCEMH MPABBIMHU,
JPYIUX [MOJCTAHOBOK 31€Ch HET: Mepe HaMU TpyTina 36-To MopsiaKa, KOTopasi ¥ SIBJIsI-
eTcs eonomopghom epynnst dusdpa D;.

TonoMopd kakoit-nubo rpynnbl G, KOTOpbii MBI 0603HauuM Kak H(G), seasgeTcs
epynnoii v 061a1aeT TeM 3aMevaTe/IbHbIM CBOMCTBOM, YTO CPEIX €r0 HOPMAIbHBIX 6~
JINTEJIE BCEraa UMEIOTCS ABE TIOATPYIIbl, OTBEUAIOIINE eTO TIPABBIM M JIEBBIM Dery-
JIAPHBIM TIOJICTAHOBKAM. Y 10cToBepuMcs, uto ronomopd H(D;) uMeeT B cBOEM co-
CTaBe JIBe MHBAPUAHTHbIE NOArpynnsl — Dy u Dj. [1ns aToro nposeaem Mopdonoruye-
ckuif ananu3 rpynnst H(D,). Tlpexnae Bcero Hainem Bce KJIACChl COMPSDKEHHOCTH
H(D,):

CO = {0}1 Cl = {1, 2;3}, C2 = {43 5}; C} = {13 2’a 3,}5
Cy={4,5%, Cs={11,12, 13,21, 22,23, 31", 32", 331},
C, = {44, 45, 54' 55'}, G, ={14, 15, 24", 25, 34, 35},

Cy = {41', 42", 43, 51, 52', 53'}.
B ronomopde H(D;) nmeeTcst 15 noarpynn BTOPOTO NOPSIAKA, OTBEUAIOLIUX HOACTA-

HOBKaM Ha TPaHCIO3ULIMSX, Y 4 TPETHETO MOPSIIKA, IPUYeM IBE U3 HUX SIBJISTIOTCS HOP-
MaJIbHBIMH JIEJTUTENSIMU —
N, ={0,4,5}, N,={0,4, 5}

Hanee, umeercs 9 nonrpynn yerseproro nopsiakatuna {0, 1, 1', 11’ } (Bce oHM HEe HMHBa-
puanTHH). Tloarpynie! WECTOro MopsAxa pachpeielieHbl CleayionuM obpa3oM: 6
TIOATPYIITI OTBEYAIOT 6-LIMKJIAM U 12 IuaapaibHbIX, pudeM 6 u3 Hux tuna {0, 33, 44/,
55,12,21"u6tina{0, 11°,12’, 13’, 4, 5’}. CpaBHMBas 3JIEMEHTHI 3THX ITOATPYIIII C 3JjIe-
MEHTAMM BbIIIMCAHHbIX KJIACCOB COTIPSIXKEHHOCTH, MOXKHO 3aKTIOYUTD, YTO HU OJTHA U3
YHOMSIHYTBIX 18 MOArpyI WecToro nopsiika He OyjeT HHBapUAaHTHOM, M TOJIBKO IBE
MCXOJIHbIE TPYITIbl HA PETYNAPHBIX NOACTaHOBKAX Dy u D} nanyT HopMalbHble AeIHTe-

JIU THOCKCAa 6, KOTOpbIE 0003HAaYMUM KakK
N3 = {Oa 1’ 29 31 4; 5}9 N4 = {O’ 1” 2'a 31’ 4,1 5’}
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B HameM ronoMopde cogepxarcst 6 HeMHBapPUAHTHBIX IM3APATLHbBIX TOATPYITH JBe-
Haauaroro nopanxa {0, 1°,2', 3, 4/, 5, 11",12', 13", 14, 15}, onuH HOPMAILHbIH 1eJTU -
TeJIb 9-ro NOpsIAKa KOMMYTaTUBHOM CTPYKTYPbI:
Ns=1{0,4,5,4,5,44 54 45 551,

4 3 HOPMaJTbHBIX AETUTEIS BOCEMHAALATOTO OPSAKA C ABYMS PA3TUYHBIMHY HEKOMMY-
TATHBHBIMU CTPYKTYpPAMMU:

Ng=1{0,4,5, 4,5, 44, 54,45, 55, 11", 12/, 13", 21", 22/, 23, 31", 32, 33"},

Ny ={0, 1,2, 3,4,5,4,5, 41", 42, 43", 44", 45, 51", 52", 53, 54', 55},

Ng={0, 1,2, 3,4, 5,4,5, 14,15, 24", 25, 34, 35, 44', 45", 54', 55'}.
(MOXHO J0Ka3aTh, YTO BCE NOATPYNITLI MHAEKCA 2 SABASIOTCS HOPMAJTBHBIMM JIEJIATE -
JIIMU CBOMX rpyIiiL.) B ronoMopde HeHBapUAHTHDBIC TIOATPYTIIL] 63AUMHO CONPANCCHDL,

T.€. IePEXOIAT APYT B APYra (G;—> G;) OCPEACTBOM 3JIEMEHTA g, HE BXOAAIIETO HU B G,
HU B (b, HAapuMep:

52" 0- 42 =0, 24 0-25' = 0, 14 0-15' = 0,
52 1- 42/ = 3, 24325 = 1, 142115 = 1",
52442 =5, 24 525 = 5, 14" 415 = 5,
52542 = 4, 24 425 = &, 14" 515 = 4,

52 14+ 42" = 35, 24'- 3525 =15, 14- 4215 = 51",
527 15 42" = 34, 24" 34" 25' = 14", 14 52/-15 = 41",
Haiinem romomopdnsm ronomopda H(D;) ¢ sitnpom Ny, 1.e. H(D3)/ Ny
{0,1,2,3,4, 5 -0, {3, 31", 32", 33, 34, 35'} » 3,
{1, 11, 12, 13, 14, 15} > 1, {4, 41", 42", 43", 44', 45"} — 4,
{2,271, 22, 23", 24", 25'} — 2, {5, 51", 52, 53', 54', 55'} — 5.
BneMeHThl 06pasa 3Toro roMmoMopdu3Ma yaoBneTBOPpAIoT rpynre D
H(D;)/D; ~ D, (2.28)
— eomomopghuzm zonomoppa (H(D,)/ D), sdpom komopozo asasemcs UCXOOHAs epynna
(Ds), uzomopghen (=) enympennemy asmomopgpusmy ( Ds).
Ussunocts popmysst (2.28) oObsicHAETCS TeM, YTO HEHTP Z rpynisl Dy COCTOUT
U3 OJHOTO TOXIECTBEHHOTO 3/ieMeHTa. CHtyanus OyAeT HECKOIBKO HHOM B cliydae
KBaTepHUOHA, HO TPEX/Ie YeM MBI IPECTYNNUM K aHaIu3y D3, NOKaxeM Ha mpuMepe
ausppanshioro roaomopda H(D;) neiictBue onHot BaxHo# ¢HopMybi, KOTopas, 01-
Hako, NPUMEHMUMA K JII0OBIM IPYTiliaMm, rje UMeeTCsl COOTBETCTRYIOUIUIM pacKiiaj HOp-
MaJIBHBIX IEAUTENCH.
HatigeM Tpu cucTeMbl roMOMOPMHBIX TIPOCKIINiA -~

H(Dy)/Ny:
{0, 4,5} -0, {1, 2,3} -1,
{r,41,51't > 1, {11, 21, 31"} - 11",
{2/, 42", 52"} > 2, {127, 22, 32"} - 12/,
{3, 43, 53’} - 3, {13, 23, 33} - 13,
{4, 44, 54} > 4, {14', 24', 34'} - 14",
{5, 45, 55} - 5, {15, 25", 35} —» 15
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H(Dy)/Ns:
{0,4,5,4,5, 44, 54,45, 55} - 0,
{1, 2, 3, 14, 15, 24", 25, 34, 35} - 1,
{1, 2, 3, 41", 517, 42, 52', 43" 53"} —» 1",
{117, 127, 13, 21, 22", 23", 31/, 32, 33’} » 11
Ny/Ny;
{0,4, 5} >0, {4,44, 54} > 4, {5,45,55} > 5,
U3 nepsoii ¥ TpeTbeil coctaBuM yeTBepTyio npoekuuio H{D;)/ Ny)/(Ns/N)):
{0,450, {12,311, {1, 14,15} - 1, {1I', 12/, 13’} > 11",
Wrak, met ionyavsu, uro (H(D5)/N,)/(Ns/N)) ~ H(D;)/Ns= {0, 1, 1", 11'}.

B o61ueM ciryyae CripaBeANBa (opmMyaa COKPAuieHus HaUMeHble20 HOpMAAbHO20 Je-
aumens.

A/ 0/ (B/O~A/ B, (2.29)
T.€. HOPMAaJLHbIE JASJUTENU TPYIT BeJIyT cebs T0A0OHO YHMCIOBBIM AEJINTESIM, B 4aCT-
HOCTH:

(36/3)/(9/3) = 36/9, (36/6)/(18/6) = 36/18.
Teneps 110 U3TOKEHHON METOINKE Rocmpoum 2010Mopd Ha 6aze keamepruona H(D3)

(tabn. 2.35). Ero nopsanok paseH yxe He 64-M, Kak TO MOTJIO [TOKA3aThCS HA MEPBhI

B3 (8 x 8), a TonbKo 32-M. OOBSICHAETCH 3TO TeM, YTO HOPSIACK HEHTPA KBAaTCpHU-

oHa paBeH 18yM. PopMyiia, 110 KOTOPOI paccuHThIBaeTCst Nopsnok ronomopda H(G),
cnemyrouias —

2

| =9

Z

G

Tatnuua 2.35

oj1l2lslais]6l7
11231067 15]|4
2130111514176
3|01 1)2!7]6|45
4 |7 516120} 1}3
51647061231
614175731120
7151614113012
BoinuiueMm Bce 32 MOACTAHOBKH H(Df):

0 = (0), 0" =0, 2 = (02)(13)(45)(67), =2,

1 =(0123)(4756), 1' = (0123)(4657), 11' = 33" = (02)(13), 41" = 53" = (06)(15)(27)(34),

3 =(0321)(4657), 3' =(0321)(4756), 13" = 31" = (45)(67), 43" = 51' = (0627)(1435),

4 = (0425)(1637), 4 =(0425)(1736), 14’ =35 = (07)(15)(26)(34),44' = 55' = (02)(45),
5=(0524)(1736), 5" =(0524)(1637), 15 = 34" = (06)(14)(27)(35),45' = 54 = (13)(67),
6=(0627)(1534), 6 =(0627)(1435), 16'=37 = (04)(17)(25)(36), 46 =57 =(03)(12)(47)(56),

it
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7 = (0726)(1435), 7' =(0726)(1534), 17" = 36" = (05)(16)(24)(37),47 = 56' = (01)(23)(46)(57),

67 =73 = (05)(17)(24)(36), 65' = 74" = (03)(12)(46)(57),

63' = 71’ = (04)(16)(25)(37), 66’ = 77" = (02)(67),

64' =75 = (01)(23)(47)(56), 67" = 76' = (13)(45).

Pa3o6seM roaomopd H(D}) Ha KJIACCHI:

G ={1, 3}, Cs=1{4', 5, Gy = {14, 15}, C,; = {46',47"},
C2 = {2}7 C6 = {6’ 7}’ ClO = {16,a17’}’ Cl4 = {61,’ 63’}a
Gy = {1, 3}, G ={6, 7}, C = {41,431}, Ci5 = {64,65'},
Cy=1{4,5}, Cg= {11, 13}, Cys = {44',45'}, Ci = (66", 67'}.

OnvH M3 KBAaTepHHOHOB IPYNIIb! H(Df), a UMEHHO —
N ={0,1,2,3,4,5,6,7}
MCIIONIB3YeM JUISl IOCTPOSHUS NPOSKIIUHU H(DZ' )/ Ny
{0,1,2,3,4,5,6,7} >0, {1, 11, 3, 13", 14', 15, 16', 17"} — 1,
{4, 41", 5, 43", 44', 45, 46', 47"} — 4, {6, 61', 7, 63', 64, 65', 66', 67'} — 6.
Onementrl {0, 1, 4, 6} dakroprpynmnb H(Df) /N, IepeMHOXKAa10TCs B COOTBETCTBUM C
TabauLeil YMHOXEHUS IPYIIbl C22. Takum o6pa3om, it KBATEPHHUOHA UMEEM
H(D}) /Dj = C3,
YTO CYLLIECTBEHHO OT/IMYAETCH OT pe3yabTaTa iis ausapa (2.28).
B cocraB H(D}) BXOAMT AENUTEIb —
Ny=1{0,1,2,3, 13, 4,5,6,7,11', 13, 14, 15, 16", 17},
MCIIOJIB3YEM €T0 JUISt HAXOXIEeHUS eiile IBYX roMOMOp(H3MOB —

H(D})/Ny:
{0,1,2,3, 1,3, 4,5, 6,7, 11", 13, 14,15, 16", 17"} - 0,
{4,5,6,7,41’, 43", 44', 45', 46', 47", 61', 63, 64, 65, 66', 67"} —> 1,
N,/ Ny

{0, 1, 3, 4,5,6, 7} - 0, {1, 3,117, 13, 14,15, 16', 17} > 1.
Dopmyna cokpalleHHs HAUMEHbBUIET0 HOPMATBLHOTO NenTess (2.29) misa nenure-
Jiel KBaTEpHHOHA TOXE MOATBEPANIACH —

(H(D3)/N)/(Ny/N)) ~ H(D})/N, .

2.6. 'eomeTpuueckasi UHTEPNPeTANIUA IPYNNOBBIX MPe0OPa3oBaHU

Ha puc. 2.3 uzobpaxenn poM6 (a) 1 NpsaMoyroiabHUK (6). BepIuuHbl 9THX MPOCTHIX
reoMeTpudeckux GUTyp o06pasyIoT cybcmaHnulioHHbie W 6a3ucHble MHOXECTBA, KOTO-
phle HACYHUTHIBAIOT MO YeThIpE 35icMeHTa. Hayas Bpamars 3T CHMMeTpUYHbIE (PUTYPBE
OTHOCUTENIEHO 0003HAYEHHBIX HA PUCYHKE OPU30OHTANbHBIX U BEPTUKAILHBIX OCEH, a
TaKXe BOKPYT HEO003HAUEHHBIX OCEH, HANpaBIeHHBIX NEPNCHAUKYISIPHO K TIJIOCKO-
CTU PUCYHKA, MBI IOJTYUUM MHOXECTBO 0/oOpadceHull U OnepayuoHHbIX 3ICMEHTOR B
BUJIE TTOACTAHOBOK. TaK MOsIBASIOTCS ABE U30MOPMHbIX TPYNITLI TOACTAHOBOK THMA C 22
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— 1Sl pomba: a) 0 6)
e=(0), a =(02), b=(13),
ab = (02)(13); 1 3
U IUISL RPAMOY20AbHUK Q'

e=(0), a = (01)(23), b= (03)(12),
ab = (02)(13). 2

3neck B 060MX Caydasix YKCI0 CyGCTaHLIM- Puc. 2.3
OHHBIX 3JIEMEHTOB, MpPEACTaBICHHBIX BEpILH-

HaMmu (uUryp, COBNajzaeT ¢ YUCJIOM OTNePallMOH-
HBIX.

Tenepb U3MeHUM CyOCTAaHLIMOHHbIE MHOXECTBA: MYCTh A1 poMba B KayecTse Oa-
3UCHBIX BBICTYNAIOT 1BA 3JICMEHTA — BEPXHSS M HUXKHSIS €70 TOBEPXHOCTH, a JUIS TIps-
MOYTOJIbHUKA fiBe ero amaronanu — 0—2 u 1—-3. Torna rpynns! onepaiuoHHbIX dJie-
MEHTOB TOX€ YMEHbUIATCs B J1Ba pa3a U cTaHyT Tuna C,.

T1oBOPOTHI reOMEeTPUUECKUX (DUTYP B IIPOCTPAHCTBE MPEACTABISIOT COOOM AuHel-
Hble npeobpazoeanus (2.1), B KOTOPBIX B KAa4eCTBE OMNEpPaTOPOB A MOIYT BEICTYNATh
0,1-Marpuiibl. CTereHb NePUOANYHOCTH HALIMX MATPUIl pABHA IBYM, 3HAYHT, KX COO-
CTBEHHBIMH 3HaueHusiMu (2.11) ssnsgiorca uncna (+1) u (—1). ITonoxurenbHas v oT-
pULATEbHAs eAMHUIBI 00pasytoT rpynny C,, roMoMopdHyI0 rpyrie C22. B xomMmyTa-

TUBHbBIX IPYNIax KaKIbIH 2JeMeHT 00pasyeT Kilacc 3KBUBaIeHTHOCTU. IlocTaBuM B
COOTBETCTBUE KAXKIOMY DJIEMEHTY IPYIIIbl C22 cronbeny U3 cOOCTBEHHBIX 3HAYEHUI

(tabn. 2.36). Kyacchl 5KBUBAJIEHTHOCTH He MEPECEKAIOTCA. DTOT (GaKT OTPAXKAETCA B
TOM, YTO CKAJISIPHBIC TIPOM3BEICHUA CTOIOLOB IOJIKHBI ObITh paBHB Hy10. ClegoBa-
TEJBHO, B TaOJI. 2.36 BCe MOJNIOXKUTEbHbIE U OTPULIATENbHEIE ¢IMHHILBI HAIO paccTa-
BUTH TaK, YTOOBI NPOU3BEcHHE BEKTOPOB-CTOIOIIOB OTBEYATIO 3TUM TPeBOBAHMSIM,
Takasi pacctaHOBKA COOGCTBEHHBIX 3HAYEHNUH ABTOMATUYECKH MPUBOIUT K BBINOJIHE-
HUIO YCIJIOBUSI OPMOHOPMUPOBAHHOCMU N B OTHOIIEHMH CTPOK E; | KOTOpbIe Ha3bIBAIOT-
CSI npedcmasAeHUsIMU TPYTIIIbI c§. Bce npeacraBaeHus y Hac NOJy4YHIUCh TOMOMOpPd-

HBIMH, TIPUUEM NIPeACTaBIeHHe E, ABNSeTCA eOUHUYHbIM, TAK KAaK JIEMEHTBI TPYTITIbI
C22 HNPOELMPYIOTCSI HA TPUBUAIBHYIO epynny modxcdecmeaennoeo anemenma Gy (mnu C)).

Tpoetmposanue C2 —» C, MOXHO OCYLIECTBUTL TpeMsi criocobamu — E, E, u E;.
B rpynne C, Tak xe, KaKk 1 C;, yeThIpe sn1eMeHTa. C TOYKU 3peHHUs FTeOMETPUM, OHA

OTBEYAET BpallleHUI0 KBaIpaTa B MJIOCKOCTH puUcyHKa (puc. 2.46). CobcTBeHHBIMM
3HayeHuaMHM 0,1-MaTpuil, KOTOPbIe COOTBETCTBYIOT I PYIINe NOACTAHOBOK Cy:

e=(0), a=(0123), a*=(02)(13), & =(0321),

CJ1yXaT KOPHU YeTBepTOH creneHu 3 eauHmLbl (cM. Tabn. 2.37). TlpoenmpoBanue ane-
MeHTOB rpyniibt C, Ha 3TU KOPHU JIAET YEThIPe BOSMOXHBIX MPENCTABICHHS, JIBA U3 KO-
TophIX (Ey W E)) aBnsitotest comomopusmamu, a isa (E, u ;) — usomopgpusmamu.
[Ipencrasnenne E, COOTBETCTBYET MpoeuMpoOBaHUIO Bcei rpynnsl Cy Ha eIUHUITY
{e}; mpencragneHue E; ectb npoekuus C, Ha NOATPVIIY {e, az}; npencrasneHus £, u
E; ocywiecTBASIOT NpoenupoBaHue 3jieMeHToB C4 Ha COOCTBEHHBIE 3HAYEHUS
0,1-MaTpul, OTBeYAIOIIUE TEMEHTAM @ U a. [TpousBeneHue cTOIOLIOB @ HA au
cTpokK E, Ha F; yxe He paBHO HYIO, T.€. U30MOpPHble npedcmagaenus ve 6ydym opmozo-
HAAbHBIMU. DTO CBSI3AHO C TEM, UTO 2JeMEHTHl @ U @ TOMaNaloT B OAUH abcoarommubLil
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KAACC IKBUBANCHMHOCMU, B PE3YJIBTATE YETO BBITIONHSIOTCS CIeayioliNe COOTHOLIE-
HMS:
EyE = EyE, = EyEy = EGE, = EE; =0, no £, E;=4.

BeeneHHbie oHsATUS 06 omHOCUmenbHOM Y abcoaomuom hodobuu TIO3BOJISIIOT 00ObsIC-
HUTb HAJTHY¥E WU OTCYTCTBUE OPTOTOHAILHOCTU MEX/1Y OTAEIbHBIMHU MPEACTABICHHU-
SIMM KOMMYTaTUBHbBIX TPYIITI.

Tabmuna npeacrasnenuii 1as rpynnbl C, TpuBransHa (Tabn. 2.38). Mui 6 ee He
NPUBOIMIIN, €C/IU OBl HE OHO OOCTOSITELCTBO; OHA TIOMOXET HaM IMTOHSATh MPUHIIUIT
IOCTPOEHUS TAONULL NPEACTABICHMH OOBILINX Pa3MEePHOCTEN.

Tabnuua 2.36 Tabnwua 2.37 Tadnuua 2.38
cZlel a| b!ab Cil e | a! a| a3
£ 1 1 1 1 £y 1 1 1 i Co e a
g 1] 1] 1] g1 1 | -1] 1] -1 Bl 1 1
£ 1 1 ~1 -1 £ 1 i -1 1 -7 £ 1 -1
£3 1 -1 ~1 1 £3 1 - i -1 i

OCTaHOBMMCS Ha BpPalICHHUSX B MJIOCKOCTH PUCYHKA NMPABUWIBHBIX TPEYTOMbHUKA
(puc. 2.4a), nsatuyrosbHuka (puc. 2.5) U ceMUYroJibHHKA, KOTOphIe 00pasyloT npo-
cmuie yurauveckue epynnsi Cy, Cs v C;. s HUX BCe MPENCTABIEeH st SIBAAIOTCS U30-
mopgusmamu, 3a UCKIOUEHMEeM egnHuuHoro £y C; (tabn. 2.39), Cs (taba. 2.40), G,
(tabu. 2.41), npuyeM npamasi U obpaTHas MOACTAHOBKY ITONANAIOT B OMUH aObCOJIOT-
HBIH KJ1acC 3KBUBATEHTHOCTH. Clie10BaTeNbHO, B OJIMH KJIACC HEOPTOTOHAILHBIX APYT
K Apyry npezctasieuuii B rpynne Cs, HanpuMep, NonaayT npejacrasiedus E;, un E;
wm E; u E;.

a)\

Puc. 2.4 Puc. 2.5

Kopuu 3-ii, 5-it u 7-11 creneny y3 equHMLb (;) PAcCTaBJIAIOTCS 110 CTPOKaM H
cTonb1aM TabaulL rpeacTaBAeHUit COOTBETCTBEHHO CBOUM TIOACTAaHOBKAM, OTo 3Ha-
YUT, 4TO UHAEKCH! NPH ©;, HANPUMED, A/ IPYTb! MPABUIBHOTO MSATHYTOIBHUKA C;
YepeayIOTCA B COOTBETCTBUHN C MHIEKCAMI CACAYIOLINX YETHIPEX MTOACTAHOBOK:

a=(01234), & =(02413), & = (03142), a*=(04321).
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Tabnkua 2.39

Tabnuua 2.40

Cs e a a° a a
C3 e a al £y 1 1 1 1 1
E() 1 1 1 | £ 1 1 [2]} 5] w3 Wy
£q 1 ] @y | £ 1 0 o o] @3
£ 1 @3 ) £3 1 3 ®) [ (%))
Ey 1 [ w3 ) [of}
Ta6nuua 2.41
Cy e a & a3 at ad as
£y 1 1 1 1 1 1 1
£y 1 o ) W3 04 s oY
L 1 o o g o) 03 w3
£3 1 03 W @) 3 W1 w4
£y 1 4 W] W5 w3 wg 03
£s 1 ®5 o) ) g o o]
= 1 g oN o 1 7 o]

CornacHo CUMMETPUHU MPABHIBHOIO HIECTHYTO-
apHUKa (puc. 2.6), rpynna Cg umeeT, TOMUMO edu -
Huunoeo xnacca {Ey}, eiue nea abcoaromubix Kiacca
eomomop@Hbix TipeacTaBieHUit — (£}, (£, , B3}, a

Puc. 2.6

TAKXKE OUH KJACC U30MOp@HbIX TIpeAcTaBiennit — { £, , Es}, KOoTopbie pacliMcaHbl B
Tabn. 2.42. B Helt npuHsTh caeayonie o6o3Haue s KOpHeil:

4 2 5 3

o=, —o =0, -—Il=o.
TaSnuua 2.42
Cs e a a2 | a a°
Eo 1 1 1 1 1 1
£ 1 -1 1 -1 1 -1
=3 1 w2 —® 1 ®2 —®
£ 1 _— 2 ! —-® ®?
£y 1 ® ®2 -1 - — 0?2
£5 1 —- w2 —» —1 ®? ®

O06o3HayeHUsI IS 3]1IEMEHTOB NpeicTaBieHuid rpyninbl Cg MOXHO BbIOpaTh TaKKe
Xxe, Kak U 1 rpynabl Cg (Tadn. 2.42), ecniy MOMHUTb, 4TO

=0y —1=w4 i=w) —izwg —0 =07 — 0=,
OpnHako npH cocTaBileHW M Halllei Tabn. 2.43 UcrioNib30BajJach METOIMKA YePeTOBAHUS
WHJIEKCOB KOpHeil fIPU ®; , CONIACHO NOACTaHOBKaM rpynrbl Cg. 3aecs n30MopdHBIH
KJIaCC COCTOMT YK€ He U3 JIBYX, a U3 YeThIpeX NpeacTapnenuit — { £,, Fx, Es, E;}. OcTa-
JIbHBIE KJTacChl aDCOMOTHOM SKBUBAJIEHTHOCTH roMoMopdHbl — {Ey}, { By}, { E;, Eg}
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Tabnuua 2.43

Cy e a a° as a* a° a8 a’
£y &) g ®q 0] wq Wy g g
£ g o] ®3 W3 o @5 wg w7
£ Wg W) w4 06 g Wy o9 g
Eg (23] 03 []3 [ [Qr] w7 (D)) W35
£y o 04 y 04 gy 04 oy o4
£s g ws o) oy o o o6 ™
EG (0] W [QF) (0] L] [ [OF3 W)
E7 (O] w7 (O] (O] W4 w3 ()] [O)]

JBe nocaeaytomue Tabau bl NPeACTaBIC HIT U JUISE KOMMYTaTUBHBIX FPYIITT BOCBMO-
TO NOPSIAKA — Cz3 EC2C22 (tabn. 2.44) u C,C; (Tabn. 2.45) — nony4yeHbi U3 3IEMEHTOB
C22 (1abn. 2.36) u C, (tabn. 2.37), nyreM yMHOXeHUS UX Ha | uinu (— 1), oTBeyaomx
rpynne C, (Tabn. 2.38).

Tabnuub! peAacTaBAeHUA 1T KOMMYTAaTUBHBIX TPyIn O0JbUINX TTOPSIAKOB CO-
CTaBASIOTCS MO aHAIOTUH C paCCMOTPeHHBIMU. Jlasiee rnepexoanmM K aHaIN3y HeKom-
MYMamugHblx TPYIIIL.

Ta6bnuua 2.44

ab

abc

1

-1

-1

-1

-1

=1

R R e R e il 1 )

Tabnuua 2.45

_A—L_A_Ab

—L_A_L—A_L—A_A_Lm
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Haunem c rpynnst auaapa D;. OHa oTBeyaeT BPalleHUI0 pPABHOCTOPOHHETO Tpey-
rojJbHUKA (pHUc. 2.4a) He TOJbKO B TUIOCKOCTH PUCYHKA, HO ¥ B TIPOCTPAHCTBE OCH Z ,
IIEPIIEHIUKYISIPHOMR K OCsiIM X U y. B rpyrnny D; BXOIAT 1IECTh TIOACTAHOBOK:

e=(0), a=(012), a*=(021), b=(02), ab=(01), ba=(12),
KOTOPBIE pa361/IBalOTCH, KakK MBI YK€ 3HaEM, Ha TPH KjtaCcCa SKBMBaAJICHTHOCTH (IU[H HC-

KOMMYTAaTHBHBIX IPYHIT €CTh CMBIC/I TOBOPHUTD TOJNBKO 06 OTHOCHUTEIIbHBIX KIacCax 9K-
BUBAJICHTHOCTH ):
Cy=1{e}, C,={a, a}, C,={b, ab, bay.

OTHUM KJIaccaM OTBEYaroT 1Ba roMoMopdHbIix (£, 1 ;) 1 oaHo n3omopdHoE opmo-
20HaAbHOe IpeCTaBienus — E, (tab. 2.46). ITockosbky cBOHCTBO HEKOMMYTAaTUBHO-
CTH YXe HE MOXET ObITh BOCTIPOU3BEACHO C MOMOILIBIO OTHOMEPHBIX NPENCTABISHUM
M3 COOCTBEHHBIX 3HavyeHWit, E, sBnsercs deyxmepnsim. Kpome Toro, B Tabn. 2.46
BKJIIOYEHO €111e OJIHO HeopmozoHanvHoe, IKeusaseHmroe (OTHOCUTENBHO £,) AByXMeED-
Hoe IpeacTaBnenue E; m onHO mpexmeproe E,. MaTpyilbl NOCAEAHETO TPEACTABIEHHA

OTBEYAIOT MPUBEJEHHBIM MOACTAHOBKAM I'PYAINLl Dy,
Ta6bnuua 2.46

0| e=(0) a = (012) 22 =(021) | b= (02)| ab=(01) ba = (12)
£y 1 1 1 1 1 1
£ 1 1 1 -1 -1 -1
|G A E e &7 %D
0 1 Y% op)| 0 A AN
£ [1 0] (o 1} [-1 -1] (1 oj ['—1 4) [o 1]
3 0 1 -1 -1 10 -1 -1 0 1 10
100 010 00 1 00 1 010 100
Elloto 00 1 100 010 100 001
00 1 100 010 100 001 010

MoxHo nogo6paTh Takyto TpaHC(HOPMALIMOHHYIO MATPUILY Z, KOTOpas MO3BOJIUT
pasouth Bee 0,1-MaTpuubl npeactasieHust £, Ha cymmy Ey u £

Ey+ Ey=tE t™".
B YaCTHOCTH, I JICMCHTA d TPYIIIbI D3 6YIICM HUMETDL CIICAYIOLLEC PA3NTOXCHUC!
0 1:0) (1 =2 1Y(0 1 0\(1/3 1/3 1/3
Efa) = Eyfa) + Ey(@)=| -1 -1 0|={1 1 -2}/0 0 1}{-1/3 1/3 1/3
0 0 1)t 1 2/ltoojl o 173 1/3

Koraa Bce MaTpHIiIbl OAHOTO NpeacTasieHus E, noa aeicTeueM TpaHCcGhOpMaLioH-
HOM MaTpMLibl £ pa3araloTcs Ha CyMMY JIBYX MJIH 60JIBIHETO YMC/Ia IPYTHX IIPEACTaB-
JNeHUit (EB + E, +...), B9TOM Cliy4yae roBopsiT, YTO NpeacTaBieHue E, — npueoouMmo.
Ecnu MaTpu1ibl npeacTaBIeHUNA EB » £, N'T.1. O0NblIe HENb3sI PA3JIOKUTH HA MEHBIINE
MATPMIIbI, 3HAYUT, OHU SIBJISIIOTCS Henpugooumbimu. Tax, BCE MaTPULIbI NPEACTaBJIe-
uuit Ey, E|, E; v E; — nenpugodumbi, NTOCKONIbKY HEBO3MOXHO HAHTH TaKylo TPaHC~
dopMaUMOHHYIO MaTpHILLy, YTOOb! B pe3yibTaTe [peobpa3zoBaHusA U3 HUX ONYIHUIIUCH
MaTpPHIIbl MEHBILIUX PAa3MEPHOCTEH. 3aMETHUM, UTO MOA «CYyMMOW» MAaTPUYHBIX Npe/l-
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CTaBJCHHUH CAEAYET MOHUMATDL HPAMYIO CYMMY MAaTpUL, T.€. KOIJA NPUBOAUMAs MaT-
puLa TPaHCHOPMUPYETC B (A04HO-OUASOHAABHYIO.

Ilpo npeacrapnenust £, u E; ObL10 CKA3aHO, UTO OHU 3K6UBAACHINHDI, T.€. CYIeCT-
ByeT Takasi MaTpula f;, KOTopas chocodHa TpaHC(OpMUPOBATh BCe MaTpulbl E; B
Matpulbl E;, 1 Ha060poT:

E=t 587, E,=t7"E 1,
Taxkas matpuua t; cyuecrByer. ITposievoncrpupyem aeicTBHe 3TOH MaTPHLIBI HA B71e-

MEHTE a.
A AN 0\(0 1‘]/1 0 )
% 4 e -l %)
TakuM 006pa3oM, Bce MaTpULIbI peacTaBiacHui 5 u £y Tadn. 2. 46 B3auMHO CBA3aHBI C

OPMOOHANBLHBIM HenpueoouMmsiM npedcmagieruem E,.
EnvnuuHoe npeacrasnesue £y oGpascBaHo 0a3UCoOM —

Feyxteytez?.

Baszucom apyroro 0iHOMEPHOro NpeacTaBieHus — E| -— C1yXUT ock Z. OCU X U y SIBJISI -
10TCs 6a3MCOM LTSt MATpHLL £, , €CU y4eCTE, YTO KOOPAKHATE] HA TWTOCKOCTH ITpeobpa-
3YIOTCSI NIG U3BECTHBIM (DOPMYNaM:

x ' =x-cosp-y-sing, y =X -SinG+y-coso,
TO TIPH 3HAYEHUAX YIJa [osopoTa B 2n/3, HMeeM

cos2r/3)=-1/2, sin@n/3)=+3/2,
¥ TOTJIA TIPe0OpasoBaHUE KOOPANHAT NPUMET CHEAYIOLLYI0 MATPUYHYIO (popmy —
x’]_ 1y Y [/\
(y' RS yJ

BepuuHsbl TpeyroabHyka (puc. 2.4a) UMEIOT KOOPJAUHATI:

8 -4

npuyeM 2=-0-1. DTUM BepIIHHAM COOTBETCTBYIOT TPU HE OPMOZOHAAbHBIX APYT K PY-
ry BekTtopa — 0, 1, 1 2, KoTopble 00pa3ytoT 6a3uc st ipencrapiennii £, 1 Ey. Opmoeo-
HaavHoe npeactapiaerue Fy(a) u neopmoeonanvroe Es(a) npeobpasyloT CBOU CUCTEMbI
0a3UCHbBIX BEKTOPOB:

3 Sk GHA 0

CrenyeT TakxKe HallOMHUTD, UTO CYHIECTBYeT TaK Ha3blBaeMas aKkmugHas CUCTEMA
KOOPAMHAT, KOr1a 00beKT (HallpuMep, Halll TPEYroNBHUK) HAXOAUTCS B TTIOKOE, a KO-
OPIMHATHLIE OCH BPALAIOTCSI BOKPYT HETO; U ndccugHad, KOTAAa CUCTEMa KOOpAUHAT
MOKOMTCH, a 00BEKT BpallaeTca BHYTpH Hee, KpoMe Toro, st coraacoBaHUs AeiiCT-
BMS OJNCTAHOBOK U MATPHYHBIX ITPeo6pa30BaHU| MOXKET OBITH UCNIOAB30BAHA TPOTH-
BOTIOJIOXHAS pACCTAHOBKA COMHOXMTe e TUG0 JUIS MaTPHIL, 1100 17151 HOACTAHOBOK,
T.€. JUIs1 BBITIOJIHEHUS OIHOTO M TOTO K€ IPYyNNoBoro rnpeodpa3soBaHust ISt MOACTAHO-
BOK OepeTcs npousseeHue ab, a wisi Matpull — ba (unn HaoGopoT).
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Ecmn HENPUBOANMOLC MATPUYHOEC NPEACTABICHUC OPTOHOPMHAPOBAHO, TO OHO NOA-
YUHACTCA CJICAYIOLIEMY (I)yH)laMeHTiUIbHOMy TOXIACCTBY:
i Kl g1 n N 2.30
ZEé (g)Eﬁ (g ):H_SftIKbiAbﬂ s ( )
o

2eCG

[1€ g - AAEMEHTHI IrpynIibl G, # — MOPSIAOK FpyTibl G,
1, — pa3MEpHOCTh MaTpHULL rpeacrasieHus £, ,
EY (g)Ef{’ (g') — MaTpPUUHbBIC SNEMEHTBI [IPEACTABICHMIA.
IpounmocTpupyem cripageinsocTs (2.30) Ha HalIMX KOHKPETHBIX OPTOHOPMU-
POBAHHBIX HEMPUBOANMDBIX NPEACTABAEHUAX £ H Ej:

SEN@EN (g )=0 u Y EF@EF(E ") =3,

geC geG
ITOCKOJBKY
1.0+1.‘_3+1-£3-+<--1)-0+(«-1)->§-+<a1)- ",‘@. =0
2 2 2 2

N N2 \2 2
12 +L_7lj +(_71j +(—l)2+(%J +(-;—‘] =g=3.

Teneps, B cOOTBETCTBUU C TaGAMLEH YMHOXEHHUS 2AEMEHTORB rpynnsl D;, mocTpo-
uM onHy 0,1-Matpuiy peeyasproeo npenctasieHus Es(a) (aHaTOrMuHbBIM 00pa3oM Ha-
XOIATCSI BCE OCTANbHBIC MAaTPHiLbl HPugoduMozo npeacrasieHns Es):

a e) (010000
a’ a 001000} a
e |_ e’ L0000 0d
ab b1 100001 0f b
ba ab| (0 0 0:0 0 1||ab
b ba) \0 0 0/1 0 0/ ba

CyurectByet Takas TpaHcdopMaUMOHHasi MaTpyrLa T, KOTOpasi IO3BOJIUT BCE MATPHLIBI
Es pasnoxute Ha MaTpuLbl Henpueodumeix ipeacTasieHuii £y, F|, E,. Ilns HaxoxaeHus
37IEMEHTOBMATPHLib! 7 T10/1b3YI0TCst AieMeHTaMu Matpul £y, E,, F, (ta6n.2.46) u dop-
MYJION —

Ti(g)= E! <g>\/§. (2.31)

TIpou3sBeneM pasnoxeHune MaTpvubl £5(a) Ha HEIPUBOAUMBIC TIPE/ICTABIEHUS, UC-
NOJb3ysl KOHKPETHYIO TpaHchopMalMOHHYI0 MaTpuly (2.31), moayaum:

Ei(@)=T" ' Es(a) - T= Eya) + E\(a) + 2-Ex(a), (2.32)

Tae E(a) — OJIOYHO-IMAaroHaAbHasi MAaTpULE, UMEIOLLAs BUJIL;
5 )
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1:0: 0 0 ¢+ 0 0

........................................

01 0 . . 0 1.0 U
, 010 -1/2 ~3/2i 0 0
Es@= 0 v32. 12 00

0i0; 0 0 | -1/2 —3/2

0i0i 0 0 iv3/2 -1/2

TpaunchopmaumonHas Matpuila 7’ BBINISINAT TAK —

1/6 1/v6 1746 1746 1/v6 1746
1/¥6 1746 1746  -1/¥6 -1/46 -1/46
7 o|1/V3 17208 —1/243 143 <1723 -1/243 |

0 12 -1/2 0 1/2  -1/2
1/\3 —1/243 -1/243 —1/43 17243 17243
0 -1/2  1/2 0 172 -1;2

Takum 06pa3oM, Bce peryisipHble MaTpuLbl F5(g) pacniagyTcs Ha MpsiMyIo cyMMy 6J1o-
KOB, TIPAYEM KAXKAbIA U3 OJOKOB HENPHUBOAMMOTIO npeacTaeieHust E (g) BXOOUT B
6J1049HO-AuaroHabHY0 MaTpuily E£5(g) poBHO n, pas. B Halllem ciyyae pa3MepHOCTH
NPEACTaBACHUIN n, PaBHbL Ho=n;=1,ny =2.

Hapsiny ¢ npsiMoii CyMMO#t MOXHO BBECTH HIOHSITUE O APAMOM APOU3EEOeHUU MAT-
puit. ITycts nansl nBe Marpuilsl A U B:

a4 a3 b b
— _{“u 12
A=|ay ap ay} B_[b b )
21 22
a3 axp 4y
Onpees M HX NPsSIMOE NTPOU3BEIEHHE CIIEAYIOILUM 00pa3oM:
a,b,  ay by, apby alzb12§ apbyy  apby,
a, B a,B a,B ay by ayby apby  apby | apby  a3by,
AxB=ja, B anB apB|= : :
ay B ayuB o aynB e e

BuactHoCTH,

G2 —172 ) B2 <72 ) | B4 374 174 Bal

3/ 3/41-3/4 1/4

OpTOHOPMUPOBaHHBIN 0A3UC JBYXMEPHOTO HENPUBOAUMOTO IpeAcTaBAeHUS Ey{(a)
HUMEET BUIL:

Ez(a)sz(a)=(“f’2 ‘ﬁ/zjx[—‘“ -\5/2) /4140 374 34

Ecay coctaBHTh BCEBO3MOXHbBIE MPOU3BEACHUA X' U V',
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,,1ﬁﬁ3,,d§13J§

xXx =Zxx+—4—xy+—z—yx+zyy, xy =—Tn+4xy—2yx+ 4
y'X’=—[3—xx—§xy +lyX+-@yy yy' 3 B3 y—‘—/—iyx 1yy
47747 4 4T 47 4 4774

TO CTAHET INOHSITEH W CMBICI MaTPHIIbl MPAMOTo npou3seneHus. JobaBnuMm, 4To 1Ipu
MpPSAMOM NMEPEMHOXEHHUH CBOMCTBO OPTOHOPMHUPOBAHHOCTH COXPaHSIETCA.

CoBOKYITHOCTL MaTpUII NMPSAMBIX HPOU3BEACHHUH 00pasyeT HOBOE TpECTaBIeHUE
rpynnst Dy, npudeM npusodumoe, KoTopoe Mbl 0003HAUUM KakK

E¢(a) = Ey(a) x Exa).

IIpyBOAMMOCTD O03HA4AET, YTO MATPULLBL E¢(a) KaKMM-TO 06pa3oM pacKalbIBalOTCS B
NOPSIMYI0O CYMMY HEMPUBOMUMBIX NpeAcTaBiaeHUil. UToObl yMeTh peuiath MogoOHOTo
pola 3a1a4u, HeoOsI3aTe/IbHO UCKAaTh COOTBETCTBYIOLIUE TPAaHCHOPMALMOHHBIE MAT-
puubi Tina (2.31). JocTaTOYHO 3HATH XapaKTepbl MATPUYHBIX TIPEACTABICHUI 110 TPEM
KitaccaM akBuBaieHTHOCTH C, C) u C,. rpynnsl D;. 3ateM, WSl ONpeneseHus yucaa
HENPUBOAMMBIX PEACTABACHUI £, CONEPXALIMXCS B IPUBOAMMOM g, HEOOGX0AUMO
BOCIIOJIB30BATLCS MPOCTBIM COOTHOLICHUEM:

Eﬁ—Zm E,, toe m, :—Zh hg, (2.33)

31€eCh n — nopﬂJ:[OK rpynnsl G, A, ¥ h - XapaKTepI)l npejicrapnenuit E, u Eg, KOTOpBIE
NpUBEAEHBI B Ta0n. 2.47.
ITo dopmyne (2.33) Haitnem KoahdDULIMEHTHI m, CHAYa1a JUIS TIPUBOIAUMOTO Npel-
crasienus £y
Tabnuua 2.47

my=1/6[31+01+01+ 11+ 11+ 11]=1, Dy | G| G| &
B |1 1 1
m=1/631+01+4+01+ 1-(-=1)+ 1-(~1) + 1-(=1)] =0, £, 1 1 | -1
51 2 1-1] o0
my=1/6[32+ 0(=1) + 0-(~1) + 10 + 1-0 + 1-0] = 1. | 2 |-1]0
£y 3 0 1
Orclona Iosiy4yaem: E.=E +FE, . Es 6 0 0
Eg 4 1 0

AHQIOTHYHBIM pacyeToM y6exxnaaeMcsl B CIIpaBeyIMBOCTH e1l¢ ONHOTO U3BECTHOTO
HaM pasnoxeHus (2.32):

Es=Ey+ E, + 2'F,.
B cnyyae npsimoro rnpou3sseaeHus popMmyia (2. 33) He MEHSIETCA ¥ pe3yJIbTaT OyIeT ciie-
OYIOLIUM:
Es=F x E,= Eyt E + E,.
Jns HaxoXAeHUsl XxapakTepoB npejcTaBreHus Eg Heobs3aTeabHO UCKATh MaTPH-
LbI IpAMBIX Npoussenenuil £, x E,. loctatoyHo cTpoKy xapakTtepoB E, (Tabna. 2.47)
BO3BECTH B KBajpaT. Bece apyrve pasnoxeHUsi MPUBOAUMBIX NpeAcTaBieRuil (E, u

E5) na nenpusonumsele (K, E,, E,) Takxxe MOXXHO NPOBEPUTH IO TabJIMLIE XapaKTe-
POB.
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Hist xapakTepoB HENPUBOIAUMEIX [1PEACTABACHUIH, KaK U U1 MATPHLI, BLITTOJHSICT-
¢l 3axon 06 opmonopmuposanrocmi (2.30), KOTOpbi# YI00HO pacrnivcaTh Ha ABa COOT-
HOIIEHUS — OTHENIBLHO Uit cmoabyoe (kinaccos C) Tadbn. 2.47 v OTAEILHO ISt CMPOK
(nmpencrasienuit I, ):

K L
}_:n,hOl (C; ) -hy(C; ) =ndg, Znihu (G ) ho (C;)=nd,

i=1 o=1
T n; — YUCJI0 DNeMeHTOB B kaacce C,, # — IMOPsiIOK rpynnsl G,
K — uucno xnaccos C,, L — yncno npeacrapineHuit E,.

HpI/IBC)ICM NPUMEPL], TOATBEPXAAKWUE OPTOHOPMUPOBAHHOCTD XapaKTEPOB:

3
3 i h5(C; ) hy(Cr ) =1:2:2 42 (=1)-(<1)+3.0-0 =6,

i=1

3
n b, (C)h, (Cy)=2-11+2-1.(-1)+2-(-1)-0=0.
! 1 "alv 2

¥V Hac noayuunocs, 4to K= L. Ha caMoM jie;1e UMC/10 HeNPHUBOAMMEBIX IPEACTaBIe-
HHUI1 £, 6ce20a paBHO YUCITY KJIACCOB CONPsKeHHOCTH C;. Kpumepuem Henpugodumocmu
npedcmaenenus E, ciryxut opmyna —

Shi(g)=n. (2.34)

geC
Tak, npeacraBnenue E; aBAsieTCs Henpueooumovim, T.K.

S hd(g) =22 (-7 +(-1)? +02 0% +0% =6,
£eG

a NpeaCTaBICHUE E4 6)’IICT YXKE IMPUBOAUMBIM —

T hig)=32+07+07+17+17 +17 =12,
geG

Ellle OTHUM Ba>KHBIM KPHTEPHEM ABIISIETCS kpumepuil noAHOmMbl Habopa Henpueoou-
MbiX npedcmagaenyll, KOTOPBIH MACUT: CYMMA Keadpamog pasmepHocmeli Mampuy, ecex
HEnPUBOOUMBIX NPEOCMABACHUI 00ANCHA OblMb DAGHA NOPAOKY 2pYynRibl —

Snk=n, Dy 6=12+ 17+ 2% (2.35)

Pasnoxenue (2.35), BoobGuie rosopsi, Heonno3dHayHo. Hampumep, yucna 27 u 92
MO3KHO Pa3lIoKWUTh HA CYMMY KBAaJIpaTOB MHOTUMM CIToco0aMu:;

27 =1+ 12 +5 =1+ 12+ 3+ 4=+ 3+ 3=+ 12+ 12

b
2=1"+12+3+9=32+3+ 3+ 4+ 7=+ 1P+ + 1P+ 22

KpuTtepuil HerlpUBOANMOCTH [1PEACTaBACHU I CBUISTEILCTBYET O CYLIECTBOBAHUM
OMpeAEICHHON CBA3U MeXIy kiaccamu sxeusasenmuocmu C; M HenpugoouMsimMu npeo-
cmagaenuamu L. TTo-BUAMMOMY, K2XXIOMY KJIacCy MOXHG TIOCTaBUTh B COOTBETCTBHE
omnpeneneHHoe npeacrasnesue. st rpynmst Dy 3T0 COOTBETCTBUE M0210 Obl 8bi2AS-
dems caenyoluM obpazom: £, & G, £, & G, By <> Cy.

O1HaKo He Bce TaK IMPOCTO, KaK MOXET [0Ka3aThCs Ha NepBrIi B3rsia. Kaxnoe He-
MPUBOIUMOE NpelcTaBaeHue L, onpenesieTcs CBOMM geKmopHbim 6aszucom (MHaye ro-
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BOPSI, CBOUM CYOCIMAHUUOHHBIM MHOXECTBOM), & KaX/IbIil KJIAcc 9KBURAJICHTHOCTH C;
onpenensercss cnelnPUUecKOn nepuoduuriocmslo NOOCMAHO80K, BXOASUIUX B KJIACC
(1.e. CBOUM onepayuonHsim MHOXeCcTBOM). [Ipamoit cBsizu Mexay cyOCTaHLIHOHHBIM U
OTepallMOHHBIM MHOXECTBAMU HE CyllecTBYeT. TeM He MEeHEE, HCITOJIb3Ys TAK Ha3kl-
BaeMble duaepammul FOHza (MX MHOTAA Ha3bIBAIOT duazpammamu Deppe), MOXHO OIHO-
3HAYHO YCTAHOBUTH pa3mepHOCMb Oasuca auneiinoeo npecbpasosanus E, Ha OCHOBe ne-
puoduurnocmu nodcmanosok C; . Ha npumepe Haiuell rpyninet Anzapa Dy mokaxem, Kak
3TO JeJlaeTcs.

3aMeTHM, YTO N3JIOKEH HAs HIDKE MeTOAMKA TPUMEHNMA TOJIBKO JUIS CUMMempuye-
cKux epynn S, MOPSIAOK KOTOPBIX OrpelesseTcsi GopMysioi — u! 1 KOTOpble COCTOAT U3
BCEBO3MOXKHBIX TIEPECTAHOBOK W3 /1 MHAEKCOB (paccMarpuBaemasi HaMu IpyTina Kak
pas TakoBa: Dy = 83). Hanee, nono6GHYI0 METOANKY MOXHO MCIOJb30BATh [UIS1 HOAHOU
epynnst cummempun mempazopa T, KOTOpasd COCTOUT HE TOJNBKO U3 IIOBOPOTOB 3TOH
reoMeTpuueckoi Gpurypsl (7), Ho ¥ orpaxeHUR ee B THIOCKOCTSX CUMMETPUH
(T;=S,), atakxe epynnul epauwenuii uxkocasdpa (¥'= Ss5). OaHako angd HeCUMMeTpUYe-
CKMX IPYTII, HAPUMED Dj , HOMCK BCEX HENMPHUBOAMMBIX NPEACTABICH U £, SIBIAETCS

YK€ HECTAHAapTHOH 3d1aueit, TpeOYIOWICH UHOra 3HAUMTCAbHbIX TBOPUECKUX YCHU-
Ui,

Beenem nousitue duaepammer FOnea. [lnst rpyrnimst nepsoro nopsaka C; = S ana-
rpaMma KOHTa npeacTarisieTCsl eIMHCTBEHHOM MyCTON KJIEeTKOM, KoTopast o6o3Hava-
ercst cumoioM [1]. Ans G, = S, umeem nse anarpammsl KOHra: cummempuunyio [2) n
anmucummempuyunyio [11], kotopbie cooTBeTCT~
BYIOT IBYM criocoGam pasbuenns uncaa 2. s S 0 S,LL 2] S B:]
S; K monHocThIO cuMmeTpuuHoit [3] u anTh- (] 111
cuMMeTpruuHoil [111] nobasisiercs nuarpamma B [11] [3] [111] [21]
co cMelnaHHoi cummerpueit [21]. Bee nepe- Puc. 2.7
qucjieHHbie auarpamMmbl FOHra Hi300paxeHbl Ha e
puc. 2.7.

Pasmeprnocms npedcmasaenis, T.€. TO, UTO HAc ceiyac 60JbliIe BCero HHTEPECyeT,
3ABUCHUT OT YMC/Ia BO3MOXHBIX CMOCOG0B 006pd30BAHMUS KOHKPETHOM AMAarpaMMbl
IOura. Ha puc. 2.8 nokazaHo,

KakK MOJy4YuTh JABYXMEPHOE S, [22]

NpeacTaBAeHUe, OTBCUYAIOLICE + 2|

auarpamme [21] s S5, U3 IBYX

auarpamm ([11] u [2]) ansa S,. C +

ATOW LENbIO TIPOU3BOAAT pas-

JIUYHYIO HyMEpallHuIO KJIETOK, [22]

IpPU KOTOPOWH MHAEKCHI MOTYT s, [1111] 5 }th

romwo sospueriny caews 1oyl s
pOKe u

CBEPXY BHU3 B KaXKJIOM CTOJIOLIE,

Taxk, yuuThiBasi criocobbl oopa- 1> <> %

3oBaHMs auarpamm KOura st S, : 7]

U3 quarpaMm st S;, onpenes- <>

eM, ITO juJisi Sy OyNeT cy11ecTBo-

BaTh ABa odumomepnuix ({41, Puc. 2.8

<1>

k3l

il
(o= fuol]

o)

<2>

3[4] [31]
3>

214

/\[w i
o
\V

2] 4] 3] [211]

(D

A op— A ool
(%]
\

3>
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[1111]), nBa mpexmepnbix (|31], [211]) u onHo deéyxmeproe npenctasnenusd ([22]). Pas-
JIMYHBIE CMIOCOOBI 3aIIOAHEHMST UarpaMM 0003HAUYEHBI B YIJIOBBIX CKOOKaX.

H3znoxeHHBbIR c110cO0 HAXOXIEHUS Pa3MEPHOCTH, XapakKTepoB M CaMHX MaTpHIL
HENIPUBOAMMBIX IPEACTABIEHUN CUMMETPUUECKUX TPYIN MOAPOOHO ONUCAH B KHUTE
M. Xamepmewua «Teopust rpynn». OaHaKoO B JIpyroM MecTe, B UaCTHOCTH, B KHUTe M.,
Atiriepa «KoMOHHaTOpHast Teopus» NpeACTaBleHa COBEPIUEHHO WHAasd METOAMKA
onpenesieHUs1 pa3MepHOCTH. TaM BBOAMTCS MOHSATHE 21060 0AuHbl IUTS KAXKIOH KIeT-
kU puarpammbl fOHra. Yrnosas anvua ( /;) paBHa uMcily KJIeTOK, pacIOIOXEHHBIX
CIpaBa ¥ HUXKeE I-0M KIETKH, MJI0C eAMHULA (T.€. YYUTBIBASTCA caMa j-asl KJIeTKa, Ui
KOTOpOI#t uleTCs yriaosasa JUIMHA). PasMepHocth auarpammnl (D[A]) onpenensiercs
KaK YacTHOE OT [ICJICHUS TIOpsIIKAa CUMMETPUUECKO rpynibl (a!) Ha NMPOU3BEAEHHE
YIJOBBIX JUIMH OT BCEX KJIETOK JAHHOM AuarpamMMbi:

_n
qA]—Hll ‘

PaccuuTaeM pasMepHOCTb NpEACTaBIEHUI CHMMETPUYECKOM FPYIIIBI S
D[11111] = D[S} = 5Y/1-2-3-45=1, D[41]= D[2111]= 5!/1-1-2-3-5=4,
D[32] = D[221] = 5!/1-1-2:3-4=5, D[311] = 5!/1-1-2:2-5=6.

C nomoriibto fuarpaMm KOHra MoXHO HenocpeICTBEHHO BRIYUCIUTD XapaKTephl U
CaMU OPTOHOPMHUPOBAHHbIE HENIPHUBOAMMbIE MATPHUHBIE MTpeACTaBaeHUs 6e3 rpenBsa-
PUTENBHOTO HAXOXIEHUA ux 6asuca. [1loapoOHoe U30KeHHE ITOW METOTUKHM MOXHO
HaiTu y M. XamepMela B yka3aHHOH HaMH KHHTe, Tie TOMUMO IIPOYEro ONMCaH CIio-
€00 HaXOXIEHUSI TAK HA3BIBAEMBIX cuM80106 Amarnyuu, NIpUAAIOLLIMX ITPEICTABICHUSIM
OMHO3HAYHOCTh. MBbl Xe TNpearnpuMeM ceifuac COKpallleHHOE H3IOXEHUE, MTO3BOJISIO-
Liee, TeM He MeHee, HaliTU BCce MaTPHiLbl ABYXMEPHOTO NpelcTasieHus E,, oTBeyalo-
wiero guarpamme [21] rpynnet D; = S;.

JnaroHanbHble MaTPHUUHBIE 3JIEMEHThI TSl AMarpaMMbl < i > M CMEXHOH TpaHCIIO-
3uiu (kK — 1, k) onpenensaiorces 1o Gopmye:

. . <i> -1
<Hk—4,mz>=uhﬂm], (2.36)
megtﬁfﬂam—cw—npqmm—Rw—ny
3aech P(j(’f] 4y — AKCHAILHOE PACCTOSHUE MEX/Y UHCTAMHU k — 1 n k B tMarpaMmme

<i>; Clk)u C(k— 1) — Homep ctonbua k wim k — 1 aneMenTa B tuarpamme < i >; R(k)
u R(k — 1) — HoMep cTpoku k unu k — | anemenTa B amarpamme < i >. Ecnuyucna ku
k — 1 HaxoaATCs1 B OJIHOUN CTPOKE, TO aKCHMaJIbHOE pacCTOstHUE paBHO 1, a ecnu k U
k — 1 HaxoAsTCs B OMHOM CTOIO1E, TO aKCHAIbHOE paccTosiHUe paBHo (—1). Heauaro-
HaJbHBIC MATPUYHBIE 3IEMEHTBI MEX/y inarpaMMoi < i > u auarpaMmon <j > TpaHc-
ro3uvu (k — 1, k) He paBHbl HYJI0, eciu < | > rojydaetcs U3 < j > IyTeM NepeMEHBI
MEeCT MHIEKCOB K U kK — 1, B MPOTHBHOM Cly4ae HeAMArOHa/IbHBIN 3JIEMEHT paBeH
Hymo. HenyneBoil MaTpu4HbIi 91eMEHT onpenesiercst o gopmyne:

: N <i> -241/2
<ilk—1,klj>=0-P75 12 (2.37)

Ecau mOMHUTB, YTO J100Y10 TPAHCMO3MIIHMIO MOXHO MPEACTaBUTDH NPOU3BEICHHEM
CMEXHBIX TPAHCIIO3MLMIA (2.25), a BCAKYIO MOACTAHOBKY MOXHO Pa3/ioXUTh Ha TIpO-
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usBeAeHne TpaHcno3uumi (2.26), To npuBeaeHHbIX GopMy OyIeT AOCTaTOYHO WA
BBIUMCIIEHUS] MAaTPUYHBIX npeacTabienuii. Ipu noab3oBanuu dopmynamu (2.36) u
(2.37) cueT MHIEKCOB y TpaHcnosuimii (k — 1, k) 6ynet HaunHatecss He ck=0,ac k=1,
TakK 4To Haura TpaHcnosuuma (012) = (123). MeToauKy BBIYUCIEHUS] MATPHYHBIX JJIe-
MEHTOB IIPOIEMOHCTPUPYEM Ha NPHUMEpPe IBYXMEPHOI'0 HEMTPUBOAUMOTO N1peCTaBIe-
Husi E, rpynnsl Dy, oTBeuatowiero auarpamme [21] ¢ aByms cnoco6aMu pacCTaHOBKH
uHaexcos < 1 > u < 2 > (puc. 2.8).

Jna cMexHoi tpaHcnosvuumu (23) anarpammbl < 1 > umeeM IHaroHaJIbHbIA 371€-
MEHT, PAaBHBIHA

<1|23]1 >=[P(<2‘3§]" =[1-2-Q-D]"'=-1/2.

J17151 3TOH € TPAHCIIO3ULIMM, HO AMarpaMMel < 2 > UMeeM Jpyrod IMaroHalbHbIA 3J1e-
MEHT —

<2|23]|2 >=[P(<2‘3;]~‘ =2-1-1-2)]"' =1/2.

HenuaroHagbHble 2JIeMEHTBI paBHbI MEXY CO0OI:

<1123]2>=<2|23[1>={I-[R31}}/? =+3/2.

CnenosarebHO, MATPULIA HEITPUBOAUMOIO TIpeAcTaBleHus £, JIsi TPaHCMO3ULMH
(23) — OHa e BBICTYIAET B POJIM OAHOM M3 NMOACTAHOBOK IPYMIbi D3 — BBIITIALUT ClIE-
NYIOIUM 00pa3oMm:

2 N2
st tpancnosuumu (12) umeem:
<1l12l1>=1, <2l1212>==1,<1l12{2>=<2]12[1>=0.
CooTBeTCTBY101Las] MATPHLIA PaBHA:

1 0
23) = .
23) [0 _1]
Taxk kak

(13) = (32)(12)(23), (123) = (12)(13), (132) = (13)(12),
TIOCJIE MEPEMHOXEHHU S BBINUCIEHHbIX MAaTPUILL HAXOAUM OKOHYATELHO!
-1 -3 -/ -3 -1 -3
(13)=[ Jé AJ, (123):[IA Aj, (132)=[Jé A]
IlepeitneM K paccMOTPEHMIO HEKOMMYTATUBHOM IPYIIIIBL — D}t . OHa oTBeyaeT npo-

CTPaHCTBEHHOMY BPAILUEHHIO KBajpaTa (puc. 2.46). BpallleH1s! ONUCHIBAIOTCS CIENY-
Iol1eit CUCTEMOM NTpeobpa3oBaHHsl KOOPAUHAT:

e=(0), X =x, y =y, 7=z
a= (0123), X =y, y=—x, 7=2
a3=(02)(13), X =—x, y=-—y 7=z
a =(0321), X =~y y =X, 7=z
b=(01)(23), X =—1x, y =y, 7=—1
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a2b:(13)’ X':_}” y':x’ 7 =-1,
a3b:(03)(12)5 XI:x, yl ::—-—y’ z’:__ g
b= (02), =y Ye—x ye——=

Bce anemeHThI D} pacnafaoTcs Ha HsTh KJIACCOB YKBUBAIEHTHOCTH:
. 2 N 3 2 3
s=1e}, C ={a’}, C=la,a}, Cy={b, ab}, C,={ab, a’b}.
YuC10 HENPUBOAMMBIX TPECTABAEHUI paBHO YMCY KiiaccoB. [Toab3ysick KpuTepueM

FIOJIHOTHI Habopa HerpUBOAUMMBIX IpeacTtasiicHul (2.35), onpeaenum pa3sMepHOCTH
TMSITU MPEACTaBACHU:

>nl =121 412 417427 = 8.
o

Henpusoaumeie npencrasinenus {E,, £,, F,, £, E;} npuseaennl B Tabn. 2.48.
AByxMepHoe mipeactasienue £, nogyuaercsi U3 npeoOpa3oBaHHNA KOOpAMHAT AJIS
ocel x U y; onHomepHoe E| oTsevacT rnpeodpazoBaHUAM OCH Z; MUHYC SAMHWLIA IPE]-
cTaBiieHMs! E; cTaBUTCS Ul HEUSTHDBIX MIOACTAHOBOK; CTpOKa Ans £, 3anuchlBaeTcs n3
coobpaxkeHuit 06 opToroHasibHocTH (2.30), KOoraa U3BECTHbI TPU APYTUX ONHOMEPHBIX
npencrasiaeHuss. [ToMUMO yKa3aHHbBIX NMITH HENMPUBOAUMBIX TIDEACTABICHUH, B
Tabn. 2.48 naHo elle OHO, IKBHBAIEHTHOE Fy, OPTOTOHAJIbHOE, ABYXMEPHOE TIpel-
cramieHue Es, rionyueHHoe Ha 6a31ce BeKTOPOB, TIPOBEIEHHBIX U3 LEHTPAa KOOPIUHAT
K BepuinHaMm 0 u 3. Koopnuuatsl BepiuuH kBajparta (puc. 2.26) onpenesiior 6a3uc
st Ey:

0:(171)7 i:(l,"’ 1)’ 2:(_ 1’—'1)a 3:(_ 121)

TaGnuua 2.48

D} e a a P b ab ab a3b
Fo 1 1 1 1 1 1 1 1
£ 1 1 1 1 -1 -1 -1 -1
£ 1 - 1 1 - 1 -1 1 -1
E 1 -1 1 -1 1 1 -9 1
E [1 oj [o 1) (-1 0] [o -1) -1 o] (0 1] [1 o) [o —1)
410 1 “10jilo -1ttt o)llo 1 L1o 0 -1 ]\-1 0
10 0 -1 -1 0Y (0 1Y {{0 -t 10 0 1 -10
£s (o 1) £1 oj [o -1) [J. oJ (—1 oj [o 4) [1 oJ {0 1]

B tabnuuy xapaxrepoB (taba. 2.49), mMOMUMO HEIPUBOAMUMBIX MPEACTABICHMH,
BXOJSIT YETBIPE NIPHBOAUMBIX: f — NojyyeHHOe Ha Gasuce X, y, z; F; — MoJIyYeHHoe Ha
6asuce0, 1,2, 3; £y = E, x Ey; Ey — perynapHoe npeactasnenue. Fcnonssys gopmyny
(2.33), MOXHO TIPOBECTH CJIEYIOLINE PABIOMREHUS:

Eg=E + Ey Ey=FEy+ B+ B, + L,
E7=E0 r E3+ E4, E92E0+ El + E2+ E3+ 2E4
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Tabnnua 2.49

D;’z Co | C1 | G| C3 | Cy
£y 1 1 1 1 1
£y 1 1 -1i-1
B 1 1 -1 1 -1
=) 1 1 -1 -1 1
Eq 2 -2 0 0 0
= 2 |-21 0 0 0
= 3 /-1 1 -1 ] -1
£Eq 4 0 0 0 2 ]
Eg 4 4 0 0 0
= 8 0 0 0 0

M3 rpynn BocbMOIo nopsiika ocTanach He PACCMOTPEHHON epynna keamepHuona
D}. Ecnu B KauecTBe 6a3nca B3SITh BEKTOPBI:

0:(13i)1 2=(i,]), 4:(13_i); 6:(_i, 1)9

12(“1,‘1'), 3:("1-9_])’ 5:(“15i)7 7:(i)_1)s
TO OHHU IMOPOJAT OTIEPALIMOHHOEC MHOXECTRO, 06p33yl01uee JABYXMEPHOC HEIIPUBOAH-
MOC€ IPEACTABJICHHCE!

e =<0>=((1) OJ, --e=<01><23)(45>(67):['01 0 j

1 -1
i:(0213)(4756):(3 0

] —i:(0312)(4657)=(6i E'j

j:(0415)(2637)=[0_ Fij, -'j:(0514)(2736)=(9 ij,
- 0 i 0

e-osmasin-{| ). —k-onoeis [0 1),

I'pynmna kBatepHHoHa D;{', KaK M rpynmna musapa D) | cocTouT u3 naTu Kraccos —

CO = {e}: Cl = {_ e}’ C2 = {i’ - i}s C3 = {i: _—j}’ C4 = {ka - k}’
CJIEA0BATENIBHO, OAHOMEPHbIE NpeacTasaenus — Ey, E|, E,, E; — y Hee coBnagaior ¢
TIpeAbITYILKM citydaeM (Tabn. 2.48).

B paznerne, xoTophlit HasbiBaeTcs «l'eoMeTpUuecKast MHTEPIIPETAINS IPYIIIIOBBIX

npeobpa3oBanuily, HeJIb34 HE CKa3aTh O BaKHeH el MHTepIpeTaluiy IPOU3BeIeHUS
JIBYX KBaT€pHUOHOB. [Tog06HO0 TOMY, KaK MPOU3BEACHUIO IBYX KOMILIEKCHBIX YUCET

b a

N

. . a -b
z:cosw+zsm(p:a+1b:( j,

. . . : d
Z’=COS(p'+JS!n(p':C+ld:{; },
C

OTBEYAIOT JiBa MOCACIOBATCIIbHBIX ITOBOPOTA B TNIOCKOCTH X, iy .
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Z =77 = (cosp + ising)( cosp’ + ising’) =
=(atib)(ctid)y=(ac— bd)+i(ad+ cb)=
_(a -b\(¢ —d _ ac—-bd Had+cb) —(ac—bd) 10 +(ad+ch) 0 -1 ’
b aj\d ¢ ad+chb  ac-bd 01 1 0
TIPOM3BEAEHUIO KBATEPHHOHOB COOTBETCTBYIOT 10C/Ie10BATEIbHbIE BPALEHMS B IIPO-
CTPAHCTBE TPEX UBMEPEHUI.

KBaTCpHI/IOH, KaK MbI YXX€ 3HacM, [OJydacTcd 3a CYET YABOCHUSA KOMIIJIEKCHOTO
JUCAa MU Ha 0a3UCHBIX Marpuuax, KOTopbi€ MOTYT UMETDb cneuyxoumﬂ BUI

g=ztjZ=(@+ib)y+j(ctid=a+ibtjctkd=

10 0 -1 i 0 0 i a+ic —(b-id)
=a +b +c |+di . = .
0 1 I 0 0 - i 0) \b+id a-ic

CocTraBUM NpoU3BeIeHUE JBYX KBATEPHUOHOB!
Q=9qq =(atibtjct+kd(a+ib+jc+kd)=
i j k
=(aa" —bb' —cc —dd)+a(ib+jc+kdy+ta(ib+jctkd)+|b ¢ d
b
3eck cKaJsIpHAas YaCThb NMPOU3BEACHUS €CTh IPOU3BEACHUE CKANSIPHBIX YacTel MHO-
XUTENeH MUHYC CKaJsIpPHOE MPOU3BEICHMUE WX BEKTOPHbIX yacTeil. BekropHast yactb
TMPOU3BEACHUST COCTOUT U3 CYMMBI TPOU3BEACH NI CKaJISIPHOM YaCTH KaXKIOTO MHOXH-
TeJIsI Ha BEKTOPHYIO YaCTh APYTOro IJII0C MPOU3BEAEHUE BEKTOPHOW YacTH MEPBOTo
MHOXMTEJIS Ha BEKTOPHYIO YacTb BTOporo. TakuM 00pa3oM, Bce CYIeCTBYIOLIHE BUIBI
YMHOXEHMS B BEKTOPHOU asire0pe siBJISIIOTCS1 OCKOJIKAMHU EAMHOH OMepaliiy epeMHO-
JKEHHS IBYX KBATEPHUOHOB. .
TTepemMHOXeHMe OBYX COMPSXEHHbIX KBATEPHUOHOB Ja€T CKAISAD:

(atib+jctrkd(a—ib—jc—kdy=a + b+ +
KsarepHuoH ¢ HOpMUPOBAHHBIMH KO3(PDPUILIUEHTAMU:
@+ P+ d=1
MOXHO NPpEACTABUTD YEPE3 TPUTOHOMETPHUYCCKUE (I)YHKLII/II/II

’

IS

q =cos ¢/2 +sin¢/2 (icosa + jcos B+ kcosvy),

rae o, B Uy — YIJIBI MEXAY HEKOTOPBIM BEKTOPOM p M OCSIMHM KOOPIHHAT, ¢ — YroJI Bpa-
ILIEHHUs BOKDYT p.

ITpocTpaHcTBEHHOE BPALLEHUE, ONMUCHIBAEMOE KBATEPHHUOHOM ¢, 32 KOTOPBIM Clie-
JlyeT BpallleHue ¢', JaeT pe3y/lbTHpyloulee U3MeHeHHe OPUEHTALUUH, OTIHMChIBaeMOe
TPeThbUM KBaTepHUOHOM (. [IpeanonoxumM, KBaTepHUOH ¢ OTBEYAET TOBOPOTY BOKPYT
OCHU X HA YTOIl ¢ =1t/2, a ' — TOUHO Ha TAKOI1 Xe yrojl, HO BOKPYT OCH Y, UTO COOTBETCT-
ByeT OpMYyJIaM:

q =cosw/4+isinn/4=%(l+i), q :7‘_2—(1+j).
Torma pesyasTupyioliee BpalieHne 6yaeT paBHo:

0 =COSn/3+Sinn/3~%(i+j—k)=l2(1+i+j—k).
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Takum 006pa3oM, pe3yJbTUPYIOLee BpALLlCHHE MPOUCXOANT Ha YroJl 2n/3 BOKPYT BeK-
TOpa p C HAMPABISIIOLIMME KOCHHYCAMH, pasHbIMul/A/3.

HzBecTHB! apyrue (Gopmyabl 3a1aHus BpalleHUs] B TPEXMEPHOM TPOCTPAHCTBE.
Tak, MmaTpuiia A B iMHeiHHOM nipeobpa3oBaHu (2.1) MOXET BBIIJISAETh JUDO TakK:

q, a, a, 1 00 cos’a  COSaCOSB COSQ COSY
A=|ay ayn ay;|=cosp|0 1 0]+(-cose)| cospcosa cos’B cospcosy |+
Laﬂ ay; a3 LO 01 cosycosa  Cosycosf cos’y

0 —cosy  cosP
+sing| cosy 0 -cosa |,
—cosp  cosa 0

U TOT/a B3aMMOCBSI3b MEXAY MapaMeTpaMy BpalleHUs] U1 MAaTPUYHBIMU 3JIEMEHTaMHU
OyneT TakoM:
cosp = (1/2)(ay, + ayy + a3y — 1), cosa = (1/2sine)( ay; — a,3),
cosp = (1/2sing)( ay3 — ay)), cosy = (1/2sing)( ay; — ay,);
ay =cosp + (1 — COS(p)COSzot U T.O.,
nnbo uepes yeavt Jiaepa d |, b U b5
cosd; —sing OV cosp, O sing,)(cos¢; -sing; 0
A=|sing; cos¢, O 0 0 sing; cosd; Of,
0 0 ]J L—sinq)z 0 cosg, ) O 0 1

—_—

u Toraa

¢ ¢ +¢3 )

cos— :cos-2—cos7, a;; = cosh| cosp, Cosh; — sin; sing; U T.A.

Ecnn npou3BoauThL MepeMHOXEHHE IBYX MATPULLA U B, TO pe3ynbTUPYIOLIAsi MAaTpHUila
C 6yIeT UMEThb BUI MCXOAHBIX MATPHLI COMHOXHTENIEH, T.€. 3aKOH 3aMKHYTOCTH 31€Ch
ToXe AeicTByeT. B cuily acCOLMaTHBHOCTH M CYLLIECTBOBAHHU S 00paTHBIX MATPUILL MOX-
HO TOBOPUTDL O OECKOHEUHBIX TPYIIIAX MOBOPOTOB BEKTOPOB B TPEXMEPHOM MPOCTPAH-
CTBE.

BBeaeM yBOeHUE KBATEPHUOHA, B PE3Y/IbTATE YETO NTONYYUM OKMAGY:

o=q, +Eq=(@+ib+jc+ kdy+ EA+iB+ jC+ kD)=
=a+ib+jc+ kd+ EA+ IB+ JC+ KD.

3aKOH YMHOXeHUS 0a3MCHbIX eAMHHN L OKTaBbl Oy/1eT 3a1aBaThesi TabJ1. 2.50 (13 coobpa-
KeHUI 5KOHOMHH MecTa Tabiniia 16 x 16 nprBeneHa YaCTUYHO: OHA 3a/1aeT YMHOXe-
HU S TOJBKO U5l TOJIOXUTENbHbIX 0a3UCHBIX eIMHUL). [J1si OKTaB nepecraeT BBITOJIHSI-
ThCSI 3AKOH aCCOUMATUBHOCTH;

({HE = i(JE), Tak kak (i HE= K , a ijE)=— K ,
MO3TOMY 0a3UCHbIE €AMHHULIBI OKTABbI YK€ He OOPa3yIoT [PYIIIILI.

B kBaHTOBOI (hr3MKe YACTO NPUXOAUTLCI UMETD €10 C TAK Ha3bIBAEMBIMU Mam -
puyamu ayau:

JU £ ) T (2 R A A T O
o 1) "l o) Plao0) Plo —1)

6--6514
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Ta6bnuua 2.50

ilji ikl E| 1| ]| K
-1 &« |-jl 1 |~El-K| v
-k|l-1| i | v | K |-E -1

-il-1| Kk \~v| 1 |-E

Rl imx S~ =

Vi
-7
E|-~«|l v ! -il~-1]|-k| j
K
-J

Cyu.[CCTBytDT IMpOCTAs CBSI3b MEXIAY HUMU U MaTpULUaAMU 0a3uCHBIX €IMHNUL KBaTCPHHO-
Ha, KOTOPBIC Mbl ITPUBOANJIK TONBKO HTO!

i=is, =58, Jj=is5=s5s, k=is=5s,.
3aKOH accoluMaTuBHOCTH /s Marpull Tlaynau BoinonHsiercs:

$1(8,83) = (8y52)83= — i.
OXHAKO IpYNIIBl 3TH 6A3MCHBIE €AMHUILBI TOXE He 06pa3yioT Mo NPUYWHE HAPYILICHHS
3aKOHA 0 3aMKHYTOCTH. TeM He MeHee, Ha HIX MOXHO NOCTPOUTE TOOOTIBITHBI MaTe-
MaTHUYeCcKui o0beKT — aseebpy Kaughgopoa.

Anrebpa Knugdopna sa matpuiiax [Taynu npeacrasisier co6oii YMCHOBOM arperat

CJIEAYIOUIEro BUAA:

A= a()so + a8 + a8, + as83 + amS]S2 + 35783 + 31818, + 61123515‘233 .
B coctas arperarta A BXCOUT ckaaap, 3-6exkmop, 3-6ueexmop v mpugexmop (WIu nceedo-
ckansp). TIpu epeMHOXEHUM TAKMX ATPETATOB, B CHILY YCTOBUISS; + 55,= 0 1 s,-2 =1, 06y-
JIyT BO3HHKATh ABa TUIA YMHOXEHUs 0a3lCHbIX eNMHULl — BHYMpPeHHee U 6HeliHee.
BHyTpeHHee Mpou3BeaeHUE (€T0 e111e HA3bIBAIOT CKaAAPHbIM) BOSHHKAET TOT/1a, KOTAA §;
BXOIMT B 6a3UCHYIO e[IMHULLY 1-BEKTOPA §,5, ... §,,, HANPUMED:

52 0 515853 = 5,515,853 = — 5155853 = — 55,
B pe3yJIbTaTe YEero, ecjiy roBoputh 06 obuieM ciyuyae, n-BEKTOpP MEPEXOAUT B
(n — 1)-BexkTOp; a BHEWIHEE (MM 8eKMOPHOe), KOTTIA S; HE BXOOUT B §,$, ... §,,, HAPUMeED:
5y X §183 = §,5,83 = — 515,83, 1 TOLAA n-BeKTOp nepexoamt B (n + 1)-Bextop. (I1pn Hamem
dopManuzme 3TU MPOU3BeAeHU PA3TMYATh CNICHUATILHBIMY CUMBOJIAMU « - » U « X » HE
HyXHO.) Tak, npu nepeMHOXEHHUH JIBYX BEKTOPOB —
W u+iv

u-iv.  -w

S=uUs;tvs,+tws= L,
u-iv'  -w

woou iy
j,s‘=u’s1+v’s2+w’s3:(, j,

BO3HHMK2IOT CKUISIP U OUBEKTOD —
SzS} S3S1 sl §H
S=s¢=(uu +vw +ww)t+| u y w

’ ] ’

U v w

ITepeitmeM OT reOMETPHUECKOM MHTEPNIPETALIMN YMHOXEHHS Z, ¢ U § K IPeICTaBIIe-
HHSIM HEKOMMYTATHBHOM IPyIITbl iecAToro nopsauka D} . OHa uMeeT yeTwipe K1acca —

Co= e}, C, = {a, a'}, C, = (@, @}, C; = {b, ab, a’b, &b},
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MTO3TOMY UMeeTCs IBa OJIHOMEPHBIX M ABA JBYXMCPHbBIX NPEACTABNECHUS. XapaKTephbl
ITHUX IPEACTABICHUN NMOMeLIEHBI B TabA. 2.51. Ecau NpUHSTE, 4TO

p=COS(2n/5):_1;J§ . —1;\/5

, g =cos{4n/5) =

, r=sin(2n/S), s =sin(4n/5),

T0 6a3UCHBIMHM BEKTOPAMM JUIsi HEMMPHBOAUMOTrO TIPEACTaBIEHHUA £; MOTYT CIYXWTh
BEPLUIMHBI NPABIILHOIO NMATHYIOJIbHUKA (pUC. 2.5):

0:(1’0)5 1:(1),”)» 2:(61’5)’ 32(q,-‘-5), 4:(p:—r)~

Tabnuua 2.51

D) Co !l Ci | &1 Gy
£ 1 1 1 1
£ 1 1 1 -1
£Es 2 |2p|2qg) O
Ea 2 |2g|{2p| O

Iyt BCKTOPbI BpAlLArOTCS 1101 JAENCTBHEM MaTpHULLIIPpEACTABICHUA E)_ B COOTECTCTBMNC
NOACTAaHOBKAMM:

e=0)= (1 0),a=(01234):(” "’J, a? = (02413)=[ ‘S), a3=(3142)=(" s),
1 rop \S g -5 4

‘ :<0432D:=(p ’j, b:<14x23>=[‘ ) ab=«o4>as>=(" "}
- p 0 -1 - —p

a2b=(03)(12)=(q ”S), a3b:(02)(34)=(q Sj, a4b=(01)(24)=(p ’).
-5 —q s -4 ro-p

HpOBeHCM HEPE3 CEPCAUHDI CTOPOH MPaBUJIBHOIO NATHYTOJIbHUKA NEPNICHANUKY-
JIAPpbl ¢ KOOpAMHATAMH, NOJYYHUM HOBYIO CUCTEMY BCKTOPOB!

0:(~ Q’s)y 1:(_ 170)’2:(_“415_5)5 3=(_p’ r)) 4=(_p’~r)
OHI/I MOTIYT CIIYXHUTb 6830ﬁ JJ1s1 OPpTOroHaIbHOTO HpeﬂCTaBHeHHHEB:

) ) ) e ) )
A L ) R P

W3 N84T pyIIn ABEHAILATOrO NOPsiIKa TP HEKOMMYTAaTHBHEIX. HauHeM ¢ aHau-
3a rpynnsl auanpa D). OHa cONepXKUT IECTb KAAaCCOB SKBUBANIEHTHOCTH, CJIeI0BaTe-

JILHO, JUIA Hee CYLIECTBYET YEThipe OAHOMEPHBIX U IBa IBYXMEPHEIX TTPEACTABICHUS
(tabur. 2.52), ipuuem oiHO u3 Hux (Fy) eomomopghroe, npyroe (Es) usomopgroe.

Co={e}), Ci={a’}, C,={a,a’}, C ={d, a"},
Cy=1{b, a’b, a'b}, Cs = {ab, a ’b, a’b}.

1=
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Tabnwuua 2.52

D2l G|l Gl Gy G| G| Cs
£ | 1 1)1 1]
£ 1 1 1 - 1= 1
E |1 |-1]-1 -1
B |1 |-11-1 -1 1

2

2

RO [FUFU (P Y
-

A 2 [-1l-1]/ 0} 0
£ -2/ 1 |-1101]o0

basucoM wist usoMopgHOro npeAcTaBaeHUst 5 CyXKaT BEKTOPbI, IPOBEIeHHbIE U3 Ha-
Yyajia KOOPAWHAT K BepLIMHAM NPABWILHOIO LIECTUYTOibHUKA (pUC. 2.6):

0=(1,0), 1=(1/2,3/2), 2=(=1/2,3/2),
3=(=1,0), 4=(=1/2,—3/2), 5=(1/2,-3/2);

o (10 B NA ,\/3/
e_(O)_[O lj’ a-~(012345)*(\/§2 %2),

a2=(024)(135)=[};//2 J;f] a3:(03)(14)(25):(_01 _OJ
at =(042)(153)=(‘}% fj//iJ a’ :(054321):[5/32 J;f\,
b=(15)(24)=((1) _OJ ab:(05)(14)(z3):£_@ J;f]
a2b=(04)(13)=[:/1_é/2 ZAJ a3b:(03)(12)(45):(“01 (D
a4b=(02)(35)=(};//z J;f] a5b:<01)(25)(34)=[g2 fj//ij

BaszucoM mis romoMopdHoro npeacrasiacHus £, cayxar nepneHAuKyspbl, Ipo-

BeIEeHHbIE N3 HAYa/1a KOOPAMHAT K CepeiMHaM CTOPOH lecTuyroasbauka. Mmeercs to-
JIBKO TPH TAKMX NPSMBbIX, KAXAYIO U3 KOTOPLIX Mbl 0003HAUUM ABYMS] MHAEKCAMM:

0,3} = (¥3/2,1/2),  {2,5/=(=3/2,1/2), {1,4}=(0, - 1).
OnepattMOHHOE MHOXKECTBO TOXKE COKPATHTCS BABOE:
1 0 4 A -3/ ) s A fy
01 o 5N
i/ 3 " -3 _
{b,a3b}=[f% 4], {ab,a“b}:[ J/z 4], {azb,asb}:[ : 0).
B oh R 0 1
I'pyrma D62 OT/IMYAETCS OT Dé TE€M, UTO BMECTO LLIECTH BJIEMEHTOB C TIePUOIOM 2 IT0-
SIBIISIIOTCS IECTh JIEMEHTOB ¢ nepuoaoM 4. OTanuHag or Dé 4acTh ONEepallMOHHOTO
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MHOKECTBA DGZ M30MopdHOTO npeacTapfieHus Ey BLITIAIUT CIEAYIOUIMM 006pa3oM:

i 0 i ~i3
b=(0639)(174A)(285B)=[0 _,}, ab =(073A)(184B)(2956) = ( ! y -VA)’
“2”=(083B)<1946>(2A57):[ 7 f%j a°b =(0936)(1A47)(2B58) = (“’ 0]
--zf% % ;
oy i3
a4b=(0A37)(1B48)(2659):[ V. j a’b = (OB38)(1649) 275A) = [ % j
SR % 4%

I'omomopdHoe npeacrapneHus £ :

i i3 i 0 ] ~iy3
(b.a%%) =( B ] (a’b.a’h} = [ ) tabas =[ 7 .AJ.
/ 2 ! o % ﬁ%
JIOTIOIHUTENLHBIMU Ga3UCHBIMU BEKTOPAMHU TSl IpeAcTaBnenuii £, u Eg rpynmel D2

ABJIAIOTCA IIEPBLIC CTONO1bI TNIPUBCACHHDbLIX MATPpHII.

I'pynnia mempasdpa T oTavuaeTcsi oT ABYX paCcCMOTPEHHBIX IPYITN ABEHAALIATOTO
nopsiaka. XapakTepbl YeTblpeXx Npe/icTaBleHWii BuiMucaHbl B Tadn. 2.53. PaccMoTpum
TPEXMEpPHOE IMpe/cTaBieHne F3, 6a31MCcOM KOTOPOTO ABJISIOTCS YEThIpe BEKTOpA:

0=(-1/3, —2/3, —6/3), 1=(~1/3,—2/3,6/3),
2=(-1/3, =24/2/3, 0), 3=(1,0,0).
Ta6nuua 2.53

Dé'z Co| Ci | G| C3
= 1 1 1 1
| £ 3 1 o 0?2

£ 1 1 @? ®

£; 3 [~ 1 0 0

Kraccel conpsikeHHOCTU rpynnbl TeTpasapa T:
Cy ={e}, C,={ab, ba, ab’a}, C,={a, b’ a’b, ba*}, C;={ d*, b, ab®, ba}.

B npeacrasnenusx £ v E, y4acTBYIOT KyOndeckye KOPHHU U3 eIMHULIBI — {1, o, 0)2}
npeAcTaBieHue E; COCTOUT U3 ABCHAALIATH MAaTPULL

100 10 0
e=0)=|0 1 0}, a=(012)=]0 -¥4 Y¥|,
001 0 Y
1 0 0 [y S 0
a’=020)=|0 Y V4|, b=(23)=| VY -y Y|
0% K W% %
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\
oK

L
3

% (% U

br=(132)= Y84 i1 3| ab:(02)(13)=L*~/% Y Y,
V3/ 1
/2 /2

IS0
——/g J% 0 . 77% ‘\/EA ~\/EA
By 0 abla=03)12)=| VY % 4|

Y
, i/ -G - J8 3
Yo 3) %o
2p |- i/ 2 _ |48 B}
a’b=03)=| V% % Y bat=023)= VY Y
Jé G/ - ~6/ -3 1
5 Y% K % %
(R VN N (V4 - J2/ 6
R A
B - 3 24 - = V2 3
WY T bla=Q)= Y % Y
-3/ 6/ -3 -

0 oK [ A
Ilpencrasnenue E; — eanHuuHoe; F), u L, — romomopdHusie, BO3HHK§UI/IC Onaromaps
HAJIMYUIO B rpyIne rerpasapa T hopmaivhoeo deaumens N={e, ab, ba, ab a}. CooTseTcT-
BUEe MeXJy KJacCcaMM U MpeAcTasieHUsIMY 31eck Takoe: £y & Gy, B, <> G, B, & G,
E; «» €. Taxum o6pa3oM, Ha nepBbIii B3rAI BOZHHKIIA HEOObIYHAS CUTYalUs: K1acc
KOMMYymMamueHsix 371eMeHTOB C| OPOLL N30MOPHOHOR HEKOMMYMamugHoe IIPECTaB-
jgenue E;y, a I1Ba cMEXHBIX Ki1acca Hekommymamuguvix 3aeMeHToB C, n C; OTBEYaIoT
IBYM KoMMymamugnbim npenctasieHusm £ u £, CTpaHHbBIM KaXeTcs | TO, YTO BO-
0 CEMb RHELUIHE OJMHAKOBBIX 3-LMKJIAa paclaTuch Ha JBA pas-

JIMYHBIX KJIACCA 9KBHBAJEHTHOCTH.
Terpasap, KOTOpbIF M300paKeH Ha pUC. 2.9, CKIIaAbIBAET-
1 s U3 yeThIpeXx PABHOCTOPOHHUMX TPeYroibHKKOB. CrieoBare-
JILHO, OH MMEET YEeThIPE TPAHEBBIX OCH TPETHETO MOPSIIKA,
COBNANAIOUIUX C €r0 BEPIIMHHBLIMHM OCSIMH, U TPU peOEpHBIX
5 OCH BTODOIG MOpsiKa. I'paneBsie ocu aagyt 8 niaeMeHTOB
CHUMMETPHH, BEPLIMHHbIE — 3; 106ABUB CI0J2 OIHH TOXIECT-
BEHHBbIH BIEMEHT, Mbl K&K pa3 U MoJiyuum 12 3ieMEHTOB CHM-
3 METPUM AJIs1 HTOM reoMeTpUIeCcKoil pUryphl.
Puc. 2.9 Hekommymamuenyio Tpynny BpatieHuu terpasapa (7)
MOXHO TOJIYYUTh MYTEM NEPEMHOXCHMSI DJIEMEHTOB IBYX
xommymamugrvix — Cy u C3 — ¢ 06pasyioniumu:

a=(012), x=(01)23), y=(02)(13);
nipu nepemMuoxeHun Cy- C3 GyaeM UMeTh —

ba=0123) =

O

ab’ =(032) =

2 2 2 2
, X, Y, Xy, ax,ax, ay, a’y, axy, a xyj.

C oudaxmuveckoii TOUKH 3peHUs, a MBI TOCTOSTHHO BBIHYKIEHBI 3a00TUTHCS O IO-
CTYITHOCTH W3JIOXEHUSI, TTOCKOJILKY PAaCCYMTLIBAEM HAa 1MUPOKUN KPYT YUTaTeNel,
3/leCh YMECTHO PEeKOMEHIOBaTh 3aMeyvaTenbHyo kuury Pemnkca Kieina «koca-
3Ap», B KOTOPOI 3HAMEHUTBIM MAaTEMAaTUK, IPHUAEPKUBASICE « MUJIOH HALLIEMY CepILY»
MemMoO0A02UU KOHCMPYKMUBUIMAU, PEKOMEH]IYET:

T = e, a, az}-{e, x, vy, xyt={e a,a
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$1 COBETYIO YUTATENIO — 34ECh U B U3JI0XKEHUY [10CTEAYIOIUX Pa3/IeoB — I€J1aTh COOTBET-
CTBYIOILME PUCYHKH MITH MbLICJIEHHO [IPEACTABIATL cebe Ha MOICIHN, KOTOPYIO JIETKO IIOCTPOHTS,
BCE PACCMATPUBAEMbIE KOHCTPYKLIMH. DaKThl, 0 KOTOPLIX NOKIET peUb, OYEHb IPOCTHI, # B HUX
JIETKO pasobpaThcs MPH MOMOLUM NMPOCTSHIIMX CPCACTB, HO 3TO 0653aTe/IbHO Hafo CASIaTh, IO-
CKONLKY B MPOTHBHOM C/1y4ae HCU30EXIIO BOZHUKHYT OCI0OXHEHUS. Sl CANIIKOM neperpysui
OBl CBOE COMMHEHHUE TIOAPOBHOCTAMH, €CiM Obl HE PACCUNTLIBAI HA AKTUBHOE COTPYAHUYECTBO
uyuTarens'.

B uiectoM naparpade cBoeil kHuru KieilH oueHb HaMISITHO Pa3bACHSET, IoYeMY
«KBaJpaTUYHAsT» rpyIma C22 JIOJI>KHA OBITh UHGAPUAHMHOY B TPYTINC BpalleHUI TeTpa~

aapa T, a TakxKe TIoueMy Hekommymamuenas rpynna T eomomopgna (Mu, KaK BeIpa-
xascsa KneitH, «kpaTHO u3oMopdHa» ) KoMMymamusHoii TPyIIIe U3 TPEX SIEMEHTOB —
(5, ¥ IOYeMy BOCEMb, Ka3aloch Obl, OIMHAKOBBIX 3-UMKJIa paclialuch Ha JiBa Kj1acca
COMNPSXKEHHOCTH:

MEI yXe oTMedaln BbilIe, UTO IPH J11060M BpallleHUH, NMCPCBOASILEM NPABUIIBHBLI TeTpa-
9/1p B cebsi, IBOWCTBCHHBIN K HEMY TE€TPa3/1p TAKXKe NepexoauT B ceds. BoceMb BEPILIMH 3TUX
IIBYX TETPA3ApOB 06pa3yioT ky6. Ecnu xe oTMeTUTEL Ha cdepe 6 ToYeK, COOTBETCTBYIOILMAX Cepe-
IMHaM pebep TeTpasapa, TO NOIYYUM 6 BepIUMH MPaBUILHOIO okmaadpa. Mbl BUIUM, TAKUM
00pa3oM, TECHYIO CBsI3b MEXAY FPYIIIaMy BpallieHHI TeTpasipa 1 OKTasaApa, KOTOPYIO U HaMe-
peBaeMcs UIYUUTh. < ... >

Yerpipe BepIUHHbBI TETPAIAPA CONPIXEHBI APYT APYTY ¥ KaXAas U3 HHX COXpaHACTCH TpeMS
BpalleHUAMU — TOXICCTBEHHBIM K IBYMS OBOPOTaMU I€pHoa 3 BOKPYT AMAaroHale Kyoa,
MPOXOASIUMX Uepe3 BCPILKIIBI TETPA3Apa. Mbl BUIMM TaKKe, 4To 8 U3 12 BpallleHU UMEIOT me-
puon 3. U3 HUX IBe UETBEPKU COTPSIXKEHBI MeXIy COBOM, 2 UMEHHO Te, KOTOPbIE MPEACTABISIOT
co6o¥i TIOBOPOT B 00HOM HANpasAeHuu Ha VIolt 21t/3 OKOM0 BepIIMHEL TETPa’ipa, KOTOPYIO OHHU
OCTaBJSIOT HeNOABMKHOM. K 2TUM § BpalleHUsAM U eAWHULIE HYXHO J00aBUTH ellie 3 comnps-
XEHHBIX APYT APYTY BpalleHUA Tiepyosa 2. DTH TPU BpalICHUS BOKPYT B3aUMHO NEPHEHIHKY-
JIAPHBIX AUATOHAaNel OKTasipa CONPSXKEHbI, TAK KaK TepeBOASITCS APYT B ApYyra IIOOBIM Bpalile-
HUeM mepuoaa 3. Bmecre ¢ eauHuMLIel 3TU TPU BpalleHKs 06pa3yloT KBaApaTHYHYIO TPYIIy.

Mpl 3aK1I04aeM OTCIOAA, YTO KBAAPATHUHASI TPYIINA, MONyUeHHAas TAKUM 00pPa3oM, HOpMdib-
Ha B TPYIINE TETPA3APA. DTO CAECAYET U3 TOTO, YTO 3 CONPSIKCHHBIX IPYT IPYTY OKTA3pa Mepexo-
4T B cebs1 1py BCeX BpallieHUSIX W3 KBAAPATMUHON PYNIBI M TONBKO MPU HUX. < ... >

T'pynna TeTpasapayiblbIX BpalllcHU NMPoCcTo U3oMopdHA PpyIINe COOTBETCTBYIONINX Nepe-
CTAaHOBOK JuaroHaiei KyGa. < ... > CpaBHMM 3TO ¢ MOBEISHUEM TPEX AMAaroHaIed oKrasapa.
TTockonbKy ony nepexonsit B ceb 11ox AcHCTBUEM KBAaAPaTHUHOM IPYINbI, 12 BpallleHU TeT-
pasapatbHON TPYIbl MOPOXAAIOT JMIL 3 pasIMuHbIC MEPECTAHOBKM TpeX JHaroHangei, a
UMEHHO yukauveckue. Takum odpa3oM, epynna mempasdpa KpamHo uzomopgua (eomomopgra)
UUKAUMECKOLL 2pyNnne U3 mpex IAeMeHmog’.

C reoMeTpUUeCKOi TOUKHU 3PCHUS, pACCMOTPEHHAs TPYIINa CHMMETPUH TETPa3xpa
T He sBasiercs MOAHONU. Ee MOXHO yBeTMUUTL B 1BA pa3a, eCJIM MTPOU3BECTH YMHOXE-
Hue rpymnIel tetpasapa 7= Cy C% Ha rpynity C, = {e, z}, T/Ie B KayeCcTBe 00pa3yiouiero z
BbIOpaTh Tparcnosuutio (01). 'pynna C, GyneT oTBeuaTh MIIOCKOCTH 3€pKaIIbHON
CUMMETPHH, Npoxoasiilieil yuepe3 aBe BepluuHbl (2, 3) ¥ cepenuny pebpa (0, 1) (cM.
puc. 2.9). Dra 3epxajibHasi TJIOCKOCTb 33 CUeT OCelt CMMMETPHMH Pa3MHOXHTCS Ha
LIECTb (110 YMCIy pedep), YTO IPUBEIET K NMOSIBACHHUIO LIECTH PA3TMYHBIX TPAHCTIO3H-
i, KoMO6uHUpysi 9T¥ TpaHCHO3ULIMK MEX Ty cOO0M, MOMYYUM eLie IIeCTh IUKITnYe-
CKHUX TIONCTAHOBOK Y€TBEPTOro nopsiiaka. [loanas epynna cummempuu mempasopa T,

Kneith ©. Hrocaaop, ¢. 17.
! Tam we, ¢ 21-22.
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OyJIET COCTOSITh yXe M3 24-X 371eMEHTOB CUMMETPHUH, KOTOPHIE MPUBEIECHBI B
tabn. 2.54.

Terpasap MOXHO Bucath B k36 (puc. 2.10), Koropbiit uMeeT 6 KBagpaTHBIX TpaHeit
C TpeMsl OCSIMHU YETBEPTOTO NOPsIIKa, 8§ BEPILUH C YETbIPbMS OCIMH TPETHETO MOPSIIKA
1 6 peGepHbIX Oceli BToporo nopsiaka. Takum obpasoM, epynna epawenuii kyba (okma-
adpa) O CKIAAbIBAETCS U3 CJIEAYIOLIMX OMEpaLivii: BOKPYr KaXIoi BepIIMHHON OcH
HMEIOTCS ABA HETOXIECTBEHHBIX MOBOPOTA /1O TTOJTHOTO COBMELIEHMS BCEX TEOMETPH-

YECKHUX BJIEMEHTOB Ky0a; BOKPYT KaXI0U rpaHeBOi
0 3 OCH TAKXKE UMEETCH M0 TPU HETOXKIECTBEHHBIX TIOBO-
poTa; HaKOHEU, CyHIECTBYET MO OJHOMY ITOBOPOTY
1 2 BOKpyYr pebepHbix oceil. IToce Toro, kak Mbl 100a-
BUM OAMH TOXAECTBEHHBIH TOBOPOT, MOJYUUTCH
MOJIHAsI TPYMIA BpauleHUit Kyba, B COCTaB KOTOPOM
TOXE BXOAUT 24 2j1eMEHTa, T.€. T0JIHAsA (C OTpaKeHHU-
AMHK) TpYIna cCUMMeTpuu Tetpasapa 1 musomopdHa
rpyrre spaieHuii kyoa O. JJo6aBUM K CKa3aHHOMY,
4yTO B Ky0€, KaKk U B TeTPa3/ipe, MOXHO ITPOBECTH 3ep-
5 6 KaJTbHbIC IUVIOCKOCTH, @ TAKXKE BBECTH LIEHTP CUMMET-
puu. Toraa yucao 3n1eMEeHTOB B IpyIie Kyba Bo3pac-
TeT ¢ 24 no 48.

Ecnau nmpoctpaHCcTBeHHbIE AMAaroHaan kyba mpo-
HyMepoBaTth uuciaaMu ot 0 1o 3, BepuinHbl Kyda — ot 0 o 7, Xak NoKa3aHo Ha puc.
2.10, a rpanu ky6a — yucaamu ot 0 10 5 (npudem rpans 0123 kax 0, 4567 kak 1, 1256
Kak 2, 2367 kak 3, 3478 kak 4 u 0145 kax 5), To 6yaeM UMeTb TPH CUCTEMBI U3OMOPd-
HBIX nogcradosok — 0O(4), 0(6), O(8). IMoacTaHOBKM MOXHO MOJIYYUTh MHOTUMH
CIocoBaMu, B YACTHOCTH, KaK YMHOXeHHe rpyniel Terpasapa (1) Ha oaHy U3 6 LIHK-
JIMYECKUX TTOACTAHOBOK YETBEPTOro NMOPsIIKA (#), WM KaK pa3fUyHble TPOU3BEICHUS
AByX o6pasylownx a u b. YnomsaHyTbie 3J1€MEeHTbl CUMMETPUM TIDUBEAEHBI B
Ta61. 2.54, B KOTOPOIt MpUHATO: a=a 'ub=5b"".

XapaxkTepsl BCceX MATH MpeACTaBiAeHH it ITOJTHO#H TPyITsl CHMMETPUHU TeTpasapa T,
(rpynnsl BpanieHMi Ky6a wiu oktasapa O ) npupeneHsl B Tabi. 2.55. O6pasyolumu
roMoMop¢HOro npeacTaBiaeHus £, siBasIOTCS:

a= A ‘/% b:[ A ‘F%]
Y% B B )
oOpa3sytolue u30MopdHOro npeacTasjieHus £; —
WYy 1 0 0
a=| 5 g L b=0 g
o Y on 0 3% 4

1 obpasyiolnue u3oMopdHoro rnpeactabaeHus £, —

Puc. 2.10

i

5o 0) (% o
2B B R AREL
G o) Lo o

166



Tabnuua 2.54

Ne Tz, O (4) 0 (6) O (8) a, b axyu| G
0 (0) (0) (0) e e &)
1 (01)(23) (01)(35) (07)(16)(25)(34) baba x e
2 (02)(13) (24)(35) (02)(13)(46)(57) a? y

3 (03)(12) (01)(24) (05)(14)(27)(36) baba xy

4 (012) (043)(125) (072)(146) b a G
5 (02 (034)(152) (027)(164) b &

6 (123) (054)(132) (143)(257) babab a2y

7 (132) (045)(123) (134)(275) babab ax

8 (023) (025)(143) (025)(364) babab axy

9 (032) (052)(134) (052)(346) babab ay

A (013) (032)(154) (075)(136) ab a’xy

B (031) (023)(145) (057)(163) b ay

C (0123) (2345) (0123)(4567) a u Cs
D (0321) (2543) (0321)(4765) a uy

E (0213) (0513) (0473)(1562) ba ualy

F (0312) (0315) (0374)( 265) ab ua’xy

G (0132) (0214) (0154)(2673) ba uaxy

H (0231) (0412) (0451)(2376) ab ua

1 (23) (01)(25)(34) | (06)(17)(23)(45) ab ua? Ca
J (13) (03)(12)(45) | (06)(15)(24)(37) ababa ux

K (12) (02)(14)(35) | (06)(12)(35)(47) aba? uay

L (03) (04)(12)(35) | (03)(17)(24)(56) ba vax

M (02) (01)(23)(45) (04)(17)(26)(35) baba® uxy

N (01) (05)(13)(24) | (01)(24)(35)(67) a’ba ualy

HarnoMHuM, uto rpynna T, OTHOCUTCSI K cumMempuueckoii — S, TIO3TOMY K HeH
MpUMEHUMA METOAMKA auarpamm OHTra, KoTopast UCITONMb30BaAach HAMHU 1T HAX0X-
JeHUSI MATPU L HEMPUBOJMMDBIX NPE/ICTABACHUI Ipyniibl §; = D;, a TakXKe A1 Onpese-
JIeHMs1 pa3MEePHOCTU HEeTIPUBOAUMbIX NpeacTaBieHuii S, (puc. 2.8).

Tabuiry XxapakTepoB /Aist PeACTaBICHU NOMHO (C OTpaXXeHUSIMU ) TPYIIIILI CUM-
MeTpuu Kyba O, u3 48-MM 3J1eMEHTOB MOXHO TOJIYUUTb NYTEM <«Y4€TBEPEHHS»
Tabj. 2.55, T.€. MOXHO UCTIOIb30BAaTh METOANKY, KOTOpasi MPUMEHsIACh HAMU JUTS1 CO-
CTaBJIeHUsI TabMlL XapakTepoB KOMMYTATHBHBIX TI'PYNI CS (rabn. 2.44) n C,Cy4

(tabi. 2.45).
Tabnuua 2.55

7o | Co | €1 { Co | C5 | Cy
I ERERERERE
g [+ 111 1-1]-1
5 |2 121-1]0 o0
B 13 l-1]10l-1]1
£ 3 l-1lo ] 1 (-1
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Ilepetias ot rpyrinbl BpawieHMA Tetpasapa 7 12-ro nopsiika K rmojiHOM IpyIre TeT~
pasnpa T, 24-ro nopsijaka, Mbl, KOHEYHO, MPOMNYCTUAH MHOXECTBO MHTEPECHBIX
TPYTIIl, 0 KOTOPBIX HEOOXOAUMO CKa3aTh XOTs1 Obl HeCKOILKO ¢1oB. Ha npumMepe uk-
JIM4eCKOM rpyribl 13-ro mopsiika Mbl CASIAEM OIHO CYIIIECTBEHHOE 3aMeUaHUe K MaT-
PHUYHBIM NPEICTABICHUAM. [1e10 B TOM, UTO NPEACTaBACHHUS HEOOI3aTEAbHO TOJIKHBI
OBITH OPTOHOPMUPOBAHHBLIMK. B BBOHOM 11. 2.1 st mpeAcTaBiaeHus rpymrsl Ds vc-
MOJIb30BaZNCh MATPULLBI C 3IEMEHTAMHU, PACCUYUTAHHBIMU 110 mod (2), a 111 KOMMYTa-
TUBHOMU rpynie C; — no mod (3). Cnenyowume 12 matpuul (6€3 eAMHUYHON) C 371~
MEHTaMM U3 UEJIbIX YKcell, B3ITbiX 1o mod (3), BIIoJHE npedcmaeasiom KOMMYTaTUB-
Hylo rpynny Cis:

01 1 101)111112\212‘220
00 I{, |1 00, |0 L I, |10 1], {1t 1] |1 124
100 011J\101111 112 212
02 1) (1 02y (2 11 1 2 0) (010} (001
212,220,021,102,211,(120.
220/ (021, (toz2 (211) {120 (010

DTHU MaTPU LBl UHTEPECHBI TEM, UTO BCE OHU CUMMETPHUYHBI OTHOCKTEJIbHO HETJIaBHOM
(BTOpOI) MUaroHanu. OAHAKO HUKAKOrO FeOMETPUIECKOTO COAePKAaHUS B IPUBEIEH-
HBIX MaTPULAX HE 3aKJII0YEHO.

OpTOHOPMUPOBAHHBIE NPEACTABIEHUS JIOOON AMIIPATBHON TPYIIIbl UMEIOT
BIOJIHE ONPEACIICHHbIH FeOMEeTPUYECKUIN CMBICI, TOCKOIBKY TPYIIIE AN3IPa MOXHO
MOCTABUTH B COOTBETCTBHE ACUCTBUS HAlX dunupamudamu. I'pynna nuanpa 14-ro 1mo-
psSIIKA 371eCh HE ABMSIETCS UCKNIoUeHeM. HenpuBoavMble IIpeaCcTaBIeHYs TPYITIEI D%

OTJIMHAIOTCS OT AHATOTHYHbBIX JUIST TPYITITBI D_% (rabun. 2.51) HAUTMYMEM TPETHETO ABYX-

MepHoro mnpeacrasieHus E,. Xapaxrepbl Bcex NpeJCTaRIEHUIl MPUBEIEHD! B
Ta6i. 2.56, B KOTOPOI TpeMSL KOHCTAHTAMK 0003HAUEHbBI KOCMHYCBI TPEX YIJIOB:

¢y = cos(2n/7) = 0.6234, ¢, = cos(4n/7) = -0.2224, ¢; = cos(6n/7) = -0.9017.

Tabnuua 2.56

ol Co Gy G C3 Ca
& 1 1 1 1 1
£ 1 1 1 R
1= 2 2:Cy 2'02 2:C3 0
£ 2 2¢c3 | 2¢1 | 20 0
£y 2 2.cy 2:C3 2.0 0

[Ipencrasnenus aByx rpynn 16-ro nopsiaxa Dé " Dg C OAWMHAKOBLIMHU Ta0NAMLIAMHU
XapakTepoB (Tabi. 2.57) cTposiTcss BO MHOTOM MO aHAJOTMM C MPEACTaBICHUIMHU
rpynn D} u DZ.
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Tabnuua 2.57

oitlalaloe alalala
E | 1 1 1 1 1 1 1 1
£ 1 1 1 1 1 -1 -1
& | 1 1T 0 ~1 ] 1t -17-11] 1
I -1l -1 -
£Ea 2 2 0 -2 0 0 0
E | 2]-21 J2 1 0 [-42] 0

Es | 2 -2 -2 0 |20

Tabauib XapakTepoB ABYyX Apyrux rpynit 16-ro nopsaka tuna C 2D,14 ucC 2DZ‘ Oy~
YalTCS MYTEM «yueTBEpPEeHUA» TabAMLBI XapaKTepoB AJist TPYIIN Dé H Df (tabn. 2.48).
Hns rpynnst 16-ro nopsiaka D§ JBYXMepHOe H3oMop(pHOe rpeAcTaBNeHUE YKE 3aMeT-

HO OTJiM4aeTCsl OT BCEX paHee PACCMOTPEHHBIX; €ro 00pa3ylolMHU SBJISIOTCS JIBE
MATPHLIBI:

i -1 / . ~ .z
a- / i/ b :(O l}
-/ ’ i 0 !
// 5 Jn !
TeoMeTpHUECKHUit CMBICT [isi TPYHIib Di BCe elile COXpaHAeTCs, OCKONbKY 6a3ucHbIe

BEKTOPHI (MTepBbIC CTOI0L B MATPH L) MOTYT ObITH BIY4EPUEHBI B TEOMETPUYECKOM ITPO-
CTPAHCTBE ¢ MHUMOI1 ochio. OHako obiuee Yyucao rpymi 16-ro mopgaaka paBHo 14,
UT00BI pACCMOTPETh MPEACTABIEHUSI BCEX 3THUX TPYITI, MOTpedyeTcsi MHOTO MecTa. Mbi
K€ 3aBEPIUUM PACCMOTPEHHIE CUMMETPUN I'EOMETPHIECKUX QUTYPUKOCAIopOM.

Uxkocaszap (puc. 2.11) wumeer 20
TPEYroJbHbIX TpaHel, 30 pebep u 12
BEPILUH, B KAXAOH U3 KOTOPbIX CXO-
ngrcs no 5 pedep. OTCI041a, OUEBUIIHO,
BBITEKAET HaAU4HE Y HEro 6 BepHikH-
HBIX oceit nsitoro nopsiaka, 10 rpaHe-
BBIX oceil TpeTbero nopsinka u 15 pe-
OepHBIX oceil BTOporo nopsinka. He-
CAOXHBIA Moacyer gaer HaMm 60 sje-
MeHTOB  BpameHusa. [Ipynny
CUMMETPUM MKocaszapa ( Y ) MOXHO
MOJIYYUTh, YMHOXaS JI€MEHTbI TPy~
bl BpaleHM rerpasapa ( 7') Ha oaHy
M3 UM KJIMIECKUX ITOACTAHOBOK ISITOTO
nmopsinka. TouHO TaK e, Kak B rpyii-
rax TeTpaszipa 1 Kyda, Uncio 3j1eMeH-
TOB CUMMETPUM HKOCA3/JIpa yABaUBa-
€TCA 3a CYET BBEJNEHUS 3epPKAIbHBIX
OTPaXXeHUN U LEHTPa CUMMETPHHU.
HamoMHMM, 4TO €C/iv LeHTPbI FpaHeit Puc. 2.11
MPaBUIBHbIX MHOTOTPAHHUKOB MNP~
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HATH 332 BEPUIMHBI HOBbIX MHOTOIPAHHUKOB, TO B TeTpa3np, Kyd M MKOCA3[Ap MOXHO
BITMCATb COOTBETCTBEHHO COMpAMCEHHble TETPAdAP, OKTadAp U aonaexkasap. [ToctpoeH-
HBIE TAKMM 00pa3oM reoMeTpuuecKUe (PUrypbl OTHOCUTEILHO CBOMX MCXOIHBIX HA3bI-
BAKOTCSI J80LiCcMBeHHbIMU. «[IBOMHUKU» UMEIOT TY XK€ CAMYIO TPYITIY CHMMETPHH U CUC-
TeMY MOJATPYIIT, YTO U UCXOAHbIe GUTYpbl. Tempasdp, eexcaadp (ky6), okmasadp, ukoca-
3dp u dodexasdp o6pasyioT nsth [lramonogsix mea. (I1naroH B cBoeM courHeHUU « TH-
Mei» aToMaM [MSITH DJAEMEHTOB — 02HI0, 6030yXy, 60de, 3emae u 3@upy — NPUNUCAI
gopMy 3TUX NIATH reoMeTpudeckux puryp.) Teneph, Kak U B cayyae ¢ TETpasipoM, Mbl
Bocnionb3yeMmcst KHuroi ®Mennkca Kneina «Mkocasap».

I'pyrnima nukocasapa Haubosiee MHTCPECHA TS HAC TCM, YTO OHA npocma B OTIIMYKE OT FPYII
IUBApa, TeTpasapa M okTasapa. Ora pasacsiscT 3T0 CBOMCTBO ¢ LMKITUICCKUMMU FPYITAaMH MPo-
croro nopsiika. st uccienosativst Ipyiinbl HKOCa3apa BooHpa3uM, uUto Ha chepe OTMeueHbI 12
BEpIINH MKOcasapa, 20 BeplMH ABOHCTBCHHOMO CMY J0ACKA3Apa U TPUALIAT TOYEK, COOTBET-
CTBYIOLIMX cepelinHaM pedep ukocasapa. 12 Beplin COeNMHSIOTCS MOMAPHO 6 TuaMeTpaMH,
KOTOPbIE MbI 6YAEM KPATKO HA3biBATH AHATOIAMISIMI HKOCA3Apa. AHasornuHo 20 BepLUKH A04¢-
kasgpa coeauHsiorest 10 amaMerpaMy — qdaroHaisimu goackasapa. Hakoxelr, BBeaeM 15 nepe-
KPECTHBIX JMHUI, COCIMHSIOMMX CCPCANHDI ITPOTHBOMONOXHBIX pebep.

Yo6enumcst, utTo o6liee Y1CaO0 BpalicHH HKocasdapa pasiio 60. B camoMm nese, xaxnas ua 12
(OYEBHIHO, MOTIAPHO COMPAKCHHBIX) BCPIIKH OCTACTCS HEIOABMKHOW OTHOCHUTENBHO 5 Bpa-
weHuit. Takum 06pazom, Kaxaoi 13 6 1naronalci nKocasapa COOTBETCTBYET 4 (TOMHUMO eaU-
HHUYHOrO) BpalleHus nepuoga 5, a cero 24 takux asiementa. Touno tak xe 10 guaroHaneit no-
nekasapa nawot 10-2 =20 spameHuil nepitona 3, a 15 nepekpecTHbIX JMHUY gatoT 15 BpauweHuit
niepuoaa 2; ecau J00aBUTh clofa cialHuunoe npeobpasosanue, nonydaercs 60, T.¢. COBOKYTI-
HOCTb BCeX BpallleHUi ukocasapa. k3 repeuncicHHbIX BpallleHUH 15 aleMeHTOB nepuoia 2 u
aHajtornyHo 20 2/1eMCHTOB nepuoaa 3 06pasyioT OQ|WH KAacC CONPSXKEHHBIX 371 MEHTOB, TIOCKO-
JIBKY 15 NepeKpecTHRIX THHKIT, KaK U ASCSITh AMaroHaIci 1oacKasapa, NepeBoasiTcsl APYT B APY-
ra Hatuei rpyrnoit, a BpaieHust Ha yroji 2r/3 u 4n/3 nepexoasiT Apyr B APYTa [pK rIcPecTaHOBKE
[O/IIOCOB BpalleHUst. AHATOrMY110e PACCMOTpPEeITHe ITOKA3bIBACT, YTO BpalllCHUs Nieproia S pac-
TIAAIOTCS Ha 2 KJIACCa COMPAXKCHIILIX 3IeMenToB no 12 Bpauienunii B kaxaoM. [TepBbIit Kinacc
COMEPXUT MOBOPOTHI Ha yroN + 2r/5, a BTopoi — 11a yroi + 4n/5 BOKpyr avaroHaneii UKocasapa.

Ha ocHoBe monyueHbIX AaIILIX MLl MOXCM TepedNCIHTD BCE YUKAUYECKUE NOOSDYRNbL, CO-
Jepxalryecs B IpyIIie MKocasapa. A uMcHIO, uMmecTest 1S noarpynn nopsiaka 2, 10 moarpynn
TIOpstaKa 3 ¥ 6 MOATPYIIN NOPSIAKA 5; LK TUUCCKIE TIOATPYTITTBE OKHHAKOBOTO MOPsIKA IIONTAPHO
COMNpPSEKEHbL. < ... >

YTo KacaeTcst OCTANbHBIX, HEUUKAUYCCKUX nOdepyni, TO PACCMOTPEHHBbIE MOAEIM AAI0T
NIPEXIAE BCETO 6 AUBAPAILHLIX TPYIN € 7= 5 1 10 anaapaibbIX tpynn ¢ n = 3. [lepBeic UMEIOT B
KAYeCTBC IJIABHBIX OCCH TUATOIIAIM MKOCADIPA, BTOPLIC — AMATOHANIM IOICKA3APa, OCSIMH BTO-
POTO MOPSIIKA TS HUX CYXKAT 15 nepekpecTHbEX JIMHMIT. MOXHO 65110 OB 110 aHATIOTUM C 9TUM
NPEATNONOXUTE Haiuuve 15 AusapanblibiX PPy c /= 2, T.C. KBaapaTu4HbiX rpynn. OnHaKo mis
KBAAPATHYHBIX TPYITT HET Pa3HULLI MCKIY IJIaBHO OCbIO M OCsIMM BTOpOTo niopsinka. [Toatomy
Mbl MTOJIYHacM BCCro S MOMApHO CONPsEKEHIbIX KBAAPATHUHBIX TTOATPYIIT. DTO COOTBETCTBYET
pa3bueHuIo 15 NepekpeCcTHLIX TMHUN HA S HPAMOYTONbHbLIX TpHaL. HanuyveM 3THUX TpUal U
00yC/IOBACHO TO CBOWCTBO IPYIIITLI HKOCARAPA, KOTOPOC OYICT /IS HAC BaXKHEe BCEro B Jajlb-
HeleM. TToCKOMBKY CYLIECTBYCT JINILL 5 MPSIMOYTOJAbHBIX TPHa, ITOCTPOCHHBIX U3 15 miepe-
KPECTHBIX AUTIHI, DTH TPUALbE JOJK H LI COXPAHSTLCS! HE TONBKO COOTBETCTBYIONIEH KBATPATUY-
HOM IPYIION, HO M LIEJIOH COBOKYITHOCTBIO M3 12 BpauleHUH. M0OXHO NoKa3aTs, YTO OHH 00pa-
3YIOT TeTpasapaNbiylo rpynny. B camom acese, 8 sepuini Kyfa, COOTBETCTBYIONHX TPAMOYTO-
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JIbHOM TpHaze, coaepxatcs cpean 20 BepuinH joackasapa. Taknm o6pa3oM, B UKOCa3ApaibHOM
TPYIIIE COAEPKUTCA 8 Bpallciivii nepioaa 3, KOTOpbie BMECTE ¢ KBAAPaTUUHOM rpynmnoii o6pa-
3YIOT IPYNITY TETPasapa. HCHO TAKXKE, YTO ATH S TETPa3ApaibHbIX TPy CONPSLKEHBI APYT C APY-
FOM.

OcraBisas orsith 6€3 J0KA3aTENLCTBA TO, YTO NCPEUUCICHHBIMHU MOArpYyNNaMy UCUEpIIbIBa-
10TCst BCE NIOAIPYNIIBI IPYIITb] MUKOCADAPA, YKAXKEM TONLKO M30MOpHU3M, BOZHUKAIONINHM U3 Ha-
JIMUMS S yIIOMSTHYTBIX BILIC TIPSIMOYTOAbLITBIX TpMal. MOXHO 00Ka3aTh, UTO KaXkA0€ BpatlieHUe
MeprUoa 5 LMKIHUSCKU NEPecTaBsieT 3TH TPHUAAbl B onpene/cHHOM nopsiake. [Tox neiictenem
BpaLLcHU TIEpUoaa 3, ¢ ApYyroi CTopoHbl, 2 TPHA/IBI OCTAIOTCH HAa MECTe, a OCTaJIbHbIE 3 IUKITH-
4YecKHM nepectanisiorcs. HakoHel, BpalllcHME TIepUOIa 2 COXpaHsSIeT OJHY TpUaly HeNmoABUX-
HOMH, a ocTaIbHbIC 4 nonapHo nepecrasisiores. Takum o0pa3om, rpynna u3 60 BpaiieHuii HKo-
capapa npocTo uszoMopdHa rpyrnrne H3 60 YCTHBIX TICPECTAHOBOK 5 3NEMEHTOB .

Hanee, MbI BO3bMEM HeOOJIBILYIO BbIASPKKY M3 KHUTH 9TOTO € aBTopa NnoJI Ha3Ba-
HueM «Jlekuuu o pazBuTHK MateMaTtuku B XIX cronetuu»:

Cym€CTBy€T 3amMelareibiad CBsA3b MCXKIY prHHOﬁ HUKoOCazapa Gbu U LWECThIOACCATHIO YCT~
HBIMH NEPCCTAHOBKAMMU U3 MATH OJICMCHTOB. Eciu cepeautbl TPUIALATH CTOPOH HKOCaslpa
B35Th B KQUCCTBC BEPIIMH [ITH OKTA2ApPOB, TO NPH 110060M U3 WEeCTUALCATH BpaHLCHI/If;I NKOCa-
3Opa OKTa3Aphl 3TH OYAYT NEePECTABISITLCS APYT ¢ ApyroM. TakuMm oGpa3om, rpyrna BpauieHui
uxocasnpa G, nzomopdua rpynie 4eTHLIX NePecTaHOBOK M3 ISITH 2JIEMEHTOB.

Yro KacaeTcsi pacuiMpetivug rpynnsl nkocasapa G, To oHa, HaoGOPOT, He U3oMOpdHa
rpymne G, BCCX MepecTaHOBOK M3 TSITH 2J1EMEHTOB. «[lMamMeTpasbHOe» OTpaXeHHue (C IToMo-
ibio KoToporo rpynna G, ,, noayuactcs U3 rpynibl G,) OCTABISIET KAXABIA U3 3TUX OKTa3APOB
Ha MCCTC M, 3HAYUT, HC UMCCT 1IMHMCIO obuiero ¢ MNepecCcTaHOBKAMM 9TUX OKTA3apPOB. y paclau-
penuoil rpynmel G,,, UMCIOTCA CiEAYIOIME MHBAPUAHTHBIE MOATPYIIBL: a) TPyNNa BpaleHUH
G,; 6) rpynna G,, cOCTOSIILAS U3 TOXACCTBCHHOIO Mpeodpa3oBaHus U AUaMETPaIbHOIO OTpa-
xenust. I'pynoa xe G, 11epecTalioBOK H3 TSITH 2JICMEHTOB XOTS U 00JjiaflaeT MHBAPUAaHTHOM
noarpymmnoil G, (StesieTest He YeM MiibiM, KAK 3HaKONCPEeMCHHOM IpyNIoi), Ho HUKAKo MHBa-
pHAHTHOM noarpyrbl G, He umeeT. Takum 06pasoM, ce CTPYKTYpa COBEPUIEHHO MHas’.

Mrak, Ha OCHOBe ONHMX ML MAHUNYISUMA ¢ TeOMETPUYECKUMH obpazamMu
KieitH ycTaHOBUI, UTO IPYINA BpauleHUH MKocasapa ¥ He UMEET HOpManbibix deau-
meseii, T.e. B IpyIlIie Y HeT MOArpynn, Kyaa 66 BXOAWIM MOJHBIE KIACCH COTPSIKEH-
HocTH. Ecnn yTBepakiiaercst, 4to rpynna npocma, 3HaUMT, BCE €€ NPeACTaBIeHUS OynyT
U30MOPhHbIMU, OTHOMEPHBIX MPeACTaBICHUM He ByaeT, 3a HCKITIOYeHHEM STUHUTYHOrO
E, (Tabn. 2.58). (Koncrantel p v g B Tabn. 2.58 Te ke, uto u B Tabu. 2.51.) Kpurepuii
MOJIHOTHI Habopa HENPMBOAMMBIX TPEACTABJCHUI aeT eIMHCTBEHHO BO3MOXHOE
pasnoxenue yucia 60:

60=1"+3>+34+4+52=1+12+12+20+ 15
Tabnnua 2.58

y {alcel el ¢ Cs

I R 1 1
£ |3 -1l 0 |-2p]|-2g
£ |3 ]-1,0|-2q]|-2p
B |4 011 =1 ] -1
B |5 1 |-1] 0 0

1

Tam xe, ¢. 23-26.
Kneiin @. Jlekimu ..o B 2-x tomax. T, 1. M.: Hayxka, 1989, ¢. 379.
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Kneiix yrBepxaaeT, 4To BpallleHMsl HKOCa3/ipa nepuoad S pacrnaayTcs Ha JiBa KJiac-
ca, B OJIHOM M3 KOTOPbIX OKaXyTcs IIOBOPOTHI Ha yroJ + 2rn/5, B IpyroM — Ha yroia
+4n/5. Teriepb cipocuM cebsi: KaKUM 00pa3oM 24 NMOACTAHOBKH «/10rajaNntch» TOXe
pa3meuThCs Ha Ba Kjacca 1o 12 moCTaHOBOK B KaXA0M; BeAL TOACTAHOBKY HUYETO
He «3HaJIW» O CYLLIeCTBOBaHMHU UKocazapa? Tem He MeHee, 0BbIKHOBEHHAs npoleaypa
npeobpazosanus nododus TPUBOJIUT K TOMY, YTO OIHA 4acTb 5-LUMKJIOB NMOMNAagaeT B
kiacc Cy, apyras -— B Kjacc Cy (1ab:1. 2.59). CnepoBatelbHO, MHIEKCHI I0ACTAHOBOK
YIUBUTEIbHBIM 00pa3oM 00/1a1a10T OJMHAKOBbIMY CBOMCTBAMHM C BepUIMHAMM, JUA-
TOHANIAMMY U APYr¥MM AeTaNsIMU uKocasapa. OKas3biBaeTes, YTO B CTOAL Pa3HOPOAHbIE
00BEKTHI, KAKOBBIMU SIBJISIIOTCS MOACTAHOBKU U TEOMETPHYECKNE (PUTYDBL, HOCEAUACS
OAWH U TOT X& 0yX CUMMempuu.

Tabnwua 2.59

MNopgctaHosky rpynibl ukocasapa ¥ ( Ag) C;
(02)(34)  (04)(12)  (14)(23) | (0) G
(23)(04)  (01)(24)  (24)(03)  (02)(14)
(14)(03)  (02)(13)  (01)(34)  (03)(12) Cy
(12)(34)  (13)(04)  (01)(23)  (13)(24)

{024) {042) (013) {031)

(143) (043) (124) (142)

(134) (034) (014) (041) G

(243) (132) (032) (021)

(234) (123) (023) {012)
(01324)  (04231)  (03142)  (02413)
(04312)  (02134)  (03214)  (04123) C
(01243)  (03421)  (02341)  (01432)
(01234)  (04321)  (02143)  (03412)
(03124)  (04213)  (01342)  (02431) Ca
(01423) (03241) (02314) (04132)

M Bce-Taku He HACTONBKO YK OHU €TMHOCYLIHOCTHBI, KAaK 3TO MOXKET N0Ka3aThCst
BHavase. CTOUT BBECTH [UTsl HKOCARAPa MJIOCKOCTH CHMMETPUH, KaK TyT Xe 0OHapy-
KMBAETCS PACXOXKACHUE er0 CHMMETPUH ¢ cuMMeTpueit 120 noACTaHOBOK, NEpecTaB-
JISTIOIMX BCEMU BOBMOXHBIMHU cIocobaMi 5 UHAEKCOB, T.€. C CUMMETpHei rpynisl Ss.
TTosHas (¢ OTpakeHUSIMH) TPYITIa CHMMETPHH MKOCAIIPA He COASPKUT B CBOEM CO-
CTaBe MHBApUAHTHOM roarpyrisl C,, XOTs NMOATPYIHa TAKOTO MOPsiKa TaM UMEeTCsI.
I'eomeTpuueckas MHTEpIIpeTALMSA €CTh NpoBeAeHKe aHanori, Ho Besikoe cpaBHeHMe
MMEET CBOM TPaHMIIBI: TO, YTO CHPABEITUBO IS TETpaldjipa U UKoca3apa Kak uryp
BpAlIEHMs], YK€ HEBEPHO i1 HUX KaK QUIYp C 3jeMeHTaAMU OTPaXeHHs.

TToarpymnmy 4eTHBIX NOACTAHOBOK B CHMMETPHYECKOH rpynmne S, 4acTo Ha3bIBaIoT
3HaKonepemenHoil 1 0003HAYAIOT KaK A,. Y Hac NONy4yn10Ch ClRelyoLiee: 3HaKonepe-
MeHHas NOArpymnna A4 4€THHIX NOACTAHOBOK U30MOpdHA TPYTITNe BpalllgHUsI TeTpad -
pa T, oxHas rpyiifna CMMMETPHYeCKMX MIOACTAHOBOK S u3omMopdHa nosHoH rpynne
cuMMeTpuHu TeTpasaapa T, .e. nepexonbl Ay — Sy u T— T sxkBuBasieHTHBL. YTO Xe Ka-
CaeTcs MKOCA’/pa, TO 31ech HablI0MaeTCsl MHAsl KApTUHA: 3HaKONepeMeHHast T10/1-
rpyrmna A5 YeTHbIX MOICTaHOBOK TaKXe M3oMopdHa rpymnie BpallieHuit ukocasapa Y,
HO IIOJIHASL IPYHTIA CUMMETPUUECKHUX MOACTAHOBOK S5 yxe He M3oMopdHa nonHoi

Ipymnie CUMMETPHY UKOcadjipa Yy, T.e. nepexonbl As — Ssu ¥ — Y, He 5KBUBaJICHTHBI.
Cyns o onmMcaHMIo CHMMETPUHM MKOCadapa, cieaanHomy KielinoM, Takoe pasnnune
JOBOJIBHO TPYAHO YJIOBHUTbL YCJIOBCUCCKUM BOO6pa)KCHld€M.

2.7. OTHOLIeHHE TTOPSAAKA
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B aTOM noapasznene Mbl NPOACIKUM MOPOA0SUHeCK U AHAAU3 2pYRA, HO TENIEPD YXe C
3aMETHBIM YIIOPOM HA ORHORICHUE ROPSOKA, KOTOPOE IPEXJIE BCETO PeTUIYETCs B C10-
Bax «OBITh HOATPYIIONH» WU, §ojlee pa3BepHYTO, «COBOKYIHOCTb 2JIEMEHTOB G 00pa-
3yeT noArpynry B rpynmne Gy». EcrectBeHHO, noarpynna G, exawovera B rpynny G,, oa-
HAKO OMHOUEHIE BKAOYEHLS ABIISIETCS CIMILKOM ITHPOKUM, a 3HAYUT U OoJiee OenHBIM
ITOHSATHEM, YeM Sbimb nodepynnoid. OHC GONbLIE NTOIXOUT K AMOPPHBIM MHOXCECMBAM,
0 KOTOPBIX peub BOEPE/iH, XOTS JII000€ OTHOLIEHHE MOPSIIKA ONPEASIsIeTCs Yepes TpU
3aKOHA; pe@AeKCUBHOCMU, AHMUCUMMEMPUYHOCMI U mpaH3umuernocmu. st oTHouIe-
HYA «OBITh TIOATPYITIOi» BCe TPH 3aKOHbI BHIMOAHAWTCA. 3aKoH pegrekcusHOCmY Bbl-
TMTOJIHSIETCS FIOCTONBKY, TOCKOJNBKY BCSIKasi IpyIina GSBIsieTCs HecoGCmBeHHOU nodepyn-
not rpynnsl G. 3akon GHmMUCUMMemMpPUHHOCMU TAKOKE BBITIONTHSIETCST, TAK Kak eciy (7 1B~
JsieTcs noarpynnoil G, u G, sienisiercsi noarpynnoin Gy, ro rpyniel G, u G, usomopge..
HaxkoHe, [uist moArpymnn CpaBe/UINB U 3AKOH MPAH3UMueHocmu: eciiv (7| IBJSIETCS O~
rpynnoit G, u G, sipsiercst moarpynnoit Gy, To G HenpeMeHHo OyeT noarpynioi Gs.

Moarpynnwt G, G,, G; v T.4. 00pa3yoT y34b/, a OTHOLIEHUS TUIIA « (| SABISAETCH
moarpynnoit Gy» — ceasu Mexay yzaamu G, u G,. Y3iibl # CBSI3U BMECTE COCTaBJIAIOT
pewemky WiVl cimpykmypy IOATPpYTI rpynmel G, koropas obo3Havaetcs: S(G). e ne-
co6CcmeerHbiX no02pynhbl TPy G OrpaHuuuBalOT penieTky S(G) CHM3Y B CBEPXY, SIB-
agsack ee noarocamu. Pentietky S(G) yaodHo uzobpaxars rpaduyecky v, Kak HeKUH
rpaduveckuit o0LeKT, OHa obagaeT Onpeae eHHLIMY epynnogsiMu CBOMCTBAMU, OT-
JIMYHBIMHU OT TPYNTTOBBIX CBOMCTB UCXOMHOM rpyniTisl G. [pyfly cMMMETPHUM PeLIETKH
oboszHauyuM cumsosiamMu S| G). Hepenko rpynna S[G) uzomopgna wiv uneapuanmna
(T.e. GapnsieTcd NOATpynnoi rpynib! S| G]) oTHOCUTENBHO BCEeX Npeodpa3oBaHnii UC-
XOIHOM rpyrmibl G B 9TUX CAydasix OHA Ha3blBAETCS] HPO3PAUHOI.

PeureTky Becex KOMMYTATUBHBIX FPYITT UHGEPCHbIe, DTO 3HAUUT, UTO CYILIECTBYET Ta-
Kast NOACTAHOBKA I, KoTOpasi 6¢3 HapyLIeHHsI CBSI3eil IEpeBOPAYMBACT PEHIETKY «C HOT
Ha roJIOBY» M 3aMeHsIeT MOJII0Cca Ha TIPOTUBOTIONOXHBIE. BeTpeyaloTes Takue HEKOM-
MYTATHBHbIE I'PYITbI, PELIETKA KOTOPLIX COBMAAAaeT C PeUIeTKON OT KakKoi-HUOYAb
KOMMYTATUBHOM IpynIibi. B Takux ciayyasix peuieTka OT HEKOMMYTaTUBHOM IPyNIIbL
TOXe OyneT UHBepCHON. M HBepCHas 11OACTAHOBKA { HE BXOIUT B TPYIIITy CHMMETPUU
peurerku S[G}. 31o ocobast NoACTAHOBKA, OCYILECTBISIONIAst MPeobpa3oBaHUe Y3/I0B
PELICTKH BIOMbL €€ BEPTHUKANBHOM OCH, COCAMHSIOEN I1010Ca, TOrAa Kak rpyIna
npeodpazopauuii S{ G| riepecTaBigeT yIbi, He UIMEHSIS UX nmopsaka. [lopsdox yana
COBNAAET C MMOPSIKOM IOAIPYIITIBI, KOTOPYIO OH NpeAcTaBiisieT. COBOKYITHOCTD Y3/I0B
OIHOTO IOpsAIKa 00pa3yeT ypogeHs COOTBETCTBYIOLErO Nopsaxa. ITopsanox y3na unu
MOPAIOK BCETO YPOBHS, ECTECTBEHHO, ABASCTCH dequmenem opaaKa rpymmnsl G. Yuc-
JIO YPOBHEN [UIsl TPYII ¢ HEGONbLIMM YMC/IOM 3JIeMEHTOB B GOJIBIIMHCTBE CIIy4aeB
pPaBHO YHCY JAC/UTeel nopaaKa rpymnsl. ECIN 3T0 yCI0BUE BHIIIOIHACTCS, pelIeTKa
Ha3bIBACTCS HPAsUAbHOH. B NPaBUIIBHDBIX PEILETKAX BCE MYyTH OT HUXKHETO I10II0Ca 10
BEPXHETO COMAEPXKAT OAMHAKOBOE YUCIO cBsa3eil. I'pynua rerpasapa T ABEHAALATOTO
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MOPsIIKA, Y KOTOPO#H OTCYTCTBYIOT MOAIPYNIIbI LIECTOTO MOpPsiiKa, HAYNHAeT GeCKO-
HEYHBIH pSIll HenpasuAbHbX PELIETOK. B HeMpaBHILHbIX PellIeTKaX YUC/IO CBsA3EH MexX-
Iy TIOIIOCAMM Pa3IMYHO.

Ype3BbiyaitHO BaXKHO MOHSITL ¢ CAMOTO HA4alla OHY MPOCTYIO UCTUHY: TIOATPYTITIbE
HE MOABJISIIOTCS B Pe3ybTaTe KAakON-NM00 Halel ¢ BaMU JESTEAbHOCTH, HAalIpUMED,
yepes npoLeaypbl 00beIMHEHUS, EpeceUeHUs WIH YMHOXeHU 2J1IeMeHToB, O0beK-
TMBHO CYIIECTBYIOT IPYIIfbl, U OHHM HE3aBUCUMO OT HAC MOAEJieHbl Ha MOATPYIIIbI.
Hama 3agaga COCTOUT AU1Lb B TOM, YTOObI HAWTY DTH MOATPYNIIBI U YCTAHOBUTH UMe-
IOUINECS MEXIY HUMU CBSI3U. [T rpynm ¢ 60AbIIMM YMC/IOM 2JIEMEHTOB TaKasi 3aaya
CTAHOBUTCS TPYIOEMKOI U TpebyeT 0cobbix pueMoB roucka. Yacto cama pelreTka
MOJACKAa3bIBAeT HaM, BCE JIK MOATPYMNIbI HaliAeHbl U BEPHO M YCTAHOBJIEHBI CBSI3MU.
Ilpu nocienoBaTeILHOM M3YYEHMH peleTOK 00HAPYXXUBAIOTCA OIpeie/IeHHbIE 3aKO0-
HoMepHocTH. Jast rpymn 16-ro u 24-ro nopsiaka 5T 3aKOHOMEPHOCTH CTAHOBSATCS
0CO0eHHO 3aMeTHBIMHU. Tak, /uis 14 peuieToK, MOCTPOeHHBIX HA TIOArpYyIINax oT FpyIl
16-ro mopAaKa, MOXHO CHOPMYIUPOBATDL, HATIPUMED, TAKWE IPABUAA. YUCAO V3408 HA
Kaxcoom u3 yposueil HeHemHo U Moxcem Obimb 00HUM U3 gocbMu credyouux — 1,3, 5,7,
9, 11, 15 1 35; uucao nodxoodauwux uru omxo0auux cessell moxce newemuo u pasno 1, 3, 5,
7,9, 11 u 15 (aBa nocaeaHUX YMCIA OTHOCSATCS K NOI0CaM). AHaJIOTHYHBIM 00pa3oM
BBITTISSIT TIpaBuiia Iisl 12 MpaBuJIbHbIX PEIIETOK, ITIOCTPOEHHBIX OT TpyNIl 24-T0 10~
pSIIIKA: KOAUYECME0 Y3108 HA 8ceX ypoeHsx Hewemno — 1,3, 5,7, 9, 13, 15 u 19; uucao
cesazell npu noarocax gceeda yemuo — 2,4, 6, 8, 10, 14 u 16; uucao ceaseii, omxoodsauiux om
yposHeli 2-e0 U 4-20 nopsdkos, a makyce Hucao ceazell, ROOXO0SUUX K YPOGHAM 6-20 u
12-20 nopadkoe wemno — 2, 4, 6, 8; uucao casizell, noOX00auwUx K yposHsam 4-20 u §-20 no-
PACK08 U omxo0suux om ypogrell 3-20 u 6-20 nopsaokoe newemno— 1,3,5,7,9,13,15u 19,

Hameli koHeuHoi Lenbio OyIeT NoCTpoeHue TaK Ha3bIBAEMbIX Memapeuiemok Mg
U M,, OT mpaBWIBHBIX PELICTOK Tpynm 16-ro u 24-ro nopsiikos. Jeno B ToM, YTO Bce
MPaBUJIBHbIE PEILETKH OT IPYIIN OJHOMO KAKOTO-TO NMOPSIIKA SBASIOTCS NOApeIIeTKa-
MM OIHOM @epxHenoarocHoi pelieTk. U, Tak Kak BCe NpaBUWibHbIE PELIETKH, KPOME
TOTO, BKJIIOYAIOT B ce0sl B KAUecTBe CBOEH MoJpelleTKy OJHY 00l1iy10 JJisi BCEX HUX
HUNCHENOAOCHYIO PEILETKY, OHH 06pa3yioT «CBEPXPELIETKY», KOTCPYIO Mbl M HA3bIBaEM
Memapewiemkoli. B poJiv BEpXHETIOMIOCHOM MOTYT BBICTYNATh PEHISTKU OT PA3IMYHBIX
IpyII, HanpuMep, petteTku Tuna S(C5' ) u S(D,), HO B pOIY HUXKHETIONIOCHOH BBICTY-

TIaeT BCeTaa OflHa — PELIETKA OT MPOCTOH Hukianyeckoit rpymnnel S(C,). HenpaBunb-
HbIE PelIETKU TOXE MOTYT 00pa30BaTh CBOU MeETapellieTKH, B YACTHOCTH, JIBE U3 TPEX
HENpaBWILHBIX PELIETOK, MOCTPOEHHBIX OT TpyIn 24-ro nopsaka, HaXoAAaTCcsa B OTHO-
UIEHNHY TOPsiaKa.

TaxuM 06pa3oM, Hapsidy C OTHOIUEHHEM IOPsIKA TUIA «ObITH MOArPYITIOH» CYIIe-
CTBYET COBEPIIEHHO APYroe OTHOLICHHE NMOPSIKA, & UMEHHO: «ObITh MOAPEIIETKOM».
Ecnu yreepxaaercs, uto «S(G)) asisercs noapeietkoit S(G,)», T0 370 eilie He 3Ha-
YUT, YTO TPYINIa CHMMETPUU pelueTky S| G,] siBasieTcst noArpynnon rpymnisl CHMMeT-
puu peutetku S[G,]. Yaiue Becero epynnsr cummempuu peiietok S[G] u S[G,] n3-3a
TMIPUHIMITMAITBHO Pa3TUYHOrO CTPOeHUs BOOOIIe He conocTasuMbl. OTHOIIEHUE TMO-
psiaka Tuna «S( G,) sasasietcd noapeuietkol S(G,)» 03HAYAET, YTO MHOXKECTBA Y3JIOB U
cBsizeit peureTku S{ @) ABISIOTCS MOIMHOXECTBAMY MHOXECTB Y3/I0B M CBsi3eil pe-
uietku S(G,). 3aech Y37bl U CBSI3M PELICTOK BBICTYINAIOT B POJIU aMop@Hbix, T.€. He
IPYNIOBBIX, MHOXeCTB. [To3TOMYy OTHOLIEHHE «ObITb MOAPELIETKOM», IO CYILIECTRY,
SIBIISIETCSI OMHOWEHUeM GKAI0YEeHUss OHOTO MHOXECTBA (MECHBLUETO MO MONTHOCTH)

174



B ipyroe (Gosbliee 1o MoltHocTH). C rpaduueckoit ke TOUKU 3peHUst MemapewemKu
10 CPABHEHMIO C peutemKamy 3HAUUTEIbHO MeHee peeyaapHbl. B HUX Hesb3s1, B 4aCTHO-
CTH, HANTH 3aKOHOMEPHOCTHU 110 YETHOCTH Y3JI0B U CBsize . OHU 3aMEeTHO OTJUYAIOTCS
JIAXE OT HenpasuabHbIX PELLIETOK, MO3TOMY UX MOXHO 0XapaKTepU30BaTh KaK 04eHb He-
npaguavhble. Takoit TEPMUH XOPOLLIO NOAXOAUT K MeTapelieTkam Mg u My4, XOTd Me-
TAPEIIETKH OT FPYIIN ¢ HEOONBLIUM YMUCAOM CTPYKTYPHBIX BapuaHTOB (T.e. My, My,
M,, M5, My, M,;) BIojHE NPaBUJIBHBI.
IMpoctere unknuueckue rpynnet Gy, Gy, Cs, ..., C), rae p — C, C,.,

MIPOCTOE YMCJI0, UMEIOT PELIeTKY, KOTOpasi, ec/iv ¢¢ u300pa3uTh

rpapuuecKy, BBINISIIAT KaK BePTUKAIBHBIN OTPE30K MPSIMOM,

OrpaHMYEeHHBIH JABYMS y3JaMH, COOTBETCTBYIOIUUMHU HECO- 1
6crBerHbiM noarpynnam {e}= (0) v C,. 13 1Byx 0Tpe3KoB COCTO- 0

uT peuierka jia rpymn tuna Gy, Gy, Cys, ..., Cp,, (pHC. 2.12). 0
I'pynmet 4-ro, 9-ro, 25-ro nopsakoB UMEIOT €11E 10 OIHOMY KOM- 2.12
MYTaTUBHOMY BapuaHTy, 0003HAYAEMOMY KaK C22, C32, C52, ,Cﬁ. Puc. 2.

CoOCTBeHHBIMHU TIOJATPYIITIAMHU [I/15] C32, K MIpUMEpY, SBJISIIOTCS;

1={e, a,a®, 2={e b, b’}, 3={e, ab, a’b’}, 4= e, a’b, ab’}.

Bce ueThipe y31a UMEIOT OPSIOK paBHblit 3. TlockobKy COBCTBEHHbIE TOXTPYITITBL
00pas3yIoT eAMHCTBEHHbIM YPOBEHD MEXIY MOJIIOCAMM, TO U UHBEPCHAs TIOJICTAHOBKA §
IPeACTaBIsAeT COO0M TPAHCIIO3ULIUIO, Y KOTOPOil B KAYECTBE MHJIEKCOB BBICTYITAIOT
HMXXHUI W BEpXHUI 1T0/110Ca (TPAHCIIO3UIIMIO NIOJIOCOB 31€Ch U HUXE MUcaTh He 0y-
aeM). Tpu peuretku wist p = 2, 3 1 5 n3obpaxens Ha puc. 2.13,

I'pynma cUMMETPUHM TAKMX PEHICTOK ONpe/easieTcs TpocToil hopMynoii:

S[C}H1~ D, .
Tax, rpynna S[C22] onpeaessieTcs noacTaHoBkaMu Dy
S[C3] = { (0), (12), (23), (13), (123), (132) } = D,

I'pynn wecroro nopsnka e — Cy = C,Cy u Dy. X npasuashbie pelueTku U300pa-
KeHbl Ha puc. 2.14. Ing S(C) unsepcHas noacraHoBka pasHa i = (12). HecmoTps Ha
TO, 4TO y3:1bl peuretok S( Cs) 1 S(D,) 06pa3oBaHbl HENOXOXKUMHN COOCTBEHHBIMU 1O~
rpynnamMmu —

G 1 = e, az, aé}, 2= e, a3};
Dy 1={e, a,a’},2=1{e, b),3={e, ab}, 4 = {e, a’b},

c; c? c? R & M [s(D,)
1/]2\3 . A
2 2 4 S(Cy)
0 0 0 0 0 3
Puc. 2.13 Puc. 2.14
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rpacduuecku pewretky S( Cg) MOXHO BniMcath B petieTky S(Dy), T.€. y31bl M CBA3M pe-
meTkH S Cs) 06pa3yroT HOIMHOXECTBA COOTBETCTBYIOLLMX MHOXECTB peuteTk S( 1)),
cnenoBaTenbHo, pewietka S(Cy) obpasyeT Huxcnuii, a S(Dy) eepxnuil nonoc memape-
wemku Mg. CummeTtpust peutetok S(Cy), S(C)g) 1 T.0. MUHMMaNbHA — C|; pelleTKU
S(D3), S(Ds) v T.4. npo3pauns::
SIG,Cl = S[G,l~ €, S[D]= D,

I'pyrit 8-ro nopsiaka narhb; camoii 3jieMeHTapHON U3 HUX C TOUKHU 3PEHHUS CTPYKTY-

pBI TIOATPYNN siBAsieTcsl uMKiInyeckas rpynna Cg. Pewerka S((y) npeacrasisieT U3

ce0s1 TPEX3BEHHYIO LEMTb; OHA SIBJISIeTCA HUXHUM noJocom Metapeuietku Mg. Teneps
BBINMUIIIEM BCE COGCTBEHHEBIE TTOATPYIINbl IPYIINbE C23:

l={e, a},2={e b},3={e c}, 4= e ab), 5= {e, ac}, 6 = {e, bc},
7 ={e, abc}, 8 = {e, a, b, ab}, 9 = {e, a, ¢, ac}, A= {e, b, ¢, bc},

B = {e, a, bc, abc}, C = {e, b, ac, abc}, D = e, ¢, ab, abc},

E = {e, ab, ac, bc}.

Pemerka U3 3TUX NOATpYIII S(C23)
u306paxeHa Ha puc. 2.15. OHa spisieT-
CSl BEPXHUM TIOJIOCOM METapeluleTKH
M. Pewietka S(C3) siBnsieTcs uneepc-
HOU, TIpUYEM WHBEPCUIO MOXHO OCY-
LeCTBUTL HECKOLKUMMU CITOCODAMHU, B
YAaCTHOCTH, MOACTAHOBKOH —

i= (18)(29)(3A)(4B)(5C)(6D)(7E).

Puc. 2.15
Ipynna cummerpuu S[C;] obiagaeT yIuBUTENbHBIMU cBOjicTBaMU. Tlogo6HO

TpYIIIIe BpallleH U HKOCa3apa Y, oHa He UMeeT HOPMaJIbHBIX JCIUTEINICH, T.€. SIBJISETCS
npocmoii. Bee ee oCTaHOBKY YemHbi, TOCKOIBKY 0Gpa3yoLIMMK TPYIITIE ABISIIOTCA
aHmMuKomMMymupyowue demneie mpancno3uyui. JeiCTBUTENbHO, €CIU nepeobo3Ha-
YUTh Y3JIbl PELIETKH B COOTBSTCTBUM C MOACTAHOBKAMU —

a = (23)(45)(89)(CD), b= (12)(56)(9A}BC),

¢ = (24)(67)(AD)(CE), d = (13)(27)(8D)(AB),
TO rpadpuyeckas cTpykrypa S(C ;) ocraHercd 6e3 usMeHeHust. CoCTaBUM HECKOJIBKO
MPOU3BeAe HUI M3 3THX MOJACTAHOBOK, MOJYUUM:

ab = (123)(465)(8A9)(BCD), ba = (132)(456)(89A)(BDC),

ch = (124)(567)(9AD)(BCE), be = (142)(576)(9DA)(BEC),

ed = (13)(2476)(8DBA)Y(CE), dc = (13)(2674)(8ABD)(CE).

Ecau yyecTb, 4TO y3/1bl YPOBHEI 2-T0 U 4-r0 NOPSAKOB IPU BCEX TPYNIIOBBIX ITpeodpa-
30BAHHSAX He TepecTaBAIOTCs, TO s TpeACTaBAeH s [PYNIbI S[C;’] JOCTAaTOYHO

B3Th IOACTAHOBKH, COCTABJICHHDLIC )1 OJHOT'O KAKOro-ToO ypoBHS, HAIPUMEDP, HUX-
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Hero. Bee 168 ueTHbIX N10ACTaHOBOK POCTON PPYTITb] S[Czj] pPa3BUTHI HA TISATH KJTACCOB

W BBRINUCAHBI B Tabi. 2.60.
Tabnuua 2.60

{loACTaHOBKK NPOCTOM IPynrsl CUMMETPUN S[C‘23] C;
(1476523) (1523764) (1375426) (1742563) (1345762) (1235746) 1 (0) Co
(1753462) (1635472) (1624573) (1234675) (1736425) (1367452) (1462537)
(1637245) (1274536) (1432765) (1627354) (1647532) (1642375) (1657423)
(1542736) (1467325) (1746352) (1524637) (1452673) (1726534) (1276345) | 4
(1264357) (1342657) (1453726) (1267543) (1724365) (1435627) (1543672)
(1325674) (1253647) (1576432) (1472356) (1563427) (1573246) (1324756)
(1756243) (1567234) (1365247) (1653274) (1376254) (1254763) (1735264)
(256)(374) (135)(467) (176)(254) (175)(236) (167)(234) (135)(247) (154)(236)
(236)(457) (176)(345) (127)(456) (136)(275) (162)(347) (153)(274) (145)(263)
(237)(456) (165)(374) (142)(576) (157)(263) (126)(374) (124)(357) (123)(465)
(265)(347) (167)(354) (172)(465) (163)257) (174)(263) (142)(375) (132)(456) | &»
(275)(346) (156)(347) (124)(567) (167)(257) (124)(376) (134)(257) (135)(264)
(273)(465) (153)(476) (164)(275) (176)(235) (147)(236) (143)(275) (153)(246)
(263)(475) (173)(456) (167)(245) (135)(276) (142)(367) (152)(374) (124)(365)
(257)(364) (137)(465) (146)(257) (153)(267) (176)(243) (125)(347) (142)(356)
(67)(2345) (36)(1745) (47)(1256) (56)(1327) (13)(2476) (17)(2435) (16)(2354)
(67)(2543) (36)(1547) (47)(1652) (56)(1723) (13)(2674) (17){2534) (16)(2453)
(24)(3756) (14)(3567) (26)(1754) (12)(3675) (27)(1436) {45)(1372) (25)(1463) | C3
(24)3657) (14)(3765) (26)(1457) (12)(3576) (27)(1634) (45)(1273) (25)(1364)
(35)(2746) (57)(1643) (15)(2467) (37)(1625) (46)(1732) (23)(1475) (34)(1562)
(35)(2647) (57)(1346) (15)(2764) (37){1526) (46)(1237) (23)(1574) (34)(1265)
(24)(35) (16)(25) (15)(47) (17)(45) (14)(57) (12) 56) (13)(46)
(24)(67) (16)(34) (15)(26) (17)(28) (14)(36) (12)(3 (13)(27) | G4
(35)(67) (25)(34) 26)(47) (23)(45) (36)(57) (37)(56) (27)(46)

Kak BHHO U3 3TOM TabauUbl, HOACTAHCBKH Kiacca Cy, IIPUHAUIeXKAIe OTHOMY
CTONOIY, KOMMYTUPYIOT MeXay coBOM; eC/M TOACTAHOBKU GepyTcs U3 pasIMyHbIX
CcTONOLOB, OHU OYAYT AHTUKOMMYTHPOBATh. [N aHa/IOTUYHBIX ITPOCTHIX BepXHENO~
JIIOCHBIX IPYATN MPOCIEXKUBAESTCS TA e CaMas 3aKOHOMEPHOCTh: YHCJIO KOMMYTHUPYIO-
KX TOATrPYIUT PABHO YUCAY Y3708 (B JaHHOM Cllyyae paBHO 7), @ YUCIO DJIEMEHTOB,
BXOJISIIIMX B KaX/1YI0 NOAIPYIITY, HO OTJIMUHBIX OT TOXJECTBEHHOTO, PABHO YHCY OT-
XOMASILLIMX CBSA3EH. Y Hac HA KaxIbli y3eJ1 IPUXOINUTCS ITO TPH TAKUX CBA3U, CIeI0BATE-
JIBHO, MAaKCHUMAaJIbHOI KOMMYTaILMOHHOH! OArPYIIION siBJISETCS C22 , B CWJIy 4ero Halia

FPYINa HENPO3PAYHA.
I'pyrity S[C;] MOXHO 33JIaTh, HANIPUMED, TAKUMH OTIPeAeNsSIIOIIIMMU €e COOTHOlIIe-

HUSIMM:
a®ch = b c*a = Ba’c = cab’, ac’h? = bea = caéb2 ca’ = a4bc2,
ab’c® = ba®c? = cab’ = cba(’, 4b3" = a’ch = ba'* = c2a4
ac’h = b’ = cb’a = cd’b, a'b’ = *ba, ach’ = Bd’,
ab'c = ba’? = ca’b = czbzas, a bzc = bac® = bea® u T.A.
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B cnipaBe1/1IMBOCTH 3TUX COOTHOIIEHU T MOXHO YOEIUTHCS, €CJIM BMECTO OYKB 4, b
M ¢ MMOJICTABUTH, HANPUMED, ClieyIollMe NOACTAHOBKHU:

a = (1476523)(§8DBECAY), b = (67)(2345)(89)(ADEC), ¢ = (123)(465)(8A9)(CDB).

Bce octanpHble pelieTKM OT rpynn 8-ro nopsiaka siBasioTcsl nNoapelieTkaMu pe-
LLIETKH S(C%). Taxk, BoceMb COOCTBEHHBIX MOATPYIN AUdApA —

Di: l={e b}, 2={e d’}, 4= (e, d’b}, 5={e ab}, 7= e, ’b},

8 = e, a , b, azb}, A= {e, a, az, a3}, C = {e, az, ab, a3b}

D! SIBJISTIOTCSI COOTBETCTBYIOIMMU y3aamMu S(C 23 ). PenteTka auanpa
4

S(D}i) u300paxena Ha puc. 2.16. OHa npospaura, NOCKOIbKY BO-

CeMb AM3APATBbHBIX MOACTAHOBOK OCTABASIOT rpadpruiIecKyIo
CTPYKTYPY pnc 2.16 Hen3MerHOM
SID;1 = Dy = {(0), (14), (57), (14)(57), (15)(47)(8C),

1¢ b 7 (17)(A5K8C), (1547)(8C), (1745)(8C)}.
Ecau 13 peiretku ansapa S(Di) MCKJIIOYMTD JIBa y3J1a — S U
0 7, — TO B pE3yJAbTarte MNOJYIUM PEIETKY OT KOMMYTAaTUBHOM
Puc. 2.16 rpyrnnel — C,Cy. JpyruMu c10BaMU, HEMpo3padHasi, HO HHBep-

cHast (i=(28)(1A)(4C) u i = (28)(4A)(1C) ) pewierka S(C,Cy)
gKaadbl8aemcs B IPO3PAYHYIO, HO He MHBepcHYIo petetky S(D} ). Ppynna cummerpun
S[ G, C,] onpenensieTcs cAeAYIOUIMAMU YETHIPbMSi NOACTAHOBKAMU:
S[C,C4l = CF = {(0), (14), (AC), (14)(AC)}.
HakoHel, pemerka kBaTepHUOHA S(D}) noJydaercst U3 uneepcroi pewetku S(C,Cy)

nyteM oTOpachiBating eule oAHOM napul y3jioB — 1 n 4. I'pynna
8 CUMMETPHM PELIETKH KBatepHuoHa ndoMopdHa rpynne Ds:

3
1615 SID21 = Dy = {(0), (SA), (8C), (AC). (8AC), (8CA)}.
10 S( D41) MTak, na1h peuieTok OT rpyiin 8-ro nopsiaka obpasyioT OHY
T MeTtapeleTky Mg, n300paxxeHHYy1o Ha puc. 2.17. Bce peuieTky ot
8 S(G,C) rpyIin 8-ro NOPsiAKa SIBASIOTCS! NPAGUABHBIMU U UMEIOT YEeTHOE
I yueao y3nos (4, 6, 8, 10, 16) u HedetHoe uncno ceaseit (3, 7, 11,
2 15, 35).
6 S(Dy) [Tponyckast oueBuaHBIC pelueTKU oT rpynn 9-ro, 10-rou 11-ro
' TTOPSAIKOB, TIEPEHIeM K PACCMOTPEHUIO NIHTH PELETOK OT TPYII
4 S(Cy) 12-ro nopsiaka. Ham ynobHee Bcero Ha4aTh ¢ BEPXHEIOIIOCHOR

pelIeTKu S(D(],). Ipynna amMaapa CoAepXKUT CAeayIoHIMe MOArpyIl-
MBI

Puc. 2.17

Di: 1=le d’), 2={e a d’ & d' da’},3=1e d* d'), 4=1e o b, ab},
5= {ea ab, ab} 6= {ea a’b, ab}, {ea a bazb a4b},
8=1e, a’, a’, ab, a’b, a’b}, 9={e b}, A={e a’bh}, B={e, ab},
C=le, a'b}, D=1{e, a’b}, E={e, ’b}.
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Pemrerka S(Dé), M300paxeHHas Ha puc. 2.18,
SIBJISICTCS MPO3PA4HOI, TAK KaK 00pasyiolmme —

a = (456)(78)(9BDACE),

b = (45)(78)(9BY(AC)(DE),
MHBAPHAHTHO MepecTaBsiiolue Y3Nbl pelIeTKI
S(Dé), HopomaroTrpynnyD}) , TAK UTO S[D(],] zD(I,.

BoceMb y31n10B BepXHENONOCHOI PEIIETKH
S(Dé), a uMeHHo: 1, 2, 3, 4,7, 8, 9, A, 1a1oT Bce
y3Jiel MHBepcHOM peutetkn S(C,Cy), WecTh Y3108
—1,2,3,4,5, 6 — naior peierky S(D(f) 1 ueTbipe
y3na — 1, 2, 3, 4 — Ja10T HHUXHENOMIOCHYIO pe-
wetky S(C,). HeTbipe npaBUABHbBIX PEIHETKH 00-
pasyloT oJiHy MeTtapeterky M,,, koropasi n306pa-
KeHa Ha puc. 2.19. Yucso y3/10B y BceX Ha3BAHHbIX
pelieTok — uetHo (6, 8, 10 u 16); uncno csizeil —
HeueTHo (7, 11, 17 u 33).

Pewerkaterpasapa S(T) (puc. 2. 20) ocobas v oOpazoBaHa cneaylouMH y3JIaMU:

1 ={e, ab}, 2={e a’b’}, 3={e ab’a}, 4= {e ab, 'V, ab’a},

5={e,a, da, 6=1{e b b}, 7=le a’b ba}, 8=/{e, ab’, ba’).

Ha pucyHke, rae uzobpaxena peuwetka S(7T), MOXHO yBUIETb, UTO 3 MYTH MEX]Y
noJitocaMu 00pa3oBaHbI TPEMsI CBSI3SIMH, & 4 IPYTUX MYTH COCTABIEHbI TOJILKO U3 ABYX
cBsizelt, moaromy S(7T) n HasbiBaeTCH HenpasuasHol. Tpy y3aa HUXKHETO YPOBHS IO/ -
UMHEHBI CHMMETPUUECKOW rpyrirne Sy ~ Dy, a 4eTblpe y3/1a BEPXHEero — CHMMeTpHYe-
CKOM rpynne S,. B utore, rpyrnna cuMMeTpUH pelIETKU TETPAIAPA COAEPXKUT 144 sne-
MEHTa:

S[T]~ S8 = 8,;, xpometoro, S[C,G] = S[DE] ~ Dy.

CrpykTypb! OT rpynii 13-ro, 14-ro u 15-r0 nopsikoB Ham 3HAKOMbI, TIO3TOMY He
OyJeM 3/1eCh Ha HMX OCTAHABJIUBATLCS U Cpa3y nepeiiem K MopdoIornyecKoMy aHa-
nu3y rpynn 16-ro nopsiaka.

A/‘IIZ 4
16 | S(D;)
10 | S(G,C,) 8 [ o)
6 | S(Cp)
Puc. 2.19 Puc. 2.20
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Camoii pocToi U3 HUX SBAAETCS 11ETb U3 YeTblpeX 3BeHbeB CTPYKTYpbI S(Cj¢), a
HauOojiee pa3BeTBICHHON’ — pelleTKa S(C§1 ). Ee ycnoBHO-cxeMaTHUeCKOe U300paxe-

HHE MOKa3aHo Ha puc. 2.21. Mex/y nonocaMmy UMeeTcs TpM ypOBHS. YpOBeHb 2-TO
nopsiaka cocTouT U3 15 y3nos:

l={e, a}, 2={e b}, 3={e c}, 4={e d}, 5= e, ab},
6 ={e, ac}, 7=1{e ad}, 8= {e, bc}, 9 ={e, bd}, A = {e, cd},
B = {e, abc}, C = {e, abd}, D = {e, bed}, E = {e, acd}, F = {e, abcd}.

YpoBeHb 8-ro Nopsiika Takxe co-
CTOMT M3 |5 y3/10B:

G ={e. a, b, ¢, ab, ac, bc, abc},
H=1{e, a, b, d, ab, ad, bd, abd},
I={e a,c d, ac, ad, cd, acd},
J=le, b, c, d, bc, bd, cd, bcd},

K = {e, ab, ad, bd, ac, bc, cd, abcd},
L ={e c, d, cd, ab, abc, abd, abcd},
M = {e, a, d, ad, bc, abc, bed, abed},
N = e, b, d, bd, ac, abc, acd, abcd),

O = e, a, ¢, bd, ac, abd, bcd, abcd},
12 6 \ J A B Y D E F P={e, b, c, bc, ad, abd, acd, abcd},

N / //Q Q= {e. a, b, cd, ab, bed, acd, abed),
\ / R = {e, a, bc, bd, cd, abc, abd, acd},
A

S ={e, b, ac, ad, cd, abc, abd, bcd},
v 0 T = e, c, ab, ad, bd, abc, acd, bcd},
Puc. 2.21 U = {e, d, bc, ab, ac, abd, acd, bcd}.
VYposeHb 4-10 11opaaka obpazosaH 35 ysnamu. [loarpyrbl Mbl EpPEYUCTHM, HO
TIPUCBAUBATh UM CllellManbHbIX 0603HaUCHUI He Byaem:
{e, a, b, ab}, {e, a, c, ac}, {e, a, d, ad}, {e, b, c, bc}, {e, b, d, bd},
{e, c, d, cd}, {e, a, bc, abc}, {e, b, ac, abc}, {e, c, ab, abc},
{e, a, bd, abd}, {e, b, ad, abd}, {e, d, ab, abd}, {e, b, ad, bed},
{e, ¢, bd, bed}, {e, d, bc, bed), {e, a, cd, acd}, {e, abc, bed, ad},
{e, abc, acd, bd}, {e, abd, bcd, ac}, {e, ab, acd, bed}, {e, d, abc, abcd},
{e, ab, cd, abcd;, {e, ac, bd, abed}, {e, ad, be, abed,, {e, c, ad, acd},
{e, d, ac, acd}, {e, a, bcd, abcd}, {e, b, acd, abced}, {e, ab, ad, bd},
{e, ab, ac, bc}, {e, ac, ad, cd}, (e, be, cd, bd}, {e, abd, acd, bc},
{e, c, abd, abcd}, {e, abc, abd, cd}.
CpaBHUBas BLINUCAHHbIE TIOATPYIIBI MEXIY COO0, Mbl MOXXEM 3aKJIIOUNUTh: KaX-

Jasi IOAIPYIINa 2-To IMOPSIKA BXOAUT B 7 pa3AMUHbIX IOArPYII 4-F0 TIOPsIKA; Kaxnast
noarpynna 4-ro nopsiika COCTOMT U3 3IEMEHTOB 3 NOAIPYIT 2-T0 Nopsijika (Hanpu-
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Mep, ntoarpymnmna {e, a, b, ab} cocrout U3 sAeMeHTOB noArpyni 1, 2 u 5); Kaxnas moja-
rpyrnna 4-ro nopsaka HeJJMKOM BXOMUT B TPH MOATPYITH 8-TO MOPsiiKa (HaripuMep,
noarpynna {e, a, b, ab} sxoaut B noarpynansl G, H u Q); xaxnas nonrpymnna 8-ro no-
PAJIKA COCTOUT U3 3JIEeMEHTOB 7 IMoArpyIi 4-ro nopsaka. Takum o6pa3oM, YUCIIO TOMI-
XOAAUINX CBA3CH K KaX/JI0MY Y31y 8-T0 MOpsiIKAa U YUCITO OTXOMSIIMX CBSI3Ei OT Kax-
JIOI0 y3J1a 2-TO NopsJIKa paBHO 7. DTO, B CBOIO O4epe/ib, O3HAYAET, YTO YUCTIO CBSI3Ei
JUIS Y37I0B HA3BAHHLIX YPOBHEH Y IPYTUX CTPYKTYP, MOCTPOSHHBIX Ha OCHOBE TPy
16-ro nopsiaxa, TakK>Ke He MOXET NPeBOCXOAUTE Yucno 7. Jaee, YucI0 moaxoasuux U
OTXOASILIMX CBA3CH JUISI yDOBHS 4-10 NOPSIKA Y APYTHUX CTPYKTYP He MOXET IIPEBOCXO0-
JUTh YUCIO 3.

Fpynna S[C;] npocmasd. Bee ¢e nojicTaHoBKM #emuor. Ipyrma comepxut 32 256

DJIEMEHTOB, KOTOPbIE pa30uThl Ha 12 kiaccos, B 1a6i. 2.61 nipuBeneHb IPUMEPHI KOH-
KPETHBIX TMOACTAHOBOK, B35TbIE M3 KaX(JIOI0O KJacca; 3/eCh XXe yKazaHO KOJIMYECTBO

IMOJACTAHOBOK B KJ1acce.
Ta6nuua 2.61

C; NoacranoBku rpynnb S[Cﬁ] KonuyecTtBo
Co (0) 1
Cy {25)(36)(9CH(AE) 105
(&) (2E)(36)(48)(5A)(7B)(9C) 546
Cs (1FD)(2B6)(3E7)(89A) 1 456
Cy (2BE7)(3CE69)(58A4) 2 184
Cs (2C4)(3BENE97)(68A) 2912
Cs (DF)(24C)(579)(3AB6ES) 2 912
Cy (16EBD)(258CA)(3497F) 2 912
Cg (2EX5A)(37C8)(49B6) 3 276
Cy (1DF)Y23BEB7){4AC859) 4 368
Cio (2697E8D)(53C4ABF) 5 760
C 14 (124659E87DCFDA3) 5 824

B kiacce C) BBIMONHAIOTCA U3BECTHRIE HAM AHMUKOMMYMAUUOHHbIe COOTHOIUEHUS.
Bce noAcTaHOBKY DTOr0 Kiacca npuBesieHbi B Tad1. 2.62. Tabiuna pazdoura Ha 15 yac-
Ted (10 YHCAY Y3/10B Ha OAHOM HUXKHEM YPOBHE); B KAXKIYIO YACTh BXOLHNT 10 7 KOMMY -
mupyowux MeXAy coboil NoACTAHOBOK (110 YMCAy CBA3eH, NMPUXOAAUINXCS Ha OAUH
y3en). [Tocnentnee 06CTOSTENBLCTBO ACaeT PELICTKY S(Cg ) Henpo3pauHoil.

Cneayouleil rpynnoii 16-ro rnopsiaka, penierka KOTopod BIUCHIBAeTCsI B BEpXHE-
MOJIIOCHYIO PeUIeTKY S(C§1 ), ABJISIETCS TpyIna C;,_D},. ITpex e yeM NpUCTYIUTh K MOP-

donorndeckomy aHanusy rpyrsbl C,DJ , Ham HEOGXOMMMO BBIMMCATb BCE €€ MOACTA-

HOBKH:
0= (0), 1=(0123)(4657), 2= (02)(13)(45)(67), 3 = (0321)(4756),
4 = (04)(17)(25)(36), 5= (05)(16)(24)(37), 6 = (06)(14)(27)(35),
7 = (07)(15)(26)(34), § =(89), 9 = (0123)(4657)(89),

A = (02)(13)(45)(67)(89), B =(0321)(4756)(89), C = (04)(17)(25)(36)(89),
D = (05)(16)(24)(37)(89), E = (06)(14)(27)(35)(89), F = (07)(15)(26)(34)(89).
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Tabnuua 2.62

HanmeHblumit knacc ( €| ) noacTaHoBOK IPynIibl CHMMETPUH S[Cz]
(25)(36)(9CHAE) | (15)(38)(7C)(AD) | (16)(28)(7E)(9D) (29) 5C)(8D)(BF) 68)(DE)(3B)(AF)
(25)(36)(47)(DE) | (15)(38)(49)(EF) | (16)(28)(4A)(CF) 29)(17)(8D)(6E) 63)(12)( 9)(DE)
(25)(47)(8B)(AE) | (15)(49)(6B)(AD) | (16)(4A)(5B)(9D) (29)( 7)(3A)(BF) | (68)(12)(4C)AF)
(25)(8B)(9C)(DF) | (15)(6B)(7C)(EF) | (16)}(S5B)}7ENCF) | (29)(3A)(5C)(BE) | (68)(79)(3B)(4C)
(36)(8B)(AE)(DF) | (38)(6B)(AD)(EF) | (28)(5B}(9D)(CF) | (8D)(3A)(6E)(BF) | (4C)(79)(AF)(DE)
(36)(47)(8B)(9C) | (38)(49)(6B)(7C) | (28)(4A)SB)(7E) | (8D)17)(3ANSC) [ (12)(3B){4C)(DE)
(47)(SC)AE)DF) | (49)(7CHAD)NEF) | (4A)(7E)(ID)(CF) | (17)(5CHBE)BF) | (12)(3B)(79)(AF)
(CONAENIF)(T7A) | (14)(BA)(59)(BD) | (1B)(4D)(23)(CE) (24)(1C)(6F)(8A) | (34}{1E)(2D)(BC)
(CD)(4E)(13)(2B) | (14)(BA)(2C)(8F) | (1B)(4D)(9A)56) | (24)(57)(BA)(BE) | (34)(1E)(5F)(89)
(CD)(13) (58)(7A) (14)(2CHS3EXBD) | (1B)}(23)(9A)(7F) (24)(1CH3D)(BE) | (34)(67)(89)(BC)
(CD)(58)(2 (9F (144 3E)(59)(8F) | (1B)(56){7F)(CE) (24)(3D)(57)(6F) (34)(2D)(5F)(67)
(AENS8Y7AN2 (BA)BENBD)N8BF) | (4D)(23)(56)(7F) (BANBDNWICHST) | (1TEWBFK67HBC)
(4E)(13)(58)(9F) (BA)(2C)(3E)(59) | (4D)(7F){(9A)(CE) (BA)(BD)}6F)(BE) | (1E}2D)(67)(89)
{(13)(2B)(7TA)N9F) | (2C)(59)(BD)(8F) | (23)(56)(SA)CE) (1C)(57)(6FL(BE) (2D)(5F)(89)(BC)
(18)(26)(4F)(AC) | (6D)(IF)BE)(AB) | (7B)(39)(48)(6C) | (2F)(1A)(46)(8C) | (78)(1DN2E)(69)

(18)(35)(4F)(SE) | (BD)(AB)(19)(45) | (7B){(1F)(5E)(6C) (2F)(5D)(80)(9B) (78){1D}3C)(5A)
(18)(35)(7D)(AC) | (6D)(27)(3F)(45) | (7B)(1F)(2A)(39) | (2F)(37)(46)(5D) ( 8)(2E)(4B)(5A)
(18)(26)(7D)(9E) (6D)}19)(27)(8E) | (7B)(2A){48)(5E) (2F)(1AN37)(9B) 78)(3C)(4B)(69)
(4F)(7D 9E) AC) | (AB)N19)(27)(3F) | (6C)(2A)39)(SE) | (BC)37){46)(9B) (1D)(QE)(SC)(4B)
( F)(35)(26)(7D) | (AB)(27)(45)(8E) | (6C)(1F)(2A)(48) (8CH1AN37X5BD) | (1D)(4B)(BA)(69)

)MQEJLC)_ (19)(3F)(45)(BE) | (1F)(39)(48)(5E) | (1A)(46)(5D)(9B) | (2E)(3C)(5A)(69)

INyrannubl He npou30iaeT, ecau Misi 0603HAYeHUs MOATpYIN (y3/J10B) FPYNIIbI
C, D} MBI MCIIONTB3yeM Te Xe CaMble CHMBOIBI, YTO U JU1si MHIEKCOB TI0ACTAHOBOK:

1={0 2,6,7,8,A,E,F},2={0,2,6,7,9,B,C,D},3=1{0,2,4,5,9, B,E, F},

={0,1,2,3,89,A,B},5={0,1,2.3,C,D,E, F},6=1{0,1,2,3,4,5,6,7},
=1{0,2,4,5,8,A,C,D},8=1{0,2,8, A}, 9={0,2},A={0,8,7, F}, B={0, 8, 6, E},
C={0,A,6,F}, D={0,A, 7, E}, E={0,2,E, F}, F={0,2,9, B}, G={0, 2, 6, 7},
={0,2,4,5},1={0,1,2,3},1]={0,2,C, D}, K=1{0,8, 5 D}, L={0, 8, 4, C},
M={0, A, 4 D}, N={0, A, 35 C},0={0, 8, P={0,F}, Q=1{0,E), R=1{0,6},
=1{0,7}, T=1{0, 5}, U=1{0, 4}, X={0, D}, Y ={0, C}, Z={0, A}.

Peurerka S(C,D} ) n3obpaxena Ha puc. 2.22. OHa COCTOMT KaK 6bl U3 TPEX PEIETOK
S(C%) — OJIHA BBEPXY W 1B BHU3Y. XapaKTepHUCTUKA €€ TAKOBA: YKCJIO Y3JI0B Ha BCEX
YpOBHSIX Hewemno — 7, 15 v 11; uncno cBsizeid Toxe wewemno — 1, 3, S u 7. PelieTka
npo3pauna, TAK KAK MOACTAHOBKH @ M b NIOPOKIAIOT rpynny auaapa D) , a KoMMYTHpY-
10111351 C @ M b HOJICTAHOBKA ¢ PacCLIUpPsIeT TPYIy D} J10 C;,_D},:

a=(25)B6)(EG)(FI)(ACBDYKM)(LN)(OZ)Y(PRQSXTU),

5 = (ADYBCYOZY(PQYKMY(LNY(TU), ¢ = (KLYMN)TU)XY).
OnHako Takue JMHHDIE TOACTAHOBKW, MHBAPYWAHTHO MEPeCTaB/sSIOILINE Y3JIbl Ha BCEX
YPOBHSX, MOXHO He nmucaTb. Kak W B NnpeablaylieM ciydae, TpyIirna CUMMETPUH
S[Cle | BnionHe npeicraBumMa 64-Ms1 MOACTAHOBKAMM, COCTABNIEHHBIMU 10 11 y3mam

TOJBLKO OJJHOr0 HUXXHETO ypoBHsi (Tabn. 2.63).
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e

Puc. 2.22

Tabnuua 2.63

MopcTaHoBkK rpynnel cummetpun S C20)]

(0) (PTSX)(QURY) (OZ)(PQ)(TU) (OZ)(PTRX)(QUSY)
(TU)(XY) (PUSY)(QTRX) (OZ)PQ)(XY) (OZ)(PXRT){(QYSU)
(TX)(UY) (PXST)(QYRU) (OZ)(RS)(TU) (OZ)(PURY)(QTSX)
(TY)(UX) (PYSU)(QXRT) (OZ)(RS)(TU) (OZ)(PYRU)(QXST)
(PQ)(RS) (PTRY}(QUSX) (OZ)(PRQS)(TU) (OZ)(PRQS)(TXUY)

(PQ)(RS)(TU)(XY) (PURX)(QTSY) (OZ)(PSQR)(TU) (OZ)(PSQR)TYUX)
(PQ)(RS)(TX)(UY) (PXRU)(QYST) (0Z)(TYUX)(RS) (0Z)(PRQS)(TYUX)
(PQ)(RS)(TY)(UX) (PYRT)(QXSU) (OZ)(TXUY)(RS) (OZ)(PSQR)(TXUY)
(PR)(QS) (PTQU)(RYSX) (0Z)(PRQS)(XY) (OZ)(PXQY)(RTSU)
(PR)QS)(TU)(XY) (PUQT)(RXSY) (0Z)(PSQR)(XY) (0Z)(PYQX)(RUST)
(PR)(QS) (TX)(UY) (PXQY)(RUST) (0Z)(TYUX)(PQ) (0Z)(PTQU)(RXSY)
(PR)QS) (TY)(UX) (PYQX)(RTSU) (0Z)(TXUY)(PQ) (0Z)(PUQT)(RYSX)
(PS)(QR) (PX)QY)(RU)ST) | (OZ)(PTSY)(QQURX) | (OZ)(PT)(QU)(RX)(SY)
(PS)QR)(TU)(XY) | (PUNQT)RX)SY) | (OZ)(PYST)QXRU) | (0Z)(PU)QT)(RY)(SX)
(PS)(QR) (TX)(UY) | (PYNQX)(RT)(SU) | (OZ)(PUSX)QTRY) | (OZ)PX)QY)(RT)(SU)
(PS)(QR) (TY)(UX) | (PTHQU)RYXSX) | (OZ)PXSUJQYRT) | (OZ)(PY)QX)(RU)XST)

Peurerka S(C 22 C,) OT KOMMYTATHUBHOM IPYNIIbl ¥HEEPCHAS Y COCTOUT M3 IBYX CUM-
METPHUYHO PACTOJOXKEHHBIX PEIIETOK S(C23). Omna ronyyaeTcs U3 pelieTKU S(Cle)

nyTeM yaaneHusi BocbMu y3ios — A, B, C, D, P, Q, R, S. HBepcHOM NOACTaHOBKOM
s S(C2 C,) asasiercs:

i=(1Z2)2X)(3THE0)(SY)(6U)TINKF)(LI)(MG)(NE).
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Pewetka S(C 72 C4) npo3pauna, Tak KaK UMEIOTCS TP KOMMYTHUPYIOLIUX ITOACTAHOB-
KU, 00pa3youiMe Ipyniy
C22 Cy a= (25)B6)}EG)FD), b= (14)(36)ED(FG), ¢=(KINMY(TUXXO0YZ).

I'pynmy S[C22 C,] onpenensioT NOACTAHOBKYU, COCTABNeHHbIe Mo 11 y31aM cpenHero

ypoBHsI. ITpu UX HAXOXKASHHUH OUEHb Y100HO OpUEHTUPOBATLCS HA XOPOILIO U3BECTHYIO
BaM Ipynmny S[C23 ], Ast KOTOpOU MINETCS NOATPYTIIA, OCTABASIOLLAS OUH Y3€ Ha MEC-

Te (Y Hac 3TO y3es 7 JUisi BEpXHEero aTaxa v y3en 9 1is HuxHero). Jajee, HeoOX0AMMO
MOMHUTH, YTO BEPXHSAST U HUXHSIS MOJPEUIETKH S(C;) paccMaTpyUBaeMOi pelIETKUA

S (C22C4 ) CYLIECTBYIOT MPAKTUYECKH HE3aBUCHMO. BhInuieM NopoxAaoie 3eMeH-
THI IBYX TOATPYII PeoOpa3z0oBaHMil, AeCTBYIOIIMX Ha 3TUX MOJPEIIeTKaX:
a = (EG)(F]), a = (KM)(LN), b=(EFG)Y8HJ]), & =(LNM),
c=(EFGD)(H)), ¢ =(KMLN), d = (EF)(8}), d = (KL).
O6paTnM HECKOJIBKO GOJIblliee BHMMAHKME Ha Fpynny anaapa 16-ro nopsaka Dy.

DTO MO3BOJIUT HAM ITOHATE CTPYKTYPY eLie ABYX IPYIII IPUMEPHO 3TOTO XK€ CTPOSHHS.
C 3TOi 1ebIo BHITHIIEM L1 Hee BCe OCHOBHBIE COOTHOILIEHUS U MOIACTAHOBKH:

D} a = (01234567), ab = ba’ = (07)(16)(25)(34),
a’ = (0246)(1357), a*b = ba® = (06)(15)(24),
@’ = (03614725), @b = ba’ = (05)(14)(23)(67),
a' = (04)(15)(26)(37),  a'b = ba* = (04){13)(57),
a = (05274163), a’b = ba® = (03)(12)(47)(56),
a® = (0642)(1753), a®b = ba® = (02)(37)(46),
a’ = (07654321), a'b = ba = (01)(27)(36)(45),
e = (0), b= (17)(26)(35).

3aMeTHM, YTO IOMUMO a U @', TIPE/ICTABISIIOLLMX COBOM 8-1IMKIIbI 1 (purypupyIonmx B
IJIABHOM COOTHOILIEHUH, UMEIOTCS e1lle ABA DJIEMEHTa — & U @ — TOYHO C TAKUM XKe TIe-
puonxoM. Eciii Bo3aMoXHa rpynnac paBeHCTBOM ab = ba7, TO HeJIb35 JIU MMONBITATHCS IO~
CTPOMTB €111 IBE IPYMITbl HA paBEHCTBAX — ab= ba’ v ab=ba’ ? Takas nomnsITka yBEHYA-
eTCsl YCNEeXOM, €CJIM B KauecTBe 00pa3youinX b B3siTh, COOTBETCTBEHHO:!

D3 b= (02)(15)(46), Dg: b= (04)(26).

Torma TIONYYHM CHACAYIOILYIO KAPTHUHHY OMNpEacaAonx COOTHOUIEHUH:

D;3: Dy:

ab = ba’ = (0541)(2367), ab = ba’ = (01674523),
a*b = ba® = (13)(26)(57), a*b = ba® = (0642)(1357),
a’b = ba = (0347)(1652), a’b = ba' = (03254761),
a'b = ba' = (06)(24)(37), a'b = ba' = (15)(37),

@b = ba = (0145)(2763), @b = ba = (05634127),
a®b = ba® = (04)(17)(35), a®b = ba® = (0246)(1753),
a'b = ba’ = (0743)(1256), d'b = ba’ = (07214365).
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3nech HYXXHO He 3a0bITb O CYLIECTBOBAHUM €ILUe OHOW TPYNIIBl K8AMEPHUOHHO20
muna ¢ cOpasylomKmMu —

Di: a=(01234567)(89ABCDEF),
b= (084C)(1FSB)(2E6AY3DT9).
Tenepb BLITTULIEM BCe TIOArPYTITLI TPYIBI AM3pa. Tak Kak pelreTka S(Dé) BIIU-
CBIBAETCS B PELETKY S(CZDA ), HaM yA0OHO y3Jibl Hodpeulemku S(Dé) 0003HAYHUTD Ye-

pe3 COOTBETCTRYIOUIME Y3/1bl hadpewemku S( CzDi ):

Di: 3={e,d d' d¥, 4={(e a d & d & d& d),

7= le, a’. a*, &, b, &b, a'b, a°b}, 8 =le, a*, d', a°, ab, a’b, b, d’b },
9=1{e,a"), E=le a' b a'b}, G=1le a a’b, ab},

H={e a*, ab, a’b}, J={e, a' a'b, a'b}, P={e b},

Q={e, a'bl, R=1{e,a’b}, S=ie ab}, T=/{e, ab},

U-={e, @b}, X=1e a’b}, Y=1le a'b).

Peumierka S(Dg;) n3obpaxeHa Ha
puc. 2.23. Eciau 13 3TOi pelJeTku yaa-
qurbyerpipe yaia — T, U, X, Y, — nony-
YUM PeIIeTKY S(D;). 3arem, eciau yaa-
JUTh ele yersipe y3na — P, Q, R, S, —
MOJIYYUM PEHICTKY S(Dg). Hakorel,
€CJTH N3 PEILCTKH S(Dé) YAATUTb BOCEMb
apyruxysaios—H,J, R, S, T, U XY, —
TIONYYUM PCLIETKY S(D{;1 ).

I'pynmna cuMMeTpuu au3apaibHON
pemerkyn S[D}] coctont u3 96 noxucra-

HOBOK, KOTOpble BbIIINCAHb B
Tabmn. 2.64. Puc. 2.23

Jinst rpynmibl S[D}] Bee onpenensietcs ypoBHeM 2-1o nopsiaka. U3 taGi. 2.64 Bu-

HO, YTO pelleTKa JUIPA NPO3pauHa, YTO Helb3sl CKa3aTh NPO APYTrue pelieTKy STOM
CepyuH, B YACTHOCTH:

S[D3] = D= {(0), (H)), (EG), (HJ)(EG), (EIGH),
(EHGJ), (EH)(G)), (EN)(HG)};
S[D§1 = G,Dy = {(0), (PQ), (RS), (PQ)(RS), (PRQS), (PSQR),

(PS)(QR), (PR)(QS), (HJ), (PQ)(HJ), (RS)(HJ), (PQ)(RS)(HJ),
(PRQS)(HJ), (PSQR)(H), (PS)(QR)(HI), (PR)(QS)(HI)};

S[D#] ~ S[C, Gyl = C2 = {(0), (47), (QP), (47)(QP)}.
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Tabnuua 2.64

MofcTaHoBKM rpynnbl cummeTpun S{OF]

(0) (PSQR)(XY) (PTRXQUSY) (RS)(TUNXY)
(PQ) (TYUX)(PQ) (PXSTQYRU) (QRUTX)NUY)
(RS) (TYUX)(RS) (PURYQTSX) QR)(TY)(XU)
(TU) (PQ)(RS)TU) (PYSUQXRT) (PRY(SQ)}TX)(UY)
{XY) (PQYRS)(XY) (PXRUQYST) (PRYSQ)TYHUX)
(PQ)(RS) (PQYTU)(XY) (PUSXQTRY) (PTY{QUYRX)(SY)
(PQ)(TU) (RS)(TU)(XY) (PYRTQXSU) (PUNQT)(RX)(SY)
(PQNXY) (PQ)TY)UX) (PTSYQURX) (PX)(QY)(RT)(SU)
(RS)(TU) (RSHTX)(UY) (PUSYQTRX) (PX)(QY)(RU)(ST)
(RS)(XY) (RS)(TY)(UX) (PYRUQXST) (PTHQU)}RY)(SX)
(TU)(XY) (PQ)(TX)UY) (PTSXQURY) (PUYQT)YRY)(SX)
(PS)(QR) (TUYPS)RQ) (PXRTQYSU) (PYHQX)(RTHSU)
(PR)(SQ) (TUYPR)(SQ) (PURXQTSY) (PY)(QX)(RU)}(ST)
(TX)UY) (XY)(PS)(RQ) (PXSUQYRT) (PS)(RQ)(TU)(XY)
(TY)}XU) (XY)(PR)(SQ) (PTRYQUSX) (PR} SQ)(TUXXY)
(PRQS) (PSYQR){TU) (PYSTQXRU) (PQNRS)HTXHUY)
(PSQR) (PS)(QR){(XY) (TYUX)(PR)(SQ) (PQ)RSHTY)(XU)
(TXUY) (TX)UY)PQ) (TYUX)(PS)(QR) (PSQR)(TX)(UY)
(TYUX) (TXHUY)(RS) (TXUY)(PR)(SQ) (PSQR)(TY)(UX)
(PRQS)(TU) (PRYSQXTU) (TXUYHPS)QR) (PRQS)(TX)}(UY)
(PRQS)(XY) (PR)(SQ)(XY) (PSQR)(TYUX} (PRQS)TY)UX)
(TXUY)(PQ) (TYWUX){PQ) (PSQR)(TXUY) (PRQS)(TUNXY)
(TXUY)RS) (TY)UXHRS) (PRQSHTYUX) (PSQR){(TUXXY)
(PSQR)(TU) (PRQS)(TXUY) (TYUX)(PQ)(RS) (TXUY)(PQ)(RS)

CambiM nopa3uTeIbHbBIM MAaTEMATHUECKUM (DAKTOM 31eCh ABAACTCS TO, YTO pelieTKa
S(Dg1 ) OT HeKOMMYmMamuer ol TPYIITibl IBSICTCSI UHBEPCUOHHOI U B TOYHOCTU COBMAAAET

c pewtetkoit S( C, Cy) OT Kommymamuenoi Tpyniel. Mx obuieit "HBEpCUOHHOM NOACTa-
HOBKOMH ABJISIETCS —

i = (19)BE}4Q)(7P).

Peuetky S(D};) (puc. 2.23) nose3Ho CPaBHUTL C PELIETKON S(Df‘) (puc. 2.16), no-
CKONBKY OHU O4eBMIHBIM 0OPA3OM HAXOIATCS B omHoleHUuU nopadka. YeTsipe y3ma —
E, G, H, J, — cpeanero yposHs fatot rpynny S[D} ] = D}, KoTopasi SIBISIETCS 20MOMOp-
@HbIM TIPEICTABICHUEM TPYIIITbI S[Dé] 13 BOCLMH Y3JI0B HUXXHero ypoBHsa — P, Q, R,
S, T, U, X,Y. ITpuuem u3s puc. 2.23 MOXHO CTpa3y 3alMcaTh CUCTEMY NPOSLUPOBAHMS
37eMeHTOB rpynnsl S[D{] na rpynny S[D}1. Tak, Hanpumep, nepecTaHOBKa ABYX Y3-
noB (PQ) ocramaser y3en E Ha mecTe; nmepecTaHOBKA XE YEThIPEX Y3JIOB THIIA
(PR)(QS), (PS)(QR) rum (PSQR) npoeunpyvercs Ha Tpancno3unuo (EG) ut.a. Ecaun
MOCTPOUTSH CIIEAYIOUIYIO PEIETKY S(I)ll()), TO e¢ y3/1bl OYAYT CBSI3aHBI € Y31aMH S(Dé)

aHaJOrUYHLIM 00pa30M U rpynIa S[D};] yKe CTAHEeT FOMOMOP(hHBIM NpeACcTaBIeHUeM

rpymnmst S D1 . Tak BO3ZHMKAET vepapxusi pelieToK OT AUIAPANbHBIX T I, KoTopasd
16

BbIpaxXaeTcs B Memapeuienixe MD B BUlie GeCKOHEUHO 11eu. I 1aBHOe OTInYUe duso-
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panasHol Metapeletku MD OT paHee pacCMOTPECHHBIX METapelleTok M, COCTOMT B
TOM, YTO g MD uenb pewemuamosix 610xceHuil CONPOBOXIACTCS UENBIO 2PYHNOBbIX
BAOMCEHULl —

S(D}) = S(D§) < S(D)) = .

S[D}] c S[Dg] = S[Dy) < .
PaccmoTpuM cieayoluue aBe rpynbl 16-ro nopsiaka, KOTOpble Mbl 0003HAYWIH
KakK Di U Df (HANOMHUM, 4TO Dl u Df OTHOCSATCS K rpynraM 8-ro nopsiaka). [Lis Ha-

TJIAOHOCTH IIPUBEAEM OCHOBHBIC IPpyNnoBbi€ COOTHOUICHUS U NnoaACTaHOBKU —
D3 a=(0123)(4567), & = (02)(13)(46)(57), a’ = (0321)(4765),

b= (03)(12)(4567), B* = (46)(57), B = (03)(12)(4765),
ab=ba = (02)(46)(57), ab’ = bla = (0123)(4765),

&b = ba’ = (01)(23)(4765), b = ba* = (02)(13),

&b =ba =(13), a0 = bd® = (0321)(4567),
ab’ = ba’ = (02), ab = Ba® = (01)(23)(4567),
@b = ba = (13)(46)(57), e =(0);

Di: a=(0123)(46)(57), a*=(02)(13), @ = (0321)(46)(57),
b = (03)(12)(4567), b* = (46)(57), B = (03)(12)(4765),

ab = ba’ = (02)(4765), ab’ = bla = (0123),

@b = ba® = (01)(23)(4567), b = b*d* = (02)(13)(46)(57),
a’b = ba = (13)(4765), &b = ba® = (0321),

ab’ = Ba® = (02)(4567), &b = ba = (01)(23)(4765),
&b = ba = (13)(4567), e =(0).

Htst rpymnnbl fo MpUBEIEM ellie OaUH U3oMopdHBIA BapuaHT Ha Ba3e KBaTEPHHUO-
Ha —

D} e =(0), a=(0123)(4657)(89AB), a* = (02)(13)(45)(67)(8A)(9B),

@’ = (0321)(4756)(8BAY), b = (0425)(1736)(8A9B),

5% = (02)(13)(45)(67), b = (0524)(1637)(8A)(9B),

&b = ba’ = (01)(23)(4765),  a’b* = b*a> = (8A)(9B),

a’b=ba = (0627)(1435)(89AB), a’b’ = b’a® = (0123)(4657)(8BAY),
ab’ = ba = (0627)(1435)(8BAY), a'b’ = ba® = (0726)(1534)(89AB),
ab? = Ba = (0321)(4756)(89AB), a’b = ba’ = (0524)(1637).

BruinuuieM MoArpynmb! rpynibl Di. Kak v B npeAbLIyuiux ciy4vasx, BOCIIOIb3YEM-
€51 0003HAYEHUAMM Y3J10B pelreTkr S( CZDA ), HOCKOABLKY Y3JIbl paccCMaTpuBaeMoi pe-
LIeTKU S(Df ) SABASIIOTCS MOJMHOXECTBOM Y3/10B PELIETKH S(CZDA).

D3 1={e a & & B, ab?, &’V &'}, 4 ={e, b, B, B, &, &’b, ', &’b’),

7 = {e, az, b2, a2b2, ab, a’b, ab3, a3b3}, 8 = {e, a2, bz, azbz}, 9 = {e, b2},
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B ={e, &, ab®, @’t*}, A= le, a, &, a’}, H = {e, b*, ’V’, a’b}, O = {e, a*},
F={e b, b, b}, 1 ={e, b, &b, *B*},Y = {e, ab}, Z = {e, a*b*},

J={e, b*, ab, ab’}, K = {e, &%, ab’, &’b’}, L = {e, a*, &°b, ab},
T={e,@b’}, U={e, a'b}, M = (e, ab’, a’V’, b},

N = {e, ab, a’b’, a'b’}, X = {e, ab’}.

Pemetka S(D3) n3obpaxena Ha puc. 2.24. MexIy yPOBHSIMY 2-T0 1 4-T0 nopsiaka
pacnonoxXeHa noapeiieTka S(Cf), 4TO 00JeryaeT MOMCK TPYITIE S[Df]. B rpymnne
S[Dj] 48-ro nopsinka uMeeTcs moArpyrnna, usomMopdHas Df, ¢ 06pasyroiumMy —

a = (1) QO0)(HLYKINTY)AIBF), b = (14)(90)(MN)(HKILWTXYU)(AFBI).
Takum obGpasoM, pelueTka S(D‘f ) npo3pauna. Y3abl pelieTKU S(fo) W Y37bl UHEEPCHOI
(i =(10)(49)(72) ) pemieTkH S(Cf) 00pa3yIOT IBA TOAMHOXECTBA OT MHOXECTBA Y3JIOB
pEeLIETKH S(Djf):

S(DHy=1{1,4,7,8,9,A,B,H,J, F, 1,0, Z},

S(CH={1,4,7,8,9,A,B,M, N, F, 1,0, Z}.

S[D;] ~ GD. = {(0), (H)), (FI), (HI)(FI), (FHLJ), (FH)(1J), (FJIH), (AB),

(AB)(HI), (AB)(FD), (AB)Y(HJ)(FD), (AB)(FHL)), (AB)(FH)(1J),(AB)(FJTH)};

S[C31 ~ G,D} = {(0), (AB), (FI), (AB)(FI), (AFBI), (AF)(BI), (AIBF), (MN),

(MN)(AB), (MN)(FD), (MN)Y(AB)(FI), (MN)(AFBI), (MN)(AF)(BI),
(MN)(AIBF)}.

O1c101a MOXHO BUAETD, UTO PELLIETKU S(Di) U S(CZ) HEenpO3PaAUHbL.
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[epeiinem k rpynie D;. Ee 1e/iMKOM ONpPeesioT CAYIOUIUE TIPOCThIE COOTHO-
LISHUSI:
2 2_ 2
a =b=c= e, abc = bca = cab.
M3 5TUX paBeHCTB HECTOXHO BbIBECTH BCIIOMOTaTeibHble COOTHOLUEHUS —
ach = cha = bac, aba = cbc, aca = beb, bab = cac,
KOTOpbIE IMO3BOJITIOT COCTABUTD TaOINILYy YMHOXEHHSA 13 16 5JIeMEHTOB IrpyTIIib —
5
D;: {e, a, b, c, ab, ac, ba, ca, bc, cb, abc, acb, aba, aca, bab, abab}.
OueHb yroOHO 06pa3yloline IPUBOAUTD B BUIE PezyisapHbix noOCMano8ok, ToTaa
IIpH X YMHOXEHUHU cpa3y OyneM nojydaTh CTONOILI TaOMUIILI YMHOXEHUS, a He ee
OTIEIbHbIC 2MEMEHTHI —

a=(01)(23)(45)(67X89)(ABY(CD)(EF), b = (02)(16)(3E)}(4C)(5B)(7F)(8D)(9A),

¢ = (04 (18)(RA)BDYSE)(6B)(7C)(9F).

Peurerxa S(Df) M3o0paxeHa Ha
puc. 2.25. Ecav u3 3Tol peitieTKU y1anuTh
yaim R, S, T u U, To nony4uM pemuetky
S(CZDf). HecMoTpsa Ha BHellHee pa3nu-
yye peLIeTOK, UX TPYIilbl CUMMETPHH

OJIMHAaKOBbIe U U3OMOPGHBI TONHOI
rpymnrie Kyoa:

SID{] = SIGD}] = O,

TaxuM 06pa3oM, y Hac NOSIBUICS Ipe-
KpacHBbIX MOBOA W1 U3ydeHust O, — 5Tol
BaXXHEHUICH Ipynnbl CUMMETPUU (XOTSI
KO€-YTO O Heil ObLIO CKa3aHO B Mpebiay-
meM pasaene). B tabn. 2.65 nipuseneHbl
nojactaHoBku S[D]], cocraBienHble no

HHUXHEMY YPOBHIO pCUICTKH.

Puc. 2.25

Ta6bnuya 2.65

MoacTaHOBKAM rpynnbl CUMMETPUK S[D45] =~ Oy
0 (0) C (ZUQOT) o} (RS)(ZO)UT) C (RZSO)UT)
1 (RSHUT) D (ZTOU) 1 {RS) D (ROSZ)(UT)
2 (ZOYUT) £ (RTSU) 2 (2O) E’ (ZUOT)(RS)
3 (RS)(Z20) F (RUST) 3 (Ut) F (ZTOU)(RS)
4 {(ROUNSZT) G (RZS0) 4 (RTHSUV) G (RUOSTZ)
5 (RUO)(STZ) H (ROSZ) 5 (RU)(ST) H’ (RZTSOU)
6 (RTONSUZ) | (RS)(ZT)(OU) 6’ (RZ)(S0O) I (RUZSTO)
7 (ROTYSZU) J (RU)STHZO) 7 (RONSZ) J’ (ROTSZU)
8 (RZT)(SOU) K (RZ)(SO)(UT) 8 (ZUY(OT) K’ (RTOSUZ)
9 (RTZ)}(SUO) L (RO}SZ)(UT) g (ZTHOU) L (RZUSOT)
A (RUZ)(STO) M (RSHZUNOT) A (RUST)(ZO) M’ (RTZSUO)
B (RZUYSOT) N (RTHSU)(ZO) B’ (RTSUNZO) N/ {ROUSZT)
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Tatut. 2.65 njsi rpyniisl S[Df | cBsizana ¢ Tabn. 2.54 1ns rpynIel BpalleHUs Kyba

(MM oKTasapa) ciaelylolluM obpa3oM: eCclli NpOHYMEPOBaHHBIE T'paHU Kyba
(puc. 2.10) o603HAUNTL OYKBAMH MO CASAYIOLLEH cxeme:

0->R, 158 25272 35U, 450, 55T,
TO repBbie 24 moactaHoBKU (¢ 0 mo N) 1abii1. 2.65 moiHOCTbIO COBNAAYT ¢ 24 HOACTAHOB-
Kamu ctonbua O(6) Tabn. 2.54.

I'pynna O, siBisteTcsi ORHOBPEMEHHO IPYIION CHMMETPHHU JeKapTOBbIX KOOPIH-
Hat. B tabn. 2.66 nokazaHo COOTBETCTBUE MEXITY HALIUMHU TIOACTAHOBKAMY U MATPH-
LAMH, 1Peobpa3yoMMK BCEMHU BO3MOXHBIMU CIOCOGAMM OCH KOOPAUWHAT X, Y, Z.
Tabs. 2.66 cocTaBUTh HECOXHO, €C/IU TTOMHUTh, YTO MATPULIbI OJHOTO KJjacca A0J-
>KHbI UIMETDL OIMH U TOT X€ XapakTep; MOACTAHOBKU Ha TPAHCTIO3ULIMAX COOTBETCTRY-
0T CUMMETPHUUYHBIM MAaTPULIAM; 0OpaTHbIE NOACTAHOBKY OTBEYAIOT TPAHCIIOHMPOBAH~
HbIM MaTpuuaM. BBuay BaxuocTu rpynrbl O, iepeduciuM Bece ¢e moarpynisl. [lpu
3TOM MBI CTaBUM Tepea cO0O0A Lesb HalTOMHUTh J1BA MTPOCTBIX PHeMa, TO3BOJISIIOIINX
MO HECKOJILKUM U3BECTHBIM NOArpYyNnaM HalTu 60blI0e YUCI0 Heu3BeCTHBIX. [deno
B TOM, YTO KOT/1a rpyIa HeGoabloTo NOPSIIKA, BCe €€ MOATPYIITbI OTHICKATh HECI0X-
HO, HO Haina rpymnmna 48-ro ropsiika COASPXKUT yKe 84 NoArpyniibl U OTbICKATh UX TO-
JILKO Ha OCHOBE 3HAHMs OMpee/eHusl IPYITbl JOBOJBHO TIXEJO.

CaMbiii a¢pdeKTUBHBINI CTTOCO0 1OMCKAa HEMHBAPHAHTHBIX MIOArPYIII COCTOUT B CO-
npaxceHuy OAHOM KaKOW-TO M3BECTHOM noAarpynnsl. IIpeanonoxuM, HaMm yJaanoch
OTBICKATh OJIHY U3 NOATPYIIT 4-TO MOPSIAKA, HE SABSIONIYIOCS HOPMAaJIbHBIM JIEJUTe-
gem, — {0, 2, 4, N}. Torna ¢ noMmoiubto asieMeHTa K u D no Meroauke, H3n0XeHHOM B
KOHIIE noApa3saena 2.3, ¢ UCTNoab30BaHWEM NpHeMa TTIOMCKA CONPSIKEHHBIX MOATPYITIT
6-ro nopsinka s ronomopda H(D;), naitnem rpynmnei {0, 1, 8', M} u {0, 3', 7, L}. Ilo-
Ipo6HO: U3 Tab. 2.65 Haxonum tioactaHoBku K= (RZ)(SO)(UT) u D = (ZTOU), Tor-
a0 — 0,0 - 0 u ganee aBTOMaTHYECKH:

2'=(Z0) - (RS) = 1, 4 = (RT)(SU) —» (ZU)}OT) =&,
2= (Z0) - (TU) = 3, 4 = (RT)(SU) - (RO)YSZ) =7,
N = (RTHSU)ZO) - (ZUXOT)(RS) = M,
N = (RT)(SU)ZO) - (RO)SZ)(TU) = L.
Bropoii cmocoB, Haob6opoT, CBsI3aH C HOPMaAbHLIMU ACTUTENISIMUA, U OH HAM TOXE,
B OCHOBHOM, U3BECTEH: aHAIOTMUHBIM 00PA30M Mbl HCKaJIM CHCTEMY FrOMOMOP(}HBIX
npoekuuit misi ronomopda H(D;)/ N, u 1.45. OueHb HECI0XKHO ONPEAETNTD HOPMAdb-
Hbtll deaumens TPyNIbl S[Df] ~ O, BToporo nopsinka — {0, 0'}. Janee, uiuem Bce kaaccol

CMeNCHOCMU TI0 3TOMY JIEJIUTEINIO, T.€. CUCIEMY 2O0MOMOPEHbIX NpOEKUUiL:
{0,0} >0, {L,2}->1, {2,1I'1->2, {3,313, {4, L}->4,
{5,K}—>5 {6,G}—>6, {7,H}->7, {8 J}->38, {9, It -9,
{A, M} > A, {BN}> B, {C,F}-~C, (D, E}->D, {E A} —>E,
{F, B} > F, {(G,D}->G, {H,C}->H, {I,8} -1, {J,4}1 -1,
{K,7} > K, {L,6}->L, (M9} ->M, (N,5 - N.
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Tabnuua 2.66
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, {0, N} - {0, 0, 5, N}.
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{0, 1} - {0, 01, 1, 27}, {0,2} - {0,0,2,11,...

33TCM, 1O U3BCCTHBIM rpynriaM 2-10 nopajika (HX KOJINYECTBO OIIPEACNACTCA YUC-
JIOM MOIACTAHOBOK Ha TPAHCNO3ULHIAX, KOTOPbIC Gpr’I‘Cﬂ HETIOCPCACTBCHHO M3

Tabn. 2.65) uieM rpyniisl 4-ro NOPSIAKA M0 CXEME!



ITo u3BEeCTHBIM HOATPYIINAM 3-F0 NOPsIAKA HAXOHUM HEU3BECTHbIE OATPYIIbL 6-r0
MOPSAKA WM 110 NOArpyINnam 4-ro rnopsiika MuieM 1oArpyniibl 8-1ro Mopsaka v T..1.:

{0, 8,9} —»{0,8,9,0,1,J}, {0,3,L,K}> {0,3,K,L,0,3,6,7}, ...

To4HO TAKUM Xe 00pa3OM HAXOAMM CMEXHBIE KJIACChI 10 APYTUM MHBAPUAHTHBIM

MOATPYIIIAM, B YACTHOCTHU, 110 HopManbHoMy aenutenro {0, 1, 2, 3} Haiimem Bce 12
NPpOCKUUH:
{0,1,2,3y >0, {0,1,2,3} >0, {E,F,J,N}->E, {C,D,[[M}->C,
{4,7,8, A} >4, 4,5 A, B} >4, {G,H, K, L} -G, {(GIKM}->G,
{5,6,9,B} »5, {6,7,C,D} -6, {89.E,Ft -8, {H,J,L',N}->H,
ITo u3BeCTHBIM NOATPYIIIIAM 2-T0 TIOPSIAKA Cpa3y HANAECM MOATPYIIE 8-FO MOPSIAKA:
{0,0}-> {0,1,2,3,0, 12,34, {0, 1} » {0,1,2,3,C,D, I, M}, ...
Takum o6pa3oM, KOMOUMHUPYs 00a U3TOXKEHHbIX CIIOC00a, HaM YIaJIoCh OTHICKATh
84 noarpynnel OJIHOM TPYITbI CHMMeTpuu Xyba Oy —
{0, 0}, {0, 1}, {0, 27}, {0, 37}, {0, 4'}, {0, 57}, {0, 6}, {0, 7'}, {0, 8'}, {0, 9'}, {0, 1}, {0, 2},
{0, 3}, {0, I}, {0, J}, {0, K}, {0, L}, {0, M}, {0, N}; {0, 4, 5}, {0, 6, 7}, {0, 8, 9}, {0, A, BY;
{0, 1, I, N}, {0,2, M, J}, {0, 3, L, K}, {0, I, E, F}, {0, 2, C, D}, {0, 3, G, H},
{0,1,2,35{0, 1, I, 3}, {0, 2, 2, 3}, {0, 3, 1", 2}, {0, 0", |, 27}, {0, 0", 2, 1"},
{0, 0, 3, 31, {0, 3, 6, K}, {0, 3", 7", L}, {0, 2", 5, J}, {0, 2/, 4", N}, {0, 1", 8, M},
{0, I, 9, 1}, {0, 0", 8, 1},{0, 0", 4, J}, {0, 0", 5, N}, {0, 0", 6, L}, {0, 0", 7', K},
{0, 0,9, M}; {0,4,5,0, L', K}, {0,6,7,0, G, H}, {0,8,9,0, ', J},
{0, A, B, 0, M, N}, {0,4,5 K, M, N}, {0,6,7,1,J, K}, {0,8,9,J, L, M},
{0’ A’ B? I) L’ N}’ {0! 4’ 5’ 5” 7,7 9’}3 {07 6) 7’ 4” 7’, 8’}’ {O’ 8’ 95 4'9 6’7 9'}!
{0,A,B,5,6,8};{0,1,2,3,0,1,2,3},{0, 1,2,3,4,5, A", B},
{0,1,2,3,6',7,C, D}, {0,1,2,3,8,9,E,F},{0,1,2,3,C, D, I, M},
{0,1,2,3,E,F,J,N},{0,1,2,3, G, H, K, L}, {0, 3, K, L, 0, 3, 6, 7'},
{0, 1,J,N,0,2,4,5},{0,2, 1, M, 0, 1", 8,9}, {0, I, E, F, 0, 2/, A", B'},

{0,2,C,D, 0, I') E, F'}, {0, 3, G, H, 0, 3, C', D'};

{0,4,5, K, M\, N, 0", 5, 7,9, K", L'}, {0, 6,7, 1, J, K, 0", 4, 7, 8, G', H'},

{0,8, 9,1, L, M0, 4,6,9, 1, J}, {0,A,B,I, L,N, 0, 5,6, 8, M, N},
{0,1,2,3,4,56,7,8,9,A,B};{0,1,2,3, G, H, K, L, 0,1, 27, 3,6, 7", C', D'},
{0,1,2,3,E,F,J,N,0, 1,2, 3,4, 5, A, B},

{0,1,2,3,C,D, I, M, 00, 1", 2,3, 8,9, E', F}
{0,1,2,3,4,5,6,7,8,9,A,B,C,D,E,F,G,H, 1,J, K, L, M, N},
{0,1,2,3,4,5,6,7,8,9,A,B,0,1'2,3, G,H, I''J, K, L', M', N'},

{0,1,2,3,4,5,6,7,8,9,A,B,4,5,6,7,8,9,A,B,C, D, E, F}.

Htak, HaMu 6bLIM paccMOTpeHbl Bee 14 rpynn 16-ro nopsaka. Ocranoch caeaaThb No-
cnegHU HeOoNBLWIOW LIar — COcTaBUThL MeTapelieTKy Mq. HecnoxHbiif aHanus rpa-
duyeckux H300paxeHuit Bcex 14 pelleTok 1aeT pe3yibTaT, KOTOPblii MpeacTaBIeH Ha
puc. 2.26 (uvcna psigom ¢ 0003HaYeHUAMU PeIeTOK YKa3blBAIOT KOJIHIECTBO Y3/I0B Ha
YPOBHSIX).

OaHako MBI He CTaHeM OCTAHABIWUBATBCS Ha JOCTUTHYTOM, a MMoiiaeM ganwlie. 3a
TIPOCTOH HMUKINYECKOHW rpynnoit Cp; niayT nartb rpynn 18-ro nopsinka. Kak BRITNAIUT
ux MeTapeinerka M y? AHanu3s OyJeM NPOBOAMUTL IO COKpalleHHON MporpaMme: 0e3
MOUMCKA IPYII CUMMETPHH pelieToK. BepxHenoniocHoH aBaseTcs pelieTka, IocTpo-

192



€HHAasl OT FPYIIIbl, KOTOPYIO Mbl 0003HA-
9UM Kak Dlzg. Ee 0o6pa3ylolluMu s1BIsi-

0TCH —
a = (012)(349),
b= (02)(35), c¢=(12)(34).
Toraa riIaBHBIMU OIMPEAEISIIOLIUMHU
COOTHOIIEHUAMM OynyT —

ab=ba’ = (01)(34),
ac = ca’ = (02)(45),
beb = cbe = (01)(45),
a’b = ba = (12)(45),
dc=ca =(12)45),
abeb = beba® = (12)(35).
Peinerka S(Dl?‘g) uzobpaxena Ha puc. 2.27. Ee noarpymsl —
DL 1={e ¢}, 2={e ac}, 3 = {e, a'c}, 4 = {e, be}, 5 = {e, b'c}.6 = {e, abc},
7=1{e, azbc}, 8 = {e, abzc}, 9 = {e, a2b2c}, A={e, a, a2, ¢, ac, azc},

Puc. 2.26

B={e, a, a2, a’be, abe, be}, C ={e, a, az, abzc, azbzc, bzc},
D= {e b, B, ¢, be, bc), E = {e, b, b*, abc, ab’c, ac},
F = {e, b, b, dc, a*b’c, a*be}, G = {e, a’b, ab’, ¢, a’be, abzc},

H = {e, a’b, ab’, ac, be, abc), 1={e, a’h, abz, azc, bzc, abc},

I = {e, ab, @V, ¢, a’b'c, abc}, K={e, ab, @'V, ac, bc, a’be},

L={e, ab, a’b’, de, ab’c, by, M= e, a, az}, N = {e, b, bz},

O = {e, a’b, ab®}, P = le, ab, a’b*}, Q = { e, a, &, b, 1%, ab, ', &b, ab?}.

&l‘;‘«'c,;v@ol
S YN,
/‘0“'4’“{0\\,\

\[Z

Puc. 2.27
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I'pyriny C;D5 MOXHO 1I01y4uThb TUOO0 Ha Tpex obpasylonx a = (012), b=(02), ¢=
(345), mn6o Ha nByx: a=(012345), b= (024). Peuterka S(C;D;) COXpaHSIET OT pEIIETKH
S(D,zs) cnepyomue y3nbl: {1,2,3, A, D, E, F, M, N, P, O, Q}. Peurerka or rpyrimst au-
3apa S(D;) obpa3osana y3namu {1, 2, 3,4,5,6,7,8,9, D, E, F, N, Q}, a nBe unpepc-

HbIx pemieTku S(C; Co) u S(C, Cy) — cooterctBeHHo yanamu {5, C, D, I, K, M, N, O,
P, Q}n {5, D, N, Q}. Nocneanss peiuerka sipasieTcst HUxHenomocHoi (C,Co ~ Cig).
Merapeerka Mz uzobpaxeHa Ha puc. 2.28. AHaOrMyHas MeTapelneTKa moay4aeTcs
Ha peuieTkax ot rpynin 20-ro rmopsjiaka (puc. 2.29). Yucno panoM ¢ 0603HaYeHUAMHM
PELLIETOK YKa3bIBaeT Ha KOJMYECTBO Y3/10B Ha ypoBHsiX. BepxHuM nomocom Mo, aBis-
ercst pewetka S(D),) (puc. 2.30).

Dl 1={e b),2={e, a’b},3={e, a’b}, 4= {e, ab}, 5 = {e, a°b},
6={e, a’},7={e,a'b},8=1{e a'b},9={e, a’b}, A={e, a'b},
B={e, &’b},C=1{e,a’, b, a’b}, D ={e, &, ab, a°b}, E = {e, a’, a’b, a'b},
I={e, a2, a4, aG, ag, b, azb, a4b, a6b, agb}, F = e, a5, a3b, agb},
J={e, a2, a4, a6, ag, ab, a3b, asb, a7b, a9b}, G = {e, a5, a4b, agb},

4 8
K={e a d, o d & d d, d& &) H=1e & d o, d

i M
S(Dy)t 28

S(D,)| 16

05) S(C,D,) 14

S(C,CY)| 12

S(C,G)| 6
Puc. 2.28

S(Dyy)| 10 S(C,Cy)| 10

S(C, C5)| 6 PenieTka S(Dlzo) coxpaHsieT y3mbi {6,
C, D, E,F, G, H, K}, peuretka S(DSZ) =
{1,3,5,8,A,C,D,E,F, G, H, I}, uasep-
cuble peatetku S(C,Cpp) = {1,2,6,C, H,
1,7, K} u S(C,Cs) = {6, C, H, K}. Onpe-

Puc. 2.29
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JCNAIOUINEC COOTHOLICHUSA FPYIIIIb) D52 MOXHO HAaWTH B KOHLE YETBECPTOro pasaeia.

CremyeT TakXe HalTOMHUTD, 4T JUist rpymi 20-ro nopsiika UMEIOT MECTO H30MOPU3-
MEI (Tab. 2.28):

GGy = sz Cs, CuCs=Cy, G D; = DIIO'
ITo noHSTHBIM MPUYKMHAM NpONycKaeM rpymnbl 21-ro, 22-ro, 23-ro NOpsiaKoB U

NepexoInuM K aHayu3y rpynit 24-ro nopsiika. BepxHuM nomocom MertapelueTku My,
u3 12 npaBUIbHBIX peleTok ssisiercss C,Df =~ C3 Dy ¢ 06pasylomumMn —

a=(012), b=(02), c¢=(34), d=(56).
Ecau 351eMeHThL IpyIns sz D; 0603HauUTD uepes —
0O=e, 1=a, 2=d, 3= b, 4 = ab, 5= a’b,

6=c, 7=ac 8=dc, 9=bc, A=abc, B=dbc,

C=d, D=ad, E=dd, F=bd, G=abd, H-=dbd

l=cd, J=acd, K=d'cd, L=bed, M=abed, N =a’bcd,
TO TIOAFPYHBI UIF TOCTPOEHUS PEIIETKH S(C% Ds) 6ynyT Takumu:

{0, 3}, {0, 4}, {0, 5}, {0, 6}, {0, 9}, {0, A}, {0, B}, {0, C}, {0, F},
{0, G}, {0, H}, {0, T}, {0, L},{0, M}, {0, N}; {0, 1, 2}; {0, 3, 6, 9},

{0, 4,6, A}, {0, 5, 6, B}, {0, C, 6, 1}, {0, 3, C, F}, {0, 4, C, G},

{0, 5, C, H}, {0, 3, 1, L}, 10, 4, I, M}, {0, 5, 1, N}, {0, 9, I, F},
{0, A 1, G}, {0, B, I, H}, {0, 9, C, L}, {0, A, C, M}, {0, B, C, N},

{0, F, 6, L}, {0, G, 6, M}, {0, H, 6, N}; {0, 1, 2, 3, 4, 5},
{0,1,2,6,7,84,40,1,2,9,A,B},{0,1,2,C, D, E}, {0, 1, 2, 1, ], K},
{0, 1,2, L, M, N}; {0,6,C, 1,3,9,F, L}, {0,6,C, 1,4, A, G, M}
{0,6,C, 1,5 B, H,N});{0,1,2,3,4,56,7,8,9, A, B}, -
{0,1,2,3,4,5,C,D,E,F,G,H}, {0,1,2,3,4,5, [, ], K, L, M, N},
{0,1,2,6,7,8,C,D,E, 1LJ, K}, {0,1,2,6,7,8, F,G, H, L, M, N},

{0129ABFGHIJK){O]29ABCDELMN}
Her cMbicna aHaM3MpOBATE MHOTHME PELLIETKU OT IPYII 24-T0 NopsaaKa, TaK KaK UxX
reoMeTpusi BioJIHe NoHsTHa. Harmpumep, penlerka S(Dllz) SIBJISIETCS IPOCTHIM PACILH-

PEHHUEM pEeHIETKU S(Dé). B camoMm geite, cneayloe 15 noarpynn D}z o0pasyior pe-
uretky S(D}) (puc. 2.18):

0={e, a6}, 2=le, a, a2 @, a4 @, a6 a, a8 &, a' a”},

1={e, a3, a6, a9}, = {e, a a’, a6 a, aw} 9=/{e, a6, a4b, awb},
4={e,a,d, o, ab,a'b, a7b, a''p), A={e d° ab, d'b},
S5={e da, a &, a'b, a’b, a°b, a''b}, B={e d° a’b, a''b},

6 = {e, a, aﬁ, @, b, a’b, ab, a9b}, C={e, a6, a’b, asb},

= {e, &, d*, a, a8 a10 b, a’b, a*b, a°b, a°b, a'°b}, D={e, a6 b, a6b},
—{e @, d', d d*, a® ab, &b, a’b, a'b, ’b, a''b},E = { e, &, &b, a’b}.
Takum obpazom, S(D6) SIBNISICTCS BEPXHEI YacThIO PELUETKHM S(Dlz), U BoOOILIE

S(D3) = S(Dg) = S(D},) < ...
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Hanee onuiiieM HOBYIO LIS HAc (C TOUKU 3pCHUS OTIPEACIISIIOUINX COOTHOWEHUH)
rpynny Dg ¢ 00pa3yoIHUMH —
a = (0123453(6AEKLC)(7BFIMN)(8DGHI9),

b = (0678)(19BC)(2LFI)(3HJK)(4EMG)(5DNA),
Y COOTHOUIEHUSIMU —

ab=bd’, @b="ba, B =bd’, d’b=bd, B =ba,

b = ba, ab’ = bas, eb=bd, a'b= baz, v = ba'.
Ecnu snemeHThl rpynmel Dg 0003HAUUTh yepes —

O=e, [ =a, 2=d, 3=a, 4=d 5=a5,

6=b T=b, 8=1b, 9-ab, A=ba, B=ab’

C=ab’, D=2a’b, E=d'b, F=d, G=4d', H=db,

=¥, J=a'b, K=db, L=db, M=d', N=dob,
TO IOATPYIINbI JJIS TTOCTPOSHUS PELLIETKH S(063 ) OyIyT TaKUMHU:

{0, 3}, {0, 7}, {0, 9}, {0, A}, {0, C}, {0, D}, {0, H}, {0, J}, {0, K}; {0, 1, 2};
I,7, L},{0,7,C, 9}, {0, 7, H, K}, {0, 7, A, D},
3 4,5,{0,2,4,B,J,N},{0 2,4,7, F, M},
3

, 7, ,H J, K} {0,3,7,9,C,E, G, J},
{0, 3,7,

{0,2,4,7,9,A,C,D,F, H ,{0, ,4,6,78FGEILM}
BecsMa cBoe0oOpa3HoOil sBasieTCS rpyrna ¢ obpa3yroiuMu —
a = (QAK68I4EG2CM)(1JD7HBSN9Y3LF),
b= (01234567)(8SABCDEF)(GHIJKLMN)
Y OTIPENEISIOIIMMM COOTHOUIEHUSIMA —
ab=d'b’ =ba’ = b’d’ = bsa”, ab’ = a''b’ = ba = b’a* = b5a7,
ab’=ad'b = bd’ = ba’ = bSaS, ab = a'b=ba"'=ba urn

I'pynny D132 MOXHO MPEACTABUTL MATpULIaMH 2 x 2 ¢ 3neMeHTaMu o mod (3):
1 0 20 10 11 1 0 1 2) (0 2 2 2
o1/ o2 L) lo 2 ) o)t 2) 1 of
21 01 0 2 0N N 1} 2 2} 21 (1 2
2 0/ (2 2) OJ’ 2 1)y 2 2)
2 0 2 2] 1) 1 0 2 12
22’02’12’02)’21 20 L) o)

Ecnu cuurars MATpHUbI —

LU E YLy

HEeAONYCTUMBIMH, TO 061LIee YMCIO JonycmuMbix MaTPUL, pacCMaTpUBaEMOTO TUIIA PaB-
HO 48 1 oHM 00pa3yIOT rpyIniy. DTa rpynia He u3oMopdHa MnojiHoi rpymne Kyba O,
xoTs 6bl 1TOTOMY, YTO Dy, IBJISACTCA y HEE HOPMATIbHBIM JIENUTEIEM (KaK U3BECTHO,
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y rpymms! O HET NOATpyI D132 ). Petuerka S(sz) CONEPKUT BCETO 8 Y3JIOB, TaK KaK D132

HMeeT 1o OIHOM moarpynmne 2-ro, 3-ro, 4-ro, 6-ro n 12-ro nopsiaka v Tpu HONTPYIIITbE
8-ro mopsinka. OcTafibHble PELICTKH, BXOASALIUE B METapeHieTKy M,, HU4Yero npumeya-
TENLHOTO He npeacTasiisiior. B1atdi. 2. 67 conepxurces uiipopmaiust 06 y3max ¥ CBSI3IX
KaK MPaBWILHBIX, TAK 1 HENPABUALHbIX PEILIETOK OT FPYIN 24-ro Mopsika.

Ta6nuua 2.67
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B 3aronoBke TaGn. 2.67 peuieTkaM IPUCBOEHHI CNENYIOLUE ITO3ULIAM:
1-S(CiDy), 2-S(D),), 3-S(CiC), 4-SDY), 5—S(CDs),
6 — S(CyD;), 7-S(GDY), 8—SWDY),  9—S(C,Cp), 10— S(CyDJ),
11 - S(Df2 ,  12—=S(Cy), 13-S(Ty), 14—-S(GT3), 15—S(Tp).

Bce CBA3M YCAOBHO NOE/ICHBI HA «OTXOHALIME» (MAYIINE OT Y3712 BBEPX) U «[IPUXO-
JIsiime» (MOaXoasUIMe K y3/1y cHU3Y). Eciiu B auelike cTosAT ABa uMcaa, HanpuMmep 2, 4;
3TO 3HAYUT, YTO OT OJHOM YACTH Y3JIOB OTXOJAT 2 CBSI3U, a OT Apyroit — 4 cesazu. O6-
[ee KOJIMYeCTBO Y3108 JaeTcd 6e3 yuera rosiocoB. Ha puc. 2.31 npuseaeHo rpadude-
CKOE U306paxeHne MeTapetieTku M,,, KOTOpOe NOKa3blBacT uepapxuio Beex 12 npa-
BWJIBHBIX PEUIETOK, ITOCTPOEHHBIX Ha Dasze Tpynn 24-ro nopsaka.
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M, AH al WJbHB K H M
s4 [S(CIDy anu3 HEMPAaBWIbHBIX PEIIETOK HAYHE

— CTPYKTYpO# noArpymnn rpynrsl 7g, KOTOpas ca-
20 [S( MbIM OYeBHAHLIM 0OpPa30M CBsi3aHa CO CTPYKTY-
- po#i rpynnel Tetpasapa 13 = T. Obpasyiomumu

aneMeHTamu wisi Ty SBJI0TCS —

a = (012345)(6789AB)Y(CDEFGH)(IJKLMN),
b = (08J3BM}{(1G74DA)2NF5KC)Y(GELSHI);
OIpeeAIO MU COOTHOIICHUSIMA —

a’b = @b = ba’ = b'a, b'a=bd',

ab’ = a'b’ = ba’ = b'd’,

@b= b = Va=bd",

a'b’ = ab’ = ba* = b4a5, a‘b = ab4,

aba = bab = a*V’a* = @'b°a’ = bB'a’l’ = Ba*b’ =
= a'ba’ = b'ab’,

ba = Ba’b’ = a'b'a’ = ab’a = b’ =

= ba'b = a’b’a* = BB’

Pewierka S( Tg) n3obpaxeHana puc. 2.32. Ee cTpyk-
typa asasiercst hadpewemxol S(T5) (puc. 2.20) u ogHoO-
BpeMeHHO nodpewemxoii S(C, T3), KoTopas u306paxe-
Ha Ha puc. 2.33. Beinuiuem noarpynnsl Tg U G, T;, uc-

110JIb3Yy4d o0lre CUMMBOJIBL IS COOTBECTCTBYIOIIIUX Y3~
JIOB —

Ty 1=e, &, a4}, 2={e, a’b’, ba4}, 3={e, a3},
4={e, ab’, B’a’}, 5-={e, b bY,
6 = {e, aba, a’, ab*a}, 7 = {e, a’b, a, azb},
8 ={e, abz, a3, abs}, 9=le, a, a2, a3, a4, as},
B={e b, b, b, b, ¥},
A={e, ba, a3, ba4, azbz, azbs},
C={e ab, b, ab*, B’a’, b*a’},
D = {e, aba, a3, a5b5a5, a’b, azb, abz, abs}.
C, Ty 1={e, a, a’}, 2=1e b, b7}, 3={e, ¢}, 4=/{e a’b, ba},
5={e, ab’, ba*, 6 = {e, ab, c, abc}, 7 = {e, ba, c, bac},
8 = {e, aba’, ¢, a’ba’c), E = {e, ab}, ¥ ={e, bac}, 1 = {e, abc},
9=le, a, &, ¢, ac, a‘c}, F = {e, ba}, C={e, ab®, ba*, ¢, ab’c, ba’c),
A={e, b, B, c, be, b’c}, G = {e, a’ba’}, H = {e, a’ba’c},
B = {e, azb, bza, c, a2bc, b2ac}, K = {e, ba, abc, a2bazc},
D = {e, ab, ba, azba2, ¢, abe, bac, d’ba‘c }, L= e, azbaz, bac, abc},
M = {e, ab, bac, a*ba’c}, N = { e, ab, ba, a’ba’},
P ={e, a, d°, b, b’, ab, ba, a°b, b’a, ab’, ba’, a*ba’}.
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Puc. 2.33

Ecnu pewrerku S(C, 13) n S 75) sSiBAAIOTCSH BEPXHUM M HUXHUM MTOTIOCAMU OTHOM
METApEUICTKH, TO TPEThsl HENpaBubHan peutetka S( 7,;) HUKAK He CBSI3aHa C APYTUMU
pelrerkamu oT rpynn 24-ro nopsaaka. Ee 28 noarpynn rnipusenexs B cnucke 84 noa-
rpynn ans rpynn O, (TaM HeoBX0aHMO BbIOpaTh Te NTOJAMHOXECTBA, KyAa HE BXOAAT
LITPUXOBAHHBIE CUMBOJIbI).

HMHTepecen W cpaBHUTENbHBIH aHANIW3 CTPYKTYp. Hampumep, TpU pEIUETKH OT
KOMMYTAaTUBHbBIX rpyiin 40-ro nopsinka —

Cap = G5y, G0y = GGy = GGG, Cz2 Cyy » C23 Cs
¢ rpadUuecKOi TOYKU 3PEHUs TTONHOCTBIO COBMAMIAIOT C PelleTKaMHU OT rpynn Cyy,
C,Cppu C% Cy- O4eHDb CXOXM PELIETKH S(C22 Dyu S(C22 D) (HecMoTps HA TO, YTO ITEep-
Basi HaCUMThLIBaeT 52 y3ia, a ropasi 74), S( Czl)(,z) n S( Clezo) (4HCJI0 Y3/10B COOTBET-
ctBeHHO 18 1 26), S(CyD3) u S(C,DL) (24 v 34) v 1.1, XoT4 A1 IPaBUIBHOM PEIETKH
S(CzDSZ) oT rpyrirnb 40-ro nopsakKa yxe Hejib3sl HafiTd aHajlora Cpey PeHieToK OT
rpynn 24-ro nopsiika.

MBI 3HaeM, CKOb BAXKHYIO POJib UTPAIOT Aeautenu yucea. CXOXeCTh Pa3oXeHHH

JIBYX UMCEJI:

24 =2 x2x2x3, 40=2x2x%x2x5

obecreunBaeT v ONpeeNIeHHYIO CXOXKECTh B CTPYKTYPaxX JUIst TPYIII COOTBETCTBYIOUIUX
nopsaakos. OQHAaKO 34eCh HYKHO MMETh B BUAY Clenylolee o0CToITeNbCTBO. [1pu mo-
CJIEAOBATE/IbHOM BO3BCJCHUM B CTETICHb MOJICTAHOBKH @, MPeACTaBsIole u3 cebs
12-1MKIT, BO3HUKAIOT CLLE TPH MOJACTAHOBKY AHAIOTHYHON INePUOAUYHOCTY — @ au
a’. OTCIONa MOXHO TBITATHCS HAWTH TPH TPYNIIb 24-T0 NOPSLIKA C OTPeAeSIOIIUMH
COOTHOIUEHUSIMM:

ab=ba"', ab=ba, ab= ba’.
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Ho mns noacranosku a, npencrasisitoieii u3 cedst 20-1ukI1, CyIIeCTBYeT YXKe CeMb Ta-
KMX KOMITO3UIIUIA:

ab=ba"’, ab=ba"", ab=ba"’, ab=ba"', ab=ba’, ab=ba, ab=ba’.

TakuM o6pa3oM, uncio rpynn40-ro ropsiika Oyuer 3aMeTHO 60 bIIe, YeM rpyIi 24-1o
nopsiaka. Tem He MeHee, CPABHUTEMbHDINH aHATU3 JaeT MHOTOE B ITIOHUMAHUH CTpOe-
HMS TPYTIL.

CBoit MOp(hONOrMyeCcKnii aHAMK3 Mbl 3aKOHYKUM TpyrinaMu 27-ro mopsiaka (27 = 3 x
x 3 x 3) c TeM, YTOOB! MOXHO ObLIO PELIETKU OT 3TUX TPYIHT CPARHUTH C pEHICTKAMU OT
rpynn 8-ro nopsiaka (8 = 2 x 2 x 2). [Toarpyniiel BepXHEMOIOCHOM TPYITIbl —

Ci: 1={e b, b}, 2={e, ab, @’b"}, 3 = {e, a’b, ab’}, 4 = {e, ¢, *}, 5 = {e, ac, a*c*},
= {e, d’c, ac’}, 7 = {e, a, a2}, 8 ={e, be, bcz}, 9 = {e, abcz, azbzc},
A =e, a’be’, abzc}, B = {e, be, b2c2}, C=e, a’be, abzcz},
= {e, abc, @’b°¢’}, E ={e, b, b, be, b, ¢, &, bPe, bc?,
F = {e, ab, azbz, abzcz, a’c? , ac, bc b*c, a bc}
G = e, a, &, ab, a’b’, b, bz, a’b, abz},
H = {e, azb, ab’, azbc, abzcz, c, cz, azbcz, abzc},
I={e, azc, ac2, azb ab2 b2c bc2 abc, azbzcz},
J = e, a, az, ac, azc2 c, e azc acz}
K = {e, azc, ac’, d’be, abzcz, b, b2, abc®, a2b2c},
L =le, bzc, b, ab’e, azbcz, a, az, a'be, abcz},
M = {e, ac, azcz, abc, azbzcz, b, bz, a2bcz, abzc},
N = {e, bc, b2c2, azbcz, ab, azbz, acz, azc, abzc},
O = {e, bc, bzcz, abc, a2b2c2, a, a2, ab2cz, azbc},
P = {e, ab, azbz, abc, azbzcz, c, c2, abcz, azbzc},
Q = {e, ac, a2c2, abcz, azbzc, azb, abz, bc, bzcz}.
Pemerka S(Cg ), u306paxeHHas Ha puc. 2.34, obnanaet npocmoi rpyfnon cCHMMeT-
pun S[C 33], KOTOpasi pazbuBaeTcs HA BOCEMb KJIaCCOB CONpPsiKEHHOCTH. Ob11ee YuCiIo

3JIEMEHTOB B Tpy1ie pasHo 5 928. ITo oHOMY NpPeACTABUTENIO OT KAXI0I0 Kacca U

KOJIMYECTBO 2JIEMEHTOB B KJlacce oTpaxkeHo B Taby. 2.68.
Ta6nvua 2.68

Cr NopcTaHoBkW U3 rpynns 3[6‘33] Konuyectso
Co (0) 1

Cy (46)(80)(98)(AD) 117

Cs (1)(5)(A)(D)(2C8)(39B)(476) 416

Cs (5)(1AD (263)(49C)(7B8) 624

Cs (5)(13)(27)(486C){9ABD) 702

Cs (3)(5)(9B)(6D8)(1CTA24) 936

Cs (5)(1237)(4A8B6DCY) 1404
Cy (14D5682A73CB9) 1728
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Puc. 2.34

ITpeacTaBuUTE M MOIYT BBINIOJHSTH POJib 00Pa3yIOLIMX 2JIeMEHTOB rpynnsl. s
IPYITITBI S[C33 ] imeetcst 13 noarpynn 3-ro nopsiika ¥ TAKOE Xe YUCIIo TIOArpyni 9-ro
OpsAKa, MPUYEM MOATPYIITTbLI YETLIPEX bl CBSA3aAHbI MEX1Y COOOM OTHOLICHUEM 10~
pANKa, T.e. KaXIBI y3eJ pelleTKH HMeeT YeThipe cBg3u. HecmoxxHo noicunTaTh, 4To
peleTka S(C53) Oyjet comepxath 3! y3es Ha OHOM YPOBHE M Ha KAXIBIH y3en OyaeT
[PUXOINTBCS YXKe 6 cBsi3eit; nanee, pentetka S(C3) uMeet 57 y3/10B Ha ypOBHE U 8 CBSI-
3ei Ha y3ea U T.4. OTCI01a MOXKHO BLIBECTH JIBE NTPOCTHIX (OPMYJIbi IS TOACYETA YMC~
jia cBszeit (M) 1 gucaa y310B (N) BepXHEMOMOCHBIX PEUICTOK TUIIA S(Cg) (p — npo-

CTOE YMCIIO):
M=p+1, N=3-p+@-DL
Ecnu B3gTH NBE HemHble TOACTAHOBKH —
a = (012)(345)(678), b= (034)(578)(126),
U TTEPEMHOKUTH BCEMU BO3MOKHBIMU CITOCOBAMU, MBI YX€ HE TOJIYYUM HPOCMOL TPYH-

IIbl, HO BO3ZHUKIOUE IMMPU DTOM 27 NOACTAHOROK 3aCIyXKUBAOT CaMOro INpUCTaAIbHOTO
BHHUManUS. [eao B TOM, uTo NMoAy4YHnBLIAACA rpyrira D;, OTAa/ICHHO HaltoOMHWHAaomasa

rpynty ausapa DY = D;, 061a/1aeT 3aMeyaTeLHBIM CBOHCTBOM — BCE €€ TI0ACTAHOBKH
npeacrasisoT codoi 3-uukibl. Ipynna pacnagaercs Ha OAMHHAALIATH KJIACCOB CO-

NPSIKECHHOCTU U UMECCT CIICAYIOLIME NOArPYIIIibI, 0003HaYeHHbIE B COOTBETCTBUM C y3-
JlaMu S(C33), —
DI 1={e a a%, 2=I{e bah’ ba’b’}, 3 ={e, bab, B’a’b}, 4={e, b, b},
5={e, ab’d’, aba®}, 6 = {e, a’ba, a’b’a}, 7 = (e, aba’h’, bab’d’}, 8 = {e, ab, b’d’},
9 =le, ba, d’b’}, A = {e, ab’a, b%ab’}, B = {e, a’b, b°a}, C = {e, ba?, ab’},
D = {e, aba, bab}, G = e, aba’V’, bab’d’, a, a*, bab’, ba’b*, b’ab, b*a’b},
J = e, aba’ b2, babzaz, b, [Jz, ab2a2, abaz, azba, azﬁbza},
L = {e, aba’h’, bab’d’, ab, b*d’, ba, a’b*, ab’a, b'ab?},
O = {e, aba’¥’, bab’a’, a’b, b’a, ba’, ab’, aba, bab}.
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I'pynny D32 MOXHO BOCIPOM3BECTH Ha TPEYTOJIbHBIX MaTpHLIaX pa3MepoM 3 x 3 ¢
3eMEeHTaMHM, B3gTbiMH 110 mod (3):

10 0) (1 0 0} (1 0 0)(1 0 0)(1 00)(1 00}l 00)(1 00 (100

01 0Lt 1 0,0t 001 OL|i 1 O,[1 L 0,[01 Ot 1 0|21 0}
ootjloot,totJlortJlortjuotyler1Juri)loon

L0 0) (1 0 0)(1 0 0)(1 00)(1 00)(L 00)(1 00)(1 00)(1 00
01 0[j0 1 0,{2 1 0,(2 1 0,j0 1 0,[2 1 0Lt 1 0|21 0|1 1 0},
201)021)021)201,;(221)221)201)l1o1){021
100100(100100”100(100)(100(100(100
210,010,010,[110,'210,110,210,110,210.
011,121211\211){111121(211221121

OTu MaTpulibl 00pa3yloT HOpMa-
JIbHBIN 1€ IUTeNb B rpyine 216-ro
Nnopsifika, cocTosilei u3 nogoo-
HBIX TPEYTOJIbHBIX MATPULL, Y KO-
TOPBIX Ha IJ1aBHOMU JuaroHanu 8§
cITocoGaMy pacnoJIOKEHBI BJ1e-
MeHTbI 1 1 2. Penzetka S(D32) no-

Ka3aHa Ha puc. 2.35.
Crenyrolyio HeKOMMYTaTUB-
HYIO TPYIIIty D§, Kak ¥ rpyniy
Dg‘, MOXHO OTHECTHU B pa3psii
0coOBIX, TAK KaK ee peuieTkKa
S(D33) B TOYHOCTHU COBMAJAET C

Puc. 2.35 unBepcHoi pemetkoit S(C,Cy)
OT KOMMYTaTUBHOM IPYIIITHL.
HBe perynsipHbie NOACTAHOBKH —

a = (012345678)(9DHCGBFAE)(IPNLQOMK),
b = (091)(1AJ)(2BK)(3CL)(4DM)(SEN)(6FO)(7GP)(8HQ)
MOTYT UTPaTh pOjib 00pa3yIOLIMX, IPU 3TOM BBIIIOJHSIIOTCS CJIe1yIOIIUe PAaBEHCTBA —
D33: ab = ba7, a’h = ba5, a’b= ba3, a'b= ba, a’h= bag,
ab=ba®, db=ba', d’b=bd?, ab’=b4a', ¥ =4,
SV = B, d' =04, OV =bd, o6 =0, Jb=ba
Ecnu moarpynubl MpyIribl D33 0003HAYNUTh COOTBETCTBYICILIMM O00pa3oM:
1=1{e, b, b3}, 2={e, a’b, a’b’}, 3 ={e, a’b, 'V},
T={e, a,a%, G-=le a,a b b, b, a't’, ab, b7,
J={e, d°, &* ab, a’b, a'b, b, b, a' b7},
L={e, &, a°, &b, a’b, a°b, ab?, a*p?, a*b?},

2 3 4 5 6 7 8
O={eaa,a,a,a,a,a,a},

TO ¢ TOMOIIbBI0 uneepcroi nodcmaroeku i = (11)(2LY(30)(7G) MOXHO yOenUThCA
(puc. 2.35), uto penieTKa S(D§ ) OKaXeTCst ICHCTBUTENIBLHO uHeepcHoil. Ho TouHo Takue
XKe MOArpyNnbl (ApUYeM 34eCh He HYXKHO MEHATD 371eMEHTHI) ITONIYYaloTCs A1 KOMMY-
TaTuBHOI rpynns! C, Cy, eciin B KayecTBe 00pa3yIoOLLUX B3AThb, HAl[PUMED, MOICTAHOB-
ku a=(012345678), b= (9AB). Pewietku S(C3), S(D?), S(D3) = S(C, Cy) u S(C,;) obpa-

3YIOT MeTapeueTky M,,, lenb KOTOpoi, B oTauune oT My (puc. 2.17), COCTOUT U3 YETHI-
pex 3BEHbEB.

2.8. Aireopandeckue CucTeMbl
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I'pyrins! SIBASIOTCSL KPaeyrojibHbIM KaMHeM ofueli Win abcmpakmuoil anzebpol.
«OB1Iei» MU «adCTpaKTHOM» anredpa Ha3bIBAETCS MOTOMY, YTO €€ OObEKTAMM SIBJISA-
IOTCSL yXKe HE KOHKPETHbIE «I1peACTaBIeHUs» (MATPHLIBI WM TIOACTAHOBKH), a abcm-
DaKmHble cUME0AbI, U1 KOTOPBIX 3apaHee BROISITCS OpeaeCHHBIC AaKCUOMaMHU OIle-
pauuu. He Hamo gymarte, 4To abCcTpakTHBIE CUMBOJB] K HAM «IafaloT ¢ Heba», uX cy-
IIECTBOBAHME JOKHO ObITh 00eCcrneyeHO HATMUUEM COOTBETCTBYIOLIETO TIPECTaBIe-
Hus. EciiM TakoBOro He HaXOAUTCsI, TO yOEXAeHHBIA KOHCTPYKTUBUCT, OPUEHTHUPO-
BaHHBIN HA CONEPXATEJBLHYIO MATEMATHKY, KO BCAKUM MaHUITY/ISLIMSM C «ITyCTHIMH»
3HAaKaMH JOJIKEH OTHECTUCH C HACTOPOXEHHOCTHI0. EC/IM HaM FoBOpAT, 4TO (a + by =
=d +2ab+ b2, Mbl JOBEPSIEM 3TOMY PABEHCTBY B CHJTY CYLIIECTBOBaHHUS 6ECKOHEYHOTO
MHOXECTBA KOHKPETHbBIX PABEHCTB:

Q+3)?=22+223+32=25 (1+4>=1"+214+4*=25, ..
IIpuMepsl ¢ unciaMu 00yCIaBAMBAIOT NeHCTBUA ¢ GYKBaMH, HO HUKAK HE HAa000pOT.

AOCTpaKTHas 3aluch NMPEAOCTABISACT HAM OIpeACTeHHbIE MpeUMyLecTBa. TaK,
HarpHMep, BMECTO HHAYKTUBHOIO MOMCKA BBIPAXEHUS TS PAa3NOXEHUS KyOUYeCKO-
ro 6MHOMA, MbI MOTJIH GBI BOCITOJ/Ib30BaThCS 00111eH (POPMOI 3aITUCH YHUCEN IOCPEACT~
BOM OyKB, TeM OoJiee, UTO, ¢ TOUKH 3PEHUS NTMCbMA, HET HUKAKO! PasSHULBI MEXIY
CUMBOJIAMH, CKaXeM, a 1 2, bu 3. Echn B3Th 3HaueHus a=2, b=3,3ateMa=1,b=4
M T.I., TO BEPOSITHOCTbD, UTO NpH a = 73, b= 152 npousoitaer cboit n obuiasa popmyna
PA3TOKEHMST KBAAPATUYHOIO OMHOMA OKaXeTCs HEBEPHOI, 04eHb HE3HAYUTENIbHA.
C oHOM CTOPOHBI, YTOOBLI BEPUTH B 601 DOPMYJIBLI TP KAKOM-TO YMCJIOBOM 3HA4e-
HHU OYKBbI, HY’KHO BEPUTD B UYy/I€Ca, B CBEPXbECTECTBEHHYIO CUTY, KCTOpasi Obl Hapy-
IIMJIAa MOHOTOHHOCTD YMCIOBOrO psina. C Opyro CTOPOHBI, Y€JI0BEK, OTPULIAIOLINH
MIPEeUMYLLIECTBA, KOTOPBIE IPEIOCTABISIET HAaM abCTpakTHas (paBHO ob11as, anrebpan-
yecKasi) 3al1Ch, OCTYTaeT HepasyMHo. AHTUYHBII MaTeMaTHK JuodhaHT, XXUBIIV B
I1I cronetnu B AjleKcaHIpHH, CHaUYa/la TOXe UCTIONIb30BaN TOJILKO HUMPBI, HO TOTOM
€TI0 YHMCJIOBBIE BBIKJIAAKH pa3pocuCh HACTOMBKO, YTO OH TTPOCTO BBIHYXICH GbUI IpU-
6erHyThb K 6ykBaM. DTa ero HeBUHHAsI YJIOBKA TTO3B0OJIM/Ia HBIHEIIHUM HCTODHKAM Ma-
TEMATHKH NPHCBOUThL €My TIOYETHOE 3BaHue mnepsoro aiarebpaucra mupa. OnHako
TPYIHO NOBEPUTH, UTO THe-HUOynb B JIpesuem Erunrte wiu BasuinoHe KTo-HUOyab 13
MAaTEMaTHKOB YXX€ He CAEIAN TO XK€ CAMOE: 3TOT €CTECTBEHHBIN MPUEM IIPUAET KAXKI0-
MY B roJIOBY, KOTAA AeJNO uMeellb ¢ 0OAbIMMH YHUCIaMH.

B oTHOLIGHUM MOJIyYeHUS! TTPUHLMITNANBHO HOBBIX 3HAHWH OyKBEHHasi 3allUCh
JaeT xpaliie Masto. OHA MpakTUYecky He cnocoGHa BRIMOJHATh (PYHKLUIO JIOMATH
JUISE OTKATbIBAHUSI UCTUH. ENMHCTBEHHOE € HEOCTIOPUMOE JOCTOMHCTBO: YOeXIaTh
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nyTeM aarebpanvyecKnX BbIKJIATOK CIIPABEAINBOCTD YK€ 00HAPYKEHHBIX MaTeMaTH-
YeCKUX COOTHOWIEHHI. [IpoaeMOHCTpUPYEM 3TO Ha clieaylolueM rpuMepe. Mi3BecTHo,
yto rpynna C3 KOMMYTaTHBHA H [Uisi TI060TO €€ D1eMEHTA BBITONHAETCS PABEHCTBO:

a* = e. DroT TpUBHMANbHbIA (DAKT BbITEKaeT MTHOBEHHO, CTOUT HaM MeJIbKOM OpOCHUTD
B3DJISIL HA TOJACTAHOBKM:

e=(0), a=(01), b=Q3). c=(435, ab=01)(23),

ac = (01)(45), be=(23)(45), abc=(01)(23)(45).
M MBI TpeKpacHo 3HAeM, UTO 00paTHOE YTBEPXKASHIE OLIMOOUHO, T.€. M3 KOMMYTATHB-
HOCTM rpymIbl ab = ba BOBCE He BHITEKACT PABEHCTBO a” = e [UIst 1I060T0 seMeHTa a. B
STOM MBI YOSIUIUCH MPU PACCMOTPEHUH CaMbIX DJIEMEHTAPHBIX MPYIIN, B YACTHOCTH,
C2C4:

e=(0), a=(0123), a’= (02)(13), a’=(0321), b= (45),

ab = (0123)(45), a’b = (02)(13)(45).  a'b = (0321)(45).
Yro xe menaeT yoexaeHHBIH «opmanucT»? OH GepeTcd H0Ka3aTh, YTO JUIS KOKIOH
TPYIIIbL, U1 KOTOPOH UMEeT MECTO PABEHCTBO a = e, Oy/ieT BbINTOJHSTLCS KOMMYTa-

TUBHbBIN 3aK0H: ab= ba. Ucxons 3 ycinoBuit, abCTpakTHO ONpeAesIsIOLINX TPYIITY, OH
MOXET IIPOBECTH CBOE 10KA3aTeIbCTBO MO Kpaiitiei Mepe AByMs criocobamMu — a u 0:

a) 1. (abyc = a(bc), 0) I. (ab)c = a(bc),
2. ae = ea = a, 2. ae = ea = a,
3. aa-'=ala=e, 3. aa-'=a-'a=e,
4. aa=e. 4. aa=e.

3. ab = ba? 5. ab=ba?

6. abab=e, 6. abab = e,

7. ab=b-'a-, 7. aabb = e,

8. ab=bb-'b-'a-'a-'a, K. abab = aabb,
9.  ab=bb-")a-")a, 9. bab = abb,
10.  ab = beea, 10.  ba = ab,

11.  ab= ba. 11.  ab= ba.

IToce npeAcTaBIeHUst 3TUX BBIKJIAA0K, KTO-TO MOXET ITOMPOCUTH HAlllero hopMatu-
CTa CTOJIb e JIOBKO 10KAa3aTh 00paTHOE, a MMEHHO, YTO M3 YCJIOBHUSA KOMMYTATUBHOCTH
ab= ba BbITEKAET PABEHCTBO a@° = e. ¥ KOHCTPYKTHBHCTOB €CTh PUMep KOMMYTAaTHBHOM
rpynnel C, C,, MOKA3bIBAIOILMIA, YTO a* = e. Ho KaK 06s13aH MOCTYIIHTD [10CAe10BATE b~
Hblit HOPMAJIUCT, Y KOTOPOTO 3TOTO MpUMepa HeT niepen riiazaMu? OH Beb JOIKEH, UC-
XOJISI i3 AKCHOM TPYITITHI M 00U X AJITeOpanyeCKHX BEIKNAMOK, TTOKA3aTh BO3MOXHOCTh
WM HEBO3MOXKHOCTDB 3TOTO YTBEPKACHUS. Mbl yBEpeHbI, YTO OH HUKOTIa He TTOATBEP-
JUT U HE OTIPOBEPIHET 3TO MOMOXKEHHE, TOCKOALKY JUIS OTHUX PPYTIT OHO BEPHO, a IS
IPYTUX YXKE HEeT.

Mexay TeM, KOMMYTATUBHBIC FPYIITbl HE TPEACTABISIOT CODOM HWYEro TaKoTo,
YTO MOXET BBI3BATh ¥ HAC 3aTpyaHeHus. CioxHee o6CTOUT AeJ10 ¢ TaK Ha3bIBAEMbIMHI
HUABNOMEHMHbIMU 2pYNNami, IUTS KOTOPBIX CIPABELTHBO TOXIECTBO @ = e, Ijae m > 2.
OLHY U3 TaKKX IPYIITT Mbl XOPOILIO 3HaeM, 370 D? ¢ 06pa3yiommMu:

a = (012)(345)(678), b= (034)(578)(126),
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KOTOpasi COCTOUT U3 27 MOACTAHOBOK, NPEACTABASIOLIMX COO0M 3-HKIIbI; BO3BEACHHUE
B Ky0 1o060Tr0 3/ieMeHTa 9TOH rpyillibt 1acTe.

L HUABMOTCHTHBIX IPYITH BBOJAAT MOHIATUC KOMMYIMAnopd, OTPeAeIsieMOro cie-
JAYIOLIUM 00pa3oM:;

la, B =a~'b~'ab = aba™'b .
KoMMmyTaTop paBeH e, eciiv rpynna KOMMyTaTUBHA, B 00IEM Xe Cyyae OH paBeH He-
KOEMY APYroMy 3JIeMeHTy rpynnbl. Tak, aisi rpyrmb D32 KOMMYTAaTOP, COCTABAEHHBII
u3 a v b, pasen: [a, b} = (065)(173)(284). CnejgoBaTesibHO, KOMMYTAaTOp MOXHO pac-
CMAaTpUBATh KaK OIpENeNCHHYIO Ha rpyne memaonepayuro. Jns mobbiXx KOMMYTaTO-
POB CiipaBeUTMBBI CJleAyIOLINe 3aKOHDLI, KOTOpbIe POBEPSIIOTCS NPSIMON MOJCTAHOB-
KOJ:

— 1 —1 —1

la, b] [b,a]l=e, [a,b]" =[bal, [a, b '|=b[balb

(@™, bl=albaja”’, [ab c|=b""[a c]bb, ],

[a, bcl = [a, c|c '[a, 4] c.
Ho ecnu rpyrina HUTLITOTE HTHAS, TO JIJ1 METAONePAlIK BBITTOIHSIOTCH 3aKOHBI aCCO-
HMATUBHOCTH, IUCTPUOYTUBHOCTH W JIpyTHe 3aMedaTe/IbHbIe TOX/IeCTBA:

((a, ], c] = [a, [b, c]], [ab, c] = [a, c] [, c],
la, be] = [a, b) [a, ¢}, [a, b '=[a” ', bl=[a, b7 "), [[a, b, b]l=e, ..
Yr1oObl 1OKaA3aTh JT1000E U3 ITUX TOXKIECTB, KOHCTPYKTUBUCTY He TpedyeTcst 60JIb-

LIMX MHTE/UICKTYaIbHbIX YCHIIUI, 0COOEHHO eCJH Y Hero 1oJ pyKoit koMnblotep, Hu-
]
JBIIOTEHTHAs rpynna Dj Jerko pa3éusaeTcsl HA OAMHHAALATD KJIACCOB 3KBUBAIEHT-

HOCTH ¥ IPAMOMN JTOACTAHOBKOM UX MPEACTABUTE/IER YCTAaHABIMBAETCA CIIpaBeLIvu-
BOCTb JIt060ro Toxaectra. [lis anredpancta-dpopmannucta MOUCK JOKa3aTeabCTBa M0-
JHOOHbBIX TOXIECTB BBUITUBACTCH B TAXENbIH W HeGnarogapHeId TPYA, HUKOTAa HE
3HAELlb, YBEHYAIOTCS JIM TBOM TIOMCKH YCTIEXOM WU Thl 0OpeyeH Ha 6ECKOHEUHOE Ma-
HUNYJIXpOBaHHEe cuMBoiamMi. JlokaxkeM B o611eM BHJIE, I IpMMepa, 4YTO U3 paBeH-
CTBA @’ = e BbITEKAET paseHcTBO [[a, b], b] = &

1. (ab)c = a(bc), 10. aba=b-la-'b-,

2. ae=ea=a 11. abaabaaba = e,

3. aa-'=a-'a=e, 12. abaabab-‘a-'b-'=e,

4. aaa=e, 13. aba-bab-'a-b-'=e,

5. [a, bl=aba-1b-1. 14. aba-'(b-'b)bab-'a-b-'=e,
6. [[a, bl.bl=e? [5. (aba-'b-Y)b(bab—a-)b-'=e,
7. bababa = e, 16. (aba-'b-)b(aba-'b-)b-! = e,
8. ababa=>b-1, 17. {a, b} b la, b]-1b-! = e,

9. baba=a-b-!, 18. [[a, b], b] = e.

Tenepb anrebpancram-¢popMaJHCTaM HpeJiaraeTcsl yCTaHOBUTL: OYAET Jid U3 paBeH-
cTBa [[a, b], b] = e BbITEKATHL PABEHCTBO @’ = e vinu He GyzeT.

KoneuHo xe, 11060€ U3 BbIITMCAHHBIX TOXAECTB JUISI HAJIBIIOTEHTHOM IPYMIIbI C
OIpe/Ie/ISIIOIMM e¢ PABEHCTBOM @° = e Npex/e YCTAHABINBATOCH HHIYKTHBHO, Ha
MOACTAHOBKAX W/IM BbITTMCAHHBIX BbILIE MATPULAX, B YACTHOCTH, ISl KOHKPETHOMN
TPYIibl D32, Y LB 3aTeM pa3padaTblBATUCh KAKHE-TO COIINUE CXEMBI MX JOKA3aTENb-
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crBa. McKarthb XXe «BTEMHYIO» MPaBUJIbHOE PellieHHe OYEHb CIOXHO, 1a ¥ BPS/L JIM He-
06xoaumo. Yucio pa3HooOpasHbIX MPyTiN OTPOMHO, a KOJIMUECTBO «KPACUBBIX» COOT-
HONIEHHH MEXY X DJIeMEHTaMHU elile Donbiie. Ceifuac Mbl XOTUM MMO3HAKOMMTD Ha-
IIEr0 YMUTATEJS] ¢ MATEMAaTUUECKUMH 00bEKTAMH, TECHO CBA3aHHBIMM C IpYIIaMH.
DTUMH 0OBEKTAMU SIBJISIIOTCS HOAS MHO204AEH08, CBOXCTBO KOTOPBIX CETO/IHS IIMPOKO
HCIIONIb3YeTCs B MPOUEnRype koduposanus ungopmayuy. Y1o0bl NOACTYNUTHCS K KOHK-
PETHBIM MHOTOYJIEHAaM, HaM MOHaZOOUTCA Psll HOBLIX MOHSTUI, B YACTHOCTH, MbI
BHOBb BEPHEMCSI K AUHEUHBIM HPOCIDAHCIMEAM, C KOTOPBIX HAU&JIM IJ1aBy, YTOOBI pac-
CMOTPETD UX YK€ C TOUKH 3peHust noas. OroBOpUMCH, B 3TOM roapasaene noboe MHO-
X€CTBO C OTpeaeeHHBIMU Ha HeM 3aKOHaMU OyJleT Ha3bIBATHCS a12e0pauieckoli cuc-
memoii, a TAKXe MIPOCTO a12ebpoll WA cucmemodid. I'pyIinbl ¥ Mo ABASIOTCS NpUMepa-
MM TaKuX anrebpamyeckmux CUCTEM, HO OHHK HE €MHCTBEHHbIE a1reOpbt, IPUYEM Mbl
HE CTaHeM paccMaTpUBaTh UX aOCTPAKTHO, MOCKOABKY 9TO MATO NOMOXET B NPAKTH-
YeCKOM AeJIe, KaKOBbIM sIBNIeTCS KOJAUPOBaHWe WHOpMaLUU.

Ecnu BBeaeHa kakas-nubo onepauuns Ha MHOXECTBE, He BRIBOA SIS BJIEMEHTHI 32
npeJesybl 3TOT0 MHOXECTBA, TO IaHHad anredbpanyeckas CUCTeMa Ha3blBA€TCsl 2pynhno-
udom. EcIv B rpynnounie CyluecTBYeT HeTpaibHbl il 3J1eEMEHT, TO CUCTEMAa Ha3blIBAeTCS
Kxeasuepynnoii (aynoti). Eciy B KBazurpyiine BbINOJIHSETCH 3aKOH aCCOLIMAaTUBHOCTH,
TO CUCTeMa Ha3bIBAETCA noay2pynnoi (Mornoudom). ECav B NOTYrpynne KaxiaoMy dje-
MEHTY MOXHO HaWTH OOpaTHBIN, TO CHCTeMa HasbiBaeTcst epynnoid. Eciu B cucteme
BBEJIEHBI OTHOBPEMEHHO J[BE OlEPALIMM — CJIIOXKEHHE M YMHOXEHUE, — MIPUYEM LIS
CJIOXEHUS BBINTOJTHSIIOTCS BCE 3aKOHbl KOMMYTAaTHBHOM I'PYTINbI, a IO YMHOXEHHIO 3a-~
KOHBI TPYINOUAA U AUCTPUOYTUBHBIN 3aKOH, TO CUCTEMA Ha3bIBACTCH KoabyoM. Ecin
YMHOXEHME B KOJIbLE €11I€ U ACCOLIMATUBHO, TO KOJbILO HA3bIBAETCS ACCOUUAMUBHBIM.
Ecnu B acCOUMAaTHBHOM KOJbLIE YMHOXEHHUE KOMMYTATUBHO, TO CUCTEMA Ha3bIBAETCS
accoUUamMuUBHO-KOMMYmMamueHoiM Koasyom. Ecav BCe OTIMYHBIC OT HYJS DAEMEHTH
KOJIBIA COCTABIAIOT IPYIIMY TI0 YMHOXEHUIO, TO CUCTEMA Ha3biBaeTcsl measom. Ecnn
MYJIbTUIUIMKATHBHAsi IPYIIIa, BXOASAUIasT B T€/10, KOMMYTaTUBHA, TO CUCTEMa Ha3blBa-
eTCsl noneM.

IIpuBeaeM npuMepbl 3TUX ajlreOpavyecKux cucreM. MHOXEeCTBO BCeX KBaapar-
HbIX MATpHL 06pa3yeT acCouHaTHBHOE KOJbUO. MHOXECTBO MHOTOUWIEHOB C JIeiCT-
BUTEJbHBIMH KOX(PPHUIIMEHTAMU OT OJIHOH NEPEMEHHOMN C ONepallUsiMK CIIOXKEHUS U
YMHOX€EHHS ToXe 06pa3yloT acCOUUATHBHOE KOIbI0. MHOXECTBO BEKTOPOB €BKJIM -
JTOBa TIPOCTPAHCTBA C ONepalUsIMU CTOXKEHUSI BEKTOPOB H BEKTOPHOTO YMHOXCHHS
06pa3yroT MPOCTO KOAbLO. MHOXECTBO AEHCTBUTE;IbHBIX YMCces 6e3 Hyasl 0 YMHO-
XEHHIO 00pa3yloT MYITbTUIUIMKATUBHYIO Ipynny. MHOXeCTBO HaTypaJlbHbIX YMCEI
TI0 CJIOXKEHU 0 06pa3yIoT aAlTUTHBHYIO MOJYrpynny. MHOXeCTBO LEbIX YUCEI C OIe-
paluaMy CJTOXEHUsT U YMHOXeHHsA o0pa3yloT nosie. ITosisg 06pa3ylor u KoOMIneKkce-
HbI€ YUCJia, KBaTePHUOHEI Xe sSBAsioTcs TenamMu. KoMIaeKkcHbie YMc/ia, KBaTepHHO-
HbI ¥ yucia Knngdopaa noquuHSI0TCsI 3aKOHY aCCOLIMAaTHBHOCTH, OKTaBa €My He
NONAYHHSAETCS.

Ecau B accoumatuBHOM ajirebpe COXpaHUTb aJIMTHBHYIO IPYHIy, a OTIepalHIo yM-
HOXEHUsI 3aMEHUTh MeTaoriepaliueil cummempuposanus, 1.¢. a » b= ab + ba, To 6ynet
MOJY4YeHO HEACCOLIMATUBHOE KOABLO, B KOTOPOM ISl 3JIEMEHTOB @ M b BBITIOJHSIOTCSA
paBeHCTBA:

a+b=b-a, ((a+a)+byra=(a~+a)(b~a.
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IIpoBepuM BTOpPOE PABEHCTBO NPSIMON MOACTAHOBKOM, ISl YEro pacruiieM mpa-
BYIO 4ac1b —
[(aa + aa)b + b(aa + aa)la + a[(aa + aa)b + b(aa + aa)] =
= aqaba+ aaba+ baaa + baaa + aaab + aaab + abaa + abaa =
(aa + aa)(ba + ab) + (ba + ab)(aa + aa) = (a » a) ~ (b ~ a).
B pesysipTate nosy4nin JIEByIo 4acTh HallleTO paBeHCTBa. Takas anrebpanyeckas CUc-
TeMa ITOJyYMJIa Ha3BaHue koavya Epoana. Ecav B accounaTHBHOI anreGpe BMecTO

CUMMETPUPOBAHUS BBECTH METAOTICPALIHIO GHMUCUMMEMPUPOBAHUS, T.€. d o b=ab— ba,
TO OYIYT BBIMOJHSATHLCS [IRA JAPYI'HX PABEHCTBA:

aob:(), (aOb)oc+(boc)oa+(Coa)0b=0

(posepseTcs aHaioruyHo), Takasi cucreMa roayqmia Ha3paHue koasya Jlu. Merao-
Mepaluyd CUMMETPUPOBAH U1 U aHTUCHMMETPUPOBAHUS 10 CBOSH CYIIIHOCTH CXOXH C
BBIlIEBBEICHHO MeTaonepauueit kommymupoeanus. Konsua JIu u Epnana snech Bee-
JIeHb! abCTPAKTHO, KaK Bbllle ObLIY BBEJICHbI HUJIbIIOTEHTHBIE rpyIinbl. Ceiiyac Mbl Iie-
peiieM K pacCCMOTPEHUI0 ABYX KOHKPETHBIX [TOJIeH, 8 UMCHHO: AUHeliHble NPOCMPAHCH -
84 8eKMOPO6 U NPOCMPAHCMEA 08YXKOMHOHEHMHbIX HUCEA HA 6a3e UPPAYUOHAABHOCIU.

I'panMnua MexXay NOHATUAMM YUCIA U BEKTOPA, KaK Mbl YOSOWIMCh BbILIE, AOCTA-
TOYHO ycJioBHA. TeM He MeHee 3aJaJuM [IBa Pa3HOPOJAHBIX MHOXECTBA 3JiEMEHTOB,
OIIHO M3 KOTOPBIX HA30BeM gexkmopamii: a, b, ¢, ... e V, npyroe — yucaamu (ckarspamu):
a, b, c, ... e U Airebpanrueckasi CUCTCMa Ha3bIBACTCS AUHElIHbIM NPOCPAHCIMEOM HAO
noaeM uucen, eCv BEKTOPDI ITPeCTaBlIeHbl YeEpe3 UMCAa B BUIE HEKOTOPOH KOMOKMHA-
LMK Ba3HCHBIX BEKTOPOB €.

I

a=a,e + a,e, S a,e,.
Hp]/[ 9TOM NPEANnOaaracTcs, YTo BCKTOPHI ITO CJIIOXKEHUIO 06pa3yIOT KOMMYTAaTUBHYIO

IPYMIY, a YKCJa YAOBACTBOPSIIOT 3aKOHAM 110J151; KPOME TOT'O, BBIITOJHSIOTCS YEThIPE
CHEeNyIOlUUX YCIOBUST —
ala + b) =aa +ab, (a + bja=aa + ba, (ab)a= a(ba), ea= a.

ToBoOpsIT, YTG BEKTOPH! €;00pa3yioT fasic BEKTOPHOTO MPOCTPAHCTBA V/ PasMepHOCTH A.
Basuc 6yset cuuTaTbes TMHEHHO He3aBUCHMbBIM, €CJIU U3 PABEHCTBA ae; + a,e, + ... +
+a,e,=0cnenyera, +a,+ ... +a,=0. BekropHoe npocTpaHcTBO V' MOXeT UMETh He-
CKOJILKO HaB0pOB 0a3MCHBIX BEKTOPOB, MOCKOJNLKY caM Oa3MCHBIA BEKTOD €; MOXeT
OBITh BRIPAXEH Yepe3 CUCTEMY BEKTOPOB, B KOTOPOIi 3Ta 6a3ucHast COCTaBJISIIONIAS 3a-
MeHeHa IIOObIM APYTHM BEKTOpoM: e;=b,e; + bye, + ... + bja+ ... + b,e,. OnHako moboit
Habop 6a3MCHBIX BEKTOPOR BCEra UMEeT OAMHAKOBOE KOITHYIECTBO 6a3MCHBIX KOMIIO-
HEHTOB, ONPeAeISIOIMX pa3MepHOCTb pocTpaHcTia V. I1pu HaxoxneHun Habopa 6a-
3UCHBIX BEKTOPOB WY TIPU ONPEAICHUHM PA3MEPHOCTH ITPOCTPAHCTB ¥ BaXKHO YCTaHO-
BWTb, SIBJISCTCA JIM 1aHHAsi COBOKYNTHOCTb BEKTOPOB &; IMHEHHO HE3aBUCHUMOI. D10
MOXHO C/IeNaTh HECKOJIBKHMH CITOCOOaMHU, B YaCTHOCTH, €CJIH CUCTeMAa BEKTOPOB &, 3a-
BMCHMas, TO COCTaBJICHHBI! Ha UX OCHOBE onpedeaumens Ipama paBen HYJIO; TS TPEX-
MEpPHOTO ClTyyast UMeeM —

(ala]) (axa2) (a1a3)
y=|(a,a,) (a,a;) (a,a3){=0.
(aza)) (asa,) (azas)
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Ecnu ¥, ectb moaMHOXeCTBO DA3UCHBIX BEKTOPOB MPOCTPAHCTBA V) TO roBOpAT 0
nodnpocmparncmee V; OTHOCUTENLHO TpocTpaHcTBa V. [Ipamoil cymmod NByX MOMIIPO-
CTpaHCTB V| 1 V; Ha3bIBaeTCs MHOXECTBO BEKTOpOB BUna &; + b, rne a; € Vy, b, e V,.
PasmepHocTb HOBoro npoctpanctsa N (V) + V,) onpenensiercst hopmyinioil BKIToue-
HUS ¥ UCKITIOUEHUS MTOAMHOXECTB. B HatneM ciyuae oHa BHITASIIUT CHEIYIOUIMM 00-

pa3oM:
NV +V)=N{ID+NV)+ NV V).

HoornpeneauM JTUHEAHOE IIPOCTPAHCTBO V CKaJIAPHBIM IIPOU3BENEHUEM BEKTOPOB
anb: (ab)=a b, + ayb, + ... + a,b,. B Teopuu KoauposaHHus UHOOPMALIUY JEIIO UME-
10T, KaK MpaBUJIO, € JIBOMYHOMN cucTeMol, Tak uto (ab) = {0, 1}. Ecnu ckansipHoe npo-
U3BeJeHHUE paBHO HY/IO (ab) = 0, TO BeKTOpbl @ U b opmoezoraaskb. [ToanpocTpaHCTBa
Vi u V, 6ynem Ha3blBATb OPMOLOHAAbHbIMU (ONOAHEHUSMU IO TIPOCTpaHCTBA ¥V, eciun
KaXIbII BeKTOP 13 V| opToroHaieH nodomy sextopy 13 V,, a npsiMas cymMMa noaInpo-
cTpaHcTB V; u V; naer uenukoM npoctpaHcTso V.

ITycTb 3aaHO NIMHeHOE TpocTpaHcTBO V n3 16 BekTopoB a, = 0000, a; = 0001,
a, = 0010,..., a;5 = 1111. IMocraBum niepea coboit 3aj1a4y BeIGOpa CUCTEMBI OA3UCHBIX
BEKTOPOB TAKUM 00pa3oM, UTOOb! B Hee BXOAMIH BeKTOpbl ¢;=0111 na;,=1110. Cmo-
MOLIBIO OMpeaeMTeNns ['paMa yCTaHOBUM JHHEITHYIO He3aBUCHMOCTh CBOEro 6asuca,
a 3aTeM pa3o0bEM JIBYMS PA3TMYHBIMU CMOCOOAMM MTPOCTPAHCTBO ¥ Ha ABa OPTOroHa-
JIBHBIX TOMOJTHEHHUST,

PasmepHocTs Hauero npocrpatcTBa paBHa N(V) = 4. McniblTaeM 9eThipe BeXTOpa
ay, a4, a; 1 a;4 Ha He3aBUCUMOCTb. C 2TOU 11e/bI0 BBIYMCIUM COOTBETCTBYIOIIME CKa-
JISPHBIC TIPOU3BEAEHUSA:

(alal) =00+00+00+1'1= l, (a4a4) = 1, (a7a14) = 0,
(@) =00+01+00+10=0, (amay=1  (auay=1,
(aqya7) = 1, (ayay,) =0, (a4a;) = 1, (a;a;) = 1.

Onpenenurens 'paMa oraudeH OT HYJIS:

1010
Lo

1110

0101

CienoBaTenbHO, YeThIPE BEKTOPA &, a4, @7 U @14 MOTYT COCTaBUTHL 0a3uc, a pa3 Tak, To
BCE OCTAJILHBIE BEKTOPDI AOJIKHbI BEIPAXKAThCS YEPE3 HUX:

ay=04a, + 0a,+ 0a + 0ay,
a=1la +0a +0a,+ 0ay,
a,=1la, + l-a,+ l-a; + 0-ayy,
a;=0a, + las + l-a; + 0-ayy,
a,=04a; + la, + 0a; + 0ay,
as=1a + la, + 0-a; + 0ayp,
ag= l'a, +0a, + t-a; + Oayp,
a,=0a, + 0a, + l-a; + 0ay,

ag = l-a; + 0-a, + l-a;, + l-ay,
ay=0a; +0a+ 1'a; + L-ay,
ay=0a + l-a,+ 0a, + 1-ay,
a,=la + la; + 0a; + l-ay,
ap=1a + 1a,+ la; + 1'ay,
a;=0a + la;+ la;, + 1-ay,
ay=0a + 0a, + 0a; + lay,
as=1a +0a,+0a + la,
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Cmena Oazuca npuBesna K nepexodupoeanine BCEX HalMX BEKTOPOB, KOOPIUHATHI KOTO-
PBIX MOXKHO [PEACTAB/STL HEKUMU K0008btMU c106amu. Tak, BMECTO a;,= 1100 nosiBui-
cs1koa 1111, 4To cOOTBETCTBOBAIO KOLOBOMY CJIOBY @4, BMECTO &3 TIOSBUICAKOX 0111,

OpToroHa/IbHBIMM JIOTIOAHEHUSIMU MOT'YT OBITh 1B BEKTOPHBIX OATIPOCTPAHCT-
Ba — Vi ={ay, a,, a;, as} n V,={a,, a,, ag, a,,}, NOCKOJbKY COOTBETCTBYIOLLINE CKAJISAP-
Hble pou3BeleHust — (a,a,y) =0, (asa,) = 0 ¥ T.1. — paBHbt HYAIO. OPTOTOHAILHBIMHU
JOTIONHEHUAMM OYRYT M IpOCTPpaHCTBA — V) ={ay, a} n V) ={ay, a;, a,, as, ag, ay, a;,
a,3}; KoMOMHAUMI 37eCh CYUIECTBYET MHOXECTBO.

Mbt y2ke rOBOPUIIH, UTO BEKTOPH! M MAaTPULB] €CTh HEKUE CricLUpHIECKHUE YUCIa,
HAJ KOTOPBIMU MOXHO OCYIUECTBIATH OnpeIeieHHble MaTeMaTUIYeCKUe AeHCTBUA.
Tak, TpalULIMOHHDBIE KOMHACKCHbIe YUCAQ — 3TO JBYXKOMTIOHEHTHBIE YMCIIA Ha 0a3e
deticmeumenvroir (1) U muumolt (i = «/j) eaInHUU. B pory MAMMOM eJMHULLI MOXET
BBICTYTIATH KAKasi-HUBYb UppayuoHaibuasn «cIMHILA», Haripumep, 2 mwiu 3/4. Boo6-
LIe, UPPALMOHATbHBIC YU CIIa TOAPA3ICAKIOTCS Ha mpancyenoenmuble (n, e, 122, sin5) u
aneebpaureckue. JJeiCTBUTETLHOE YHCII0 HA3BIBAIOT AIreGpanyecKM, €CIIU OHO SBJISI-
€TCH KOPHEM HEKOTOPOIo MHOTOWICHA € UeabiMK KoadduiimentaMu. C 3TOH TOYKH
3peHUs TPaAUIIMOHHBIC KOMTIJIEKCHBIC K c/ia TOXe OyayT ajire6panyecKIMH, TaK KaK
OHU SIBJISTIOTCSI KOPHSIMU YpaBHEHHs! #-0Oil cTemneH :. B mpakTuieckux 3agadax 3J1ekT-
POTEXHUKH PALIMOHATLHOE YHCI0, Hanpumep 2,1, 4acTo CKIAABIBAIOT ¢ UPPALIMOHA-
JBHBIM /3 ~ 1,7 W B pe3yJIbTaTe noayualoT npubaniuTeapHoe 3HaueHue 3,8. C TOUKH
3PEHUs TEOPUM UMCE]T 3TOFO JIefIaTh Heslb3sl: UPPALIMOHANIbHbBIE YMCIIa, KAK M KOMII-
JIEKCHBIE, ABISIOTCH THITUYHBIMU MPEACTABUTEIAMU IBYXKOMTIOHEHTHBIX BEKTOPOB.
B 4aCTHOCTH, KOPHSMHU KBAJPATHOIO YPABHEHHUS C LEJIBIMU KOYD(BULUEHTAMH X —
— 6x + 1 = 0 sisieTcst mapa ABYXKOMITOHEHTHbIX YHCe)!

N=3+242 u ox=3-242.

OG6IMIM BU TAKNX UUCeN — ¢ = a -+ bi, i=~/2 — cX0X C BUIOM KOMILIEKCHbIX YHCEJ,
TOJILKO B POJIM MHUMOM €AMHULBI 3/1€Ch BLICTYIACT HPpaLlMOHaTbHOe uncio. deiict-
BMST HaJT IBYXKOMITOHEHTHBIMM HHCIaMH Ha 6a3e NppaudoOHaIbHOCTH BO MHOIOM aHa-
JIOTMYHBI ASHCTBUSIM HAJl KOMTIUIEKCHBIMU unciiamu. B yacTHocTH, hopMyia yMHOXe-
HHA B 000UX CJIYYasIX BBIMISUIUT OJMHAKOBO:

. . .2 .

(a) + byi) (ay + byl) = (qyay + 6,4y 07) + (a10y + ayb))i.

Kpome TOro, HOpMHUPOBAHHBIM KOMIUICKCHBIM YUCIaM VAOBJIETBOPSICT YpaBHEHUE
OKDPYXHOCTH:
ol 2 . . .

[=x"+y =(x+ yi) (x—yi), riex=cose,y=sing.
JIBYXKOMITOHEHTHBIM UMCAaM Ha Gase +/2 TakKe MOXHO ITOCTABUTH B COOTBETCTBUE
AHATOTUYHOC ypaBHEHUE — | = - 2y2 = (x+ yv/2) (x — y~/2). PenleHusiMM 3TOTO ypas-
HEHUS CNIYXKAT ABA UHCIA X, = 3, ¥y = 2, HO He TosibKo. HToOB! HAliTH Ipyrue pereHus
3TOTO YPABHEH HsI, HYXHO NOCJIE10BATE/ILHO BO3BOIUTH B CTENeHb uncna 3 + 242, pya-

i
ctHOoCcTH, (3 2J2)* =17 £ 1242, cicioBatenbHO, rmapa uucen x; = 17, y; = 12 Taxxe
YIOBACTBOPSET ypasHeHnio. Caeaviollee petieHHE ITOTYJYaeTcst TPH BO3BEACHUM HC~
3 -
XOIHOFO YKciia B Ky6 (3 + 2v2)° =90 £ 7042, 3Hauwur, X;=90,y,=70n T.1. YpaBHeHuUA

2 2
Buaa 1 = x~ — Dy HaswiBaloTcst ypasrnenusmu Ilears, KOTOPbIM YAOBISTBOPSIET OECKO-
HEUHas NOCIE10BATEMLHOCTb [1ap uKcell, HarpuMep, eciid D=7, 1.¢. i=+7, To ypaBHe-
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rue Tennst 1 = X% — 7y2 BBITIOJIHSIETCS NIPH X5 = 8, ¥y = 3; x, =127, y, =48 u 1.1.; eciu
D =13, toxy=18, yy=95; %, =649, y, = 180 u T.1.

ITycTh maHO ypaBHEHUE 26 + 5x + 4 = 0. B noste AeiiCTBUTE IBHBIX YHCE OHO HE
HMeeT PELIeHUI, HO B ITOJIe KOMITASKCHBIX UMCe pellleHue yXe ecTh. CyIIeCTBYET OHO
M B nioJie BhiveToB mo mod(11). B camom nerne,

5+4-7 6+v4
MaT T TG

JIaHHasl CUTYALIMS CXOXKA ¢ PeILCHMEM KyGHIeCKOro ypaBHeHus x° — 1 = 0 B mossix
JEHCTBUTEIBHbIX M KOMILIEKCHDIX unce. B rojie AeiiCTBUTeIbHBIX Yyncen X° — 1 pas-
JlaraeTcs Ha ABa HEMPUBOAUMbIX MHOXUTENSA — (X — 1)(x2 + x+ 1), a B mosie KOMILIEK-
CHBIX YHCeJ 3TOT MHOIOUJIEH MOXHO IPEACTaBUTb TPEMS COMHOXHTENAMHU (X — €))x
x(X — ¢))(x— ¢3), e ¢y, ¢; U €3 — KyOUUECKHE KOPHU U3 eAMHULIB, 00pa3yoLLue rpyI-
Iy ¢ yMHOXeHueM o taba. 2.69. B none ayx uucen {0, 1}, T.e. B 110Ji¢ BLIYETOB MO
mod(2) 3To Kybuieckoe ypaBHEHHE MOXET OBITH pa3IokeHOo Ha TPH CKOOKH C KOPHSI-
MUc; =1, =x, c3=x+ 1, BueMm Mbl yOenumcs No3jiHee.

Terepb pACCMOTPHMM TOJIBKO TAKHE KBajpaTHbIe ypaBHEHHs ax’ + bx + ¢ =0, y Ko-
TOPBIX KO(DDHULIMEHTDI SIBJISIIOTCS BCEBO3MOXHBIMM BblueTaMu 1o mod(S). Toraa
KOPHSIMH 3THX ypaBHeHHI1 ctanyTuucina 0, 1, 2, 3 uin 4. KBaapaThl 3THX YHCET MOTYT
JIaTh TOJIBKO TPH M3 MSITU YHCEIL: 0% = 0, 2= 1, 22 =4, 3= 4, 42=1, Hpyrumu cinosamu,
cpeay BeIUETOB Mo mod(5) HeT yucen, KBaapaTh! KOTOPBIX paBHsUTUCH Okl 2 M 3, a
3TO 3HAYNT, YTO YPABHEHUS X> = 2 WM X° = 3 He MMEIOT peLeHuii. YTOGbI 3TH ypaBHe-
HMSI BCE XK€ PELIaIUCh, BBEIEM UPPALIMOHATBHOCTb 2. TOrIa BMECTO IIATH YHCEI 1O~
JIyYuM I0JIe U3 25 yucen:

0+0v2, 1+042, 2+042, 3+0J2, 4+ 042,
0+ 1v2, 1+142, 2+ 1V2, 3+ 142, 4+ 142,
0+242,  1+2¥2,  2+202, 3+22, 4+,
0+3v2, 1+32, 2+32, 3+3J2, 4+32,
0+ 442, 1 + 442, 2+ 42, 3+ 442, 4+ 42,

Tabnuua 2.69

mod{11)={2,1}.

Kophu: Ci| ¢ | ¢ | ¢
¢ =1, 4 o | 6| o
¢, =— 172 +J3/2i, alaolaealag
c=—1/2 - ﬁ/Zi, G|l oo |

He BB1XO[15 32 pAMKM 3TOTO MHOXECTBA , MOXHO ITPOU3BOIUTH CIOXKEHUE U YMHOXEHHE
yucen. Kaxasiit 2JieMeHT 3TON @unumnoii apugmemuru ABJISI€TCA TOX MIIM MHOM cTene-
HBIO o6pasyroujezo anemenma 2 + /2

Q+V2)Y2=1+42, ..., 2 +¥)*=1+042.

MoxHO BBeCTH uncia a + b/3 M yTeM rociie10BaTeIbHOrO BO3BEICHHUS B CTETIEHb T10-
JIyYUTH HOBOE MOJIE Ha 6a3e HPPALMOHATBHOCTH 3, B YACTHOCTH:

G+23)P=1+23, 3+23)°=0+33, ...
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BO3MOXHO ITOCTPOEHHE I10J151 Ha Ba3e AByX HppaLMOHAIbHOCTEH — 2 M +/3; B 3TOM CITy-
qae 6yIeM UMETb TPEXKOMIIOHEHTHbIE uucna a + b2 + ¢f3, B3srbie mo mod(5), ¥ T.1L.
Yt06b1 ABMraThCS JIblEe, HATTOMHUM HEKOTOphIe OOLINE CBEACHMS U3 Meopu ui-
ces. Bcskoe HATypabHOE YUCIIG p, HE UMEIOLILIEE IPYTHX HAaTYpPaIbHBIX AeUTeNei, Kpo-
Me eIIMHUTIBI U caMoro cebst, Ha3bIBACTCA HPOCHbiM, B TIDOTUBHOM CJTYHae — COCMAGHBIM
(eDMHMLIA CYMTAETCS HM NPOCTBIM, HU COCTABHBIM). Besikoe HaTypasibHOE YMCIIO a,
KpOME €IUHULIBI, MOXET GbITh ITPEACTABICHO MPOM3BEASHHUEM TIPOCTBIX MHOXHUTENEH:
a=p\p; ... p,- CPeAM MPOCTHIX COMHOXUTECH 3TOTO MPEACTABIEHUSI MOIYT BCTPETHTECI
paBuble. Eciv uepes py, py, ..., p;, 0D03HAUNTH UMEHHO PAa3TMYHBIE [IPOCTHIE YUCIIA U XO-
NYCTHTh, YTO OHHM BCTPEYAIOTCSH COOTBETCTBEHHO #y, Hy, ... , N Pa3, TO MOJYYaeM npeo-
cmaenerue a = p;" Py pzk , KOTOpOe Ha3bIBACTCS! KaHOHU4eckuM. Tak, KAHOHHYECKOE

paznoxeHnue Yuciaa 360 BRIISANT CIeAYIOLIMM 00pas3oM: 2%325, KaHoHuyeckoe pazJio-
XEHHE TOKA3BIBAET, YTO BCE ACHUTEIM YMCAAa @ UCYEPIBbIBAIOTCS YMC/IAMH BHAA

d =p;”1 p;"z...p':" ,tme 0<m, <n, 0<my<n,,..,0<m < n,. OTHOLIEHUE OETUMOCTH HEe

ABJISICTCSA OMHOWEHUEeM 3Ksusarenmuocmu:. a/b = b/a, Ho onepalusli CpaBHEHUs 110
mod(m) OyaeT TaKOBOM, [MOCKOIbLKY /U1l Hee BBITIOMHSIIOTCS BCE TPH 3aKOHA SKBHBAJICHT-
HOCTU: @ = a mod(m) — pederxcusnocmu, n3 a= b mod{(m) cnemyer b = a mod(m) — cum-
Mempuyrocmu, ecnu a = bmod(m) u b=c mod(m), 10 a= ¢ mod(m) — mpanzumuerocmiu.
BorueTsl mo mod(m) ornipenensioT pa30dKeHHE MHOXECTBA LICIBIX YHCET HA m KAac-
cos sxeusarenmuocmu: {Cy, Cy, Cy, ..., C, _ 1}, vae Ci={i, i+ m, i+ 2m,...}. Hanpumep,
I HEOTPULIATENBHBIX LEJAbIX YKcea 1o mod(4) uMeercst YeThIpe Ki1acca —
C,=10,4,8,12, ..}, C,=1{2,6,10, 14, ..},
C ={1,5913, ...}, G={3,7, 11,15, ..}
O0BeaMHEHNE HeNePeCeKaloIMXCsl KJIACCOB 1aeT 6€CKOHEYHBII MOHOTOHHO BO3pac-
TAIUHA yucioBoi psia. Kitaccel o6pasyloT hakmop-mHoxcecmso, KOTOPOE MOXET
OBITH ITPEACTABEHO B HALlIeM CJlydae 4eTbIpbMsl nipeactaButensiMu — {0, 1, 2, 3}; npen-
CTaBUTEJIM 00pas3yloT 20po 3Toro (hakTop-MHOXKecTBa. st mpeacTaBuTeNeil MOXHO

BBECTH OIEpALlMM CJIOXKEHUA U yMHOXeHUS 1o mod(4), kotopble y106HO 0oOpMHUTH
Tabauuamu — 1abn. 2.70 v Tabn. 2.71.

Tabnuua 2.70 Tabnuua 2.71
011213 0101010
112130 01112} 3
2301 0l2|10;2
31011 2 01321

ITo cnoxenuio (tabs. 2.70) uMeeM KOMMYTATHBHYIO IPYIINY, @ TI0 YMHOXEHHIO (Tadt.
2.71) — HeT, TaK KaK y Hac mojy4ymyiock 2 2 = (), 4To HeIONYCTUMO TSI TPYTIBI, HO 4O-
MyCTHMO JIJTs1 KOJTbLa, KOTOPOe UMeeT deaumenu Hyasa. [IpUMepOM KOJIblIa C ACAUTEIEM
HYJI51 SIBJISIETC KOJIBLIO KBAAPATHBIX MATPULL;

3G 5 o 6ol oo )

Kornbia 6e3 nenutenei HYJI Ha3bIBAXOTCA KOAUAMU UEAOCMHOCMU,
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Ecayv Bb1YeThl 06pa3oBaHbl O MOAY/IIO NMPOCTOrO YUCHA, TO (HPAKTOP-MHOXECTBO
WM SIIPO ero mpejacTaBuTesicii spasiercs nojieM GF(p), KoTopoe UMeeT CliellMalbHOe
HasBaHuC — nose laaya. B 5TUX nojsx AeJUTENN HYJS] YXKE OTCYTCTBYIOT, IOSTOMY
OHH 3aHHMAIOT 0co00€e MecTo B alredbpe. OTOPOCUB oKaliMiIsIiolIMe HYJIM B TabuLe
YMHOXeHHs U1 nojeil I'aaya, KoTopeie ecTh M B Tab. 2.71, MBI MOTYYUM SIEMEHTHI,
obpazyrouue yukauveckyro epynny. Taon. 2.72 v 1abn. 2.73 siBjagioTcst TpUMeEpaMu
IPYIIIOBOrO CJIOXKEHUS1 M YMHOXeHUs B ntone Fanya GF(5).

Tabnuua 2.72 Tabnuua 2.73
0111213 4 00,0100
1(2/3l4l0 of1l2]3]4
213147011 ol21411]3
3410112 0|3([1]|4]2
410]1,2}3 0})4 3121

ITpu paboTte ¢ MOASIMH MHOTQUW/IEHOB HaM IHOHANO0STCS IOHATHS Hauboaviezo 00-
weeo deaumens 1Byx uucen a u b — HO(a, b) v naumenvuieco obujezo kpamuozo —
HOK(a, b), a Takxe aireopumm Esixauda. HannoMHUM UX coliepXaHHUE C ITOMOILUbBIO
KOHKpeTHOro rpuMepa. ITycTb aaHsi aBa uncia a = 24 v b= 30. BpinulieM Bce nenure-
U 3TUX YUCENT —

d24)=1{1,2,3,4,6,8, 12, 24}, di30) =11, 2, 3, 5, 6, 10, 15, 30}.
COBOKYIMHOCTb O0LLMX JesiuTenceit ofpasyer MHOXecTBO {1, 2, 3, 6}. CnegoBaTenbHO,
HaubonbIM I 0OLLM i AenTeNb paseH 6. [Tpu 6obmnx yucaax g pasvickanust HOJ

MUCITOJAbL3YIOT aI'OpHTM Esxnuna. Ero COACPXKAHUE CBOANTCH K ITOCICA0BATCIILHOMY
BBIYHCICHHWIO CJICAYIOIINUX PABCHCTB!

a=bg +r,0<r<b
b=rg, +r, 0<r,<rg;
rp=rgy o, 0 <<y

rf1—2—:'rrz~—1qn+ rmo < rll< L

Ve i1 =FyQusy, 1= HOL(a, b).
HelicTBUE aaropuT™a rpekpaiiaeTcs Toraa, Koria nojlyYeHHbIA OCTaTOK PaBeH HYJIO;
NOCJIeAHUI1 HEHYTe BOI OCTATOK (r,) paBeH Hauboasuwemy obujemy deaumento. Kak cien-
CTBME U3 a1IropuT™a EBKInIa, BHITEKAET, YTO Ll TIOOBIX e bIX YMcel ¢ ¥ b Bceraa cy-
WIECTBYIOT umMcia m u n takue, yro HOJ/ (4, b) npencrasisieTcsi B BUAE TUHEHHONW KOM-
OHMHALMM DTHX YUCET:

ma -+ nb=r,=HO(q, b).
Kpowme toro, oTHomeHue a/b MOXKHO INpeicTaBATh B BUJIE LienHOoM 1pobu. YTo0s! K

Heil IepeiiTh, PA3IE/IMM BCE DABEHCTBA, NMOAYYCHHbIE B aITopuTMe EBKinna, Ha b, 1y,
3y wees Fyy 15 Ty, TOTYUUM:

|
a/b=q, + r/b=q +—;
/b=gq, + r/ q, b/rl
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1
"1/r2’
1

=gt r/n=qt ;—77
2/ 13

b/ri=qyt n/ri=q

rn-l/rn: dn+ 1
ITpy nocien0BaTebHO MOACTAHOBKE ITUX PABCHCTB APYT B APyra [0jy4aeM HeNHyio
JIpoOb:

1
qr+—
g3+
3agaHel ABa uncna a = 1656 u b= 1150. Haiinem HOZ(a, b) u HOK(a, b), cocTaBum
HEMHYI0 Apo0h U TUHEIHYI0 KOMOMHALMIO!

1656 = 1150 - 1 + 500, 46 =138 — 92 =138 — 506 + 138 - 3 =

a/b=q,+

1150 = 506 - 2 + 138, —4-138 —-506=4"-1150 -9 - 506 =
506 =138 - 3 + 92, =4-1150 —-9-1656+9 - 1150 =
138 =92 - 1 + 46, =13 - 1150 — 9 - 1636;
92 =46 2; m=-—9, n=13;
HO/(a, b) = 46; HOK(a, b) = a-b/HO(a, b) = 41400;
1656 /1150 =1 + — L
24+ L
3+,1T
1+
2

2.9. I1o11 MHOTOYJICHOB

Tenepb MBI TPUOGPENY HEOOXOAMMbIC CBEIEHHN A 114 JIeCTBUS ¢ MHOTOUJICHAMU #-OH
CTeNeHU BUa:
—1
a,(x)=ax"tax"" +.. +a,_xta,

Ecnu a,(c) =0, To ¢ — kopers MHOTOU IEHA a,(x). HuUcno ¢ Oy/eT KOPHEM a,(X) Toraa
Y TOJIBKO TOTIA, KOTAA d,(X) AC/UTCS Ha CKOOKY (X — ¢) 6e3 ocraTka. JJeiicTBUTENBHO,
nycThb a(x) = (x — ¢)b(x) + r(x) Ipu x = ¢, UMEEM a(c) = (c — ¢)b(c) + Hc). Takum obpa-
30M, ocTaTok M{¢) = a{c), KOTOPbIH paBeH HYJIO [0 ONPEALICHHUIO.

TTouck KOpHEi MHOTOUWIEHA a,(X) PABHOCUIEH MOMCKY ero JIMHeHHBIX JeauTeneit;
Ipu ay = 1 noayuyum

a,(x) = (x — e)by(x) = (x — ) (x = e)by(x) = .. = (X — €)X = &) .. (X = ).

OG11Iee YKMCIIO KOpHEl MHOTOWIeHA a,(x) Beeraa pasHo #. OJIHAKO MOTYT BCTpeya-

ThCSI KPATHbIC KOPHU, TOTA2

a, (x)=(x - )" (x=cy)" . (x—c)™.
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DTO HA3BIBACTCS KAHOHUMECKUM PA3A0NCEHUEM MHOTOWIEHA a,(X) Ha hpocmbie (Henpueo-
Jumbie) MHOXUTEIM. MHOTOWIEH a(X) Ha3blBaeTCs npueodumMbiM, ECITH OH MOXET ObiTh
PasJIoXeH B IIPOU3BeIeHYE ABYX MHOXUTEACH Oe3 octaTka — a(x) = b(x)g(x). Ho n3se-
CTHA CUTYalKs, KOTJIa MHOTOWICH a(X) 4acTb KOPHEH UMEET B 1oJie NeHCTBUTEALHBIX
YH1CeJs1, a YaCTh — B 110JIE KOMIUIEKCHBIX uuceI. TakuM 00pa3oM, o MpUBOIMMOCTH WTH
HEMPUBOAMMOCTH MHOTOWICHOB MOXHO rOBOPUTL JIMILDL ITO OTHOLIEHUIO K IAHHOMY
MOJTIO, TOCKOJABKY MHOTOWIEH, HETTPHBOAWMbBIH B OTHOM NOAE, MOXET OKA3aThCS IPH-
BOAMMBIM B JipyroM. Paree npuBeacHHBIA IPUMEp ¢ MHOTOUJIEHOM x* — 1 BaTOM OTHO-
HICHWU MTOKa3aTeJIeH.

Hanee nac 6yayT HHTEPECOBATH MHOTOWICHBI a(X), Y KOTOPbIX KO2(h(MUUHMEHTH g;
B3SITBI M3 YUCJAOBOTO 1Mot GF(p). D1 MHOTOWICHbI 00pa3yIoT KOJIBLO OTHOCHTENBHO
CITOXEHUS U YMHOXeHUs. [TyCcTh 3TUMU MHOTOUIeHAMHU OYayT a(x) = X+x+1u b(x)=
=X +x+ 1, auucnosoe 11one GF(2)={0, 1}, rorna cymma 1 ipousBeneHue a(x) u b(x)
HaayT ABA HOBBIX MHOTOWICHA -~

a(x) + b(x) = S+ on a(x) - b(x) = b+ L

B croeit COBOKYITHOCTH MHOTOUJIEHBLI 00Pa3yOT UMEHHO ACCOLAMUBHO-KOMMYMA-
MUBHOE KOABYO, HO HE TOJIE, MOCKOJbKY He CYLIeCTBYET TAKMX MHOTOUYIEHOB CTENEeHU
foblle eNMHIILIBI, KOTOPbIE Obl NPU [TEPEMHOXEHWH JIaBaiu eIMHULLY: a(x) - b(x) =1,
T.€. B aJirebpe MHOTOYICHOB JUIst KAJUIOTO 2JICMEHTA OTCYTCTBYET OOpaTHBIA.

MHorowieHsl MOXHO AEAUTH JIPYT Ha apyra:

a(x):x3+x+l |+ x+ 1 = d(x)
Xty xt =g
¥+ 1
XHx+1 a(x) = b(x) g(x) + nx).
x=nx)

MHorousieH b(x) Ha3biBaeTCs JieUTeIeM a(X), eciiu 0CcTaTokK r{x) paseH Hymo. Hanbo-
JILUIMH 0OLIKiA JIeSINTe)ib ABYX MHOTOWIEHOB a(X) U b(x) HaxXoaMTCs 1o anroputMmy EBK-
JIMJA, TOABKO POITb YUCEN YKE BbITOIHIIOT MHOTOWIeHb. [TokakeM, Kak ero HaiTi Ha
MBoroujicHax a(x) n b(x) ¢ koaddunureHTamMu, B3THIMU U3 YucaoBoro noast GF(3):
ax) =x"+2+ P+ 22, b =X+t P+ P+ x+ 1
Cnenyem anropurmMy EBxitipa;
a(x)=x"+ 2 + xX* + 2x +2 X+ + X+ 2+ x+1=5b(x)
x6+x5+x4+x3+,¥2 tx x+2=g/(x
X+ x+2
22X + 2+ 2 + 2P+ 2+ 2
2+ X+ 2= (%) ;
b(x) =x° e S SN | | 27+ X2+ 2x = r(x)

X+ 20+ X 23+ x+ 1= gy(0)
2P x+

2+ 3+ 2y a(x) = b(x)q,(x) + r(x) ,
20+ 2% + x4 ] b(x) = r(0)gy(x) + ry(x),
26 + X+ 2x n{x) = r(x)g3(x);

¥4+ 2x+ 1 = 1y (X);
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(x) = 27+ xP+ 2x At 1= 5 (x)
2 + %+ 2x 2x = ;)
0.

Takum o6pazom, HOd(a(x), b(x)) = 2+ 1= ry(x). Yrobel HaliTht HOK, HeoOxonu-
MO 3HaThb pe3yJibTaT OT MePeMHOXEHMSI UCXO/IHbIX MHOIOUJICGHOB; OH pPABEH:

a(x)b(x) =+ P+ 2

HOK(a(x), b(x)) = a(x)b(x) / HOK(a(x), b(x)) =

=X+ 2+ 2t P+
Haxkoneu, xoadduuuneHTsl m(x) n n(x) aneiinoro pasnoxerHus HOd(a(x), b(x)) mo
a(x) v b(x) paBHbi:

3 2 LI S :
mx)=x+2x"+x, nx)=2x +2 +x +x+1
U1 MHOTOUIEHA, KaK U JUIsl YMCEJ, MOXHO BBECTH CpaBHeHHE MHOTOWIEHA a(x)

10 MOAYJ110 MHOTOoUeHa g(x): a{x) = r{x) mod ¢(x). A pa3 TaK, TO MOXHO TOBOPUTb U O
nose mrozounerog GIFg) Ham uncioBbIM 1ojeM GF(p). Ecnu GF2) n g(x) =x + 1, 1O
MMeEEM I10JI¢ MHOTOYJ/ICHOB GF(x3 + 1), cocrosiiee U3 BOCbMH MHOTrousieHoB: {0, 1, x,
x+ 1, xz, Z+ 1, Z+ X, & xt 1}. 31ech p = 2 HA3BIBACTCS XapaKmepucmux ol moJs
GF(p); xapakTepUCTHKA ONIpee/sieT pasmepHocms WK Hopadok Nnojied MHOTOYIeHa:

g=p"=2"=8, rne n — cmenens MuorouwneHa g(x). NepeMHOXUM 1Ba IPOU3BOIBHBIX
aneMeHTa nonst GHg) no mod g(x):
(,x2+ 1))62:x4erz:x(x3 + 1) + (x2+x):x2+x.

IIponosxas najiee nepeMHOXaTh 3J1eMeHTbl GFg), Mbl MOTJIH 661 COCTABUTDH TAGIHMITY
yMHOXeHHust. Ho Mbl cocTaBuM Tabauubl cioxenus (Tabn. 2.74) U yMHOXeHUs
(Tabs. 2.75) JUIst APYTroOro nojisi MHorowieHos — GRx* + x+ 1), pa3MepHOCTb KOTOPOTO
BaBapazameHblie: {0, 1, x, x+ 1}. KaxnoMy aneMeHTy moc/iefHero MHOXECTEA MOXKHO
MMOCTABUThb B COOTBETCTBUE TGO ABOMTHOE uucio: {00, 01, 10, 11}, iubo necatuyHoe:
{0, 1, 2, 3}, Toraa tabmmibl cnoxeHus (tadn. 2.74) v ymHoxenus (radu. 2.75) nons
GF(x2 +x+ 1) npeacTanyT B BUaE YUCA0BLIX Tabiny (Tabu. 2.76) u (Tabu. 2.77), CXOXKMX
¢ 1abs. 2.70 v tabu. 2.71.

Tabnuua 2.74 Tabnuua 2.75
0 1 X x4+ 1 0 0 Q 0
1 0 X+ 1 X 0 1 X x+ 1
X x + 1 0 1 0 X x+ 1 1
X+ 1 X 1 0 0 X+ 1 1 X
Tabnuua 2.76 Tabnuua 2.77
0 1 2 3 0 0 0 [}
1 0 3 2 0 1 2 3
2 3 0 1 0 2 3 1
3 2 1 0 0 3 1 2
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O6palliaeM BHUMAHHWE YUTATEIsI HA TOT IPUMeYaTelbHbli ¢akT, yto Taba. 2.77 no
cpaBHeHM1O ¢ Ta0. 2.71 He UMeeT AeNUTENS HYJA, 4 TPHU 3AeMeHTa, OTJIHYHBIX oT 0,
00pa3yioT UMKJIMYECKYIO IPYNITY; APYIMMHU CTOBAMU, MHOXECTBO Gl‘(x2 + x + 1), co-
CTOsILIIEe U3 YEThIpEX 3JIEMEeHTOB, 00pazyeT note Tasya. HanoMuuM, 4To BbiILIE YUCIIO-
Boe none Fasiya GF(p) MOTJIO TTOJYYUTHCS TOBKO A1 NPOCThIX Ynces: p=2,3,5,7, ...
VHacxkeg=p"= 2*=4, anone MTOJIY4HMJIOCH KaK OT ITPOCTOro Yyuciia. B Ju/rrepalType1 no-
Ka3aHo, 4TO 1o ['aniya BOBHUKAIOT TOrda, KOTIa YMCIIO0 3JICMEHTOB ¢ PaBHO CTEIIEHU
MPOCTOTO UMUCIA; WK, HHaue, GFq) dyner nojeM lanya, Korna g(x) siBaseTcsi npo-
cmbiM (Henpusooumsim) MHOTOUAEHOM. ITpuBeaeM 1o oAHOMY IIPOCTOMY MHOTOUYJICHY
creneHu 2—27:

x2+x+l, x15+x+1,
x3+x+1, x16+x12+x3+x+1,
x4+x+l, x”+x3+1,
x5+x2+1, x18+x7+1,
x6+x+1, x19+x5+x2+x+1,
x7+x3+1, x20+x3+1,
P AR RS A A+,
x9+x4+1, x22+x+1,
X042+ 1, B+
X2+, X

x12+x6+x4+x+l,
N S
x14+x10+x6+x+1’

X+,
O X+,
A+ x+ 1

Huxnuueckas rpyrnra 1mo yMHoxeHuto (tabm. 2.75) u3oMopdpHa LMKIUYECKOM
rpymite KopHei kyduuecKux u3 eantuiel (tabi. 2.69), TOJLKO B KAYECTBE 2JIEMEHTOB
B JAHHOM CJIy4ae BBICTYNAIOT MHOTOWIEHBL: ¢ = |, ¢; =X, ¢ =X + 1, nonyvamomnecs 3a
CYET paCUIMPEHUST YUCAOBOTO MOJIsl, NOAOOHOTO PaCIIMPEHUIO YUCIOBOTO MOJIS Aeit-
CTBHUTENIBHBIX HUMCEJI 32 CUET KOMIUICKCHBIX. ECiM B KauecTBe 06pa3yiowero B3sTh dJ1e-
MEHT ¢, = X, TO [IOC/IeA0BATEIbHbIM BO3BEIEHUEM €T0 B IIEPBYIO, BTOPYIO M TPETHIO CTe-
[IeHb TIOJIYYHM BCe TPH DJIEMEHTA: X' = x, X> = x + 1, X° = 1. DTH 91eMEHTBI SIBJISIOTCA
KOPHSIMU YpaBHeHUsI LA 1=(x+ (& + x + 1) = 0, petuentoro B mone GF?2).

TIpuBeneM rpuMepsl TabAMIL CTOXEHUS U YMHOXEHUS TSl CASOYIOIINX Tonei
MHOTOUJIEHOB:

GF3%)=1{0,1,2,3,4,5,6,7,8 =1{0, 1,2, x, x+ 1, x+ 2, 2x, 2x + 1, 2x + 2},
g =2 +x+2,
TabaUIA cA0XeHUst — Tabu. 2.78, Tabanua yMHOXeHus — T1abi. 2.79.
GR2)=1{0,1,2,3,4,5,6,7,8,9,A,B,C, D, E, F} =
=0, L,x,x+ 1,5+ L+, X +x+ 1,0, X+, x+ ],
x3+x2,x3+x2+ 1,)53Jr)c2+x,)c3+)c2 + x + 1}, g(x)=x4+x3+ 1,
Tabmiua cnoxeHusa — tads. 2.80, rabauua ymMHOXeHuss — Tabn. 2.81.

Taymep P. Teopus wudopMatMi 1 HajcxkHas cBa3e. --- M., 1974, ¢, 252-256, a raxxke bnciixyt P. Tcopus u
MIPaKTHKa KOIOB, KOHTpOIMpYyomux ownbki (0. 4.2). — M., 1986.
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Tabnuua 2.79

Tabnuua 2.78

Ta6bnmua 2.80

8

5

F

8

714

6

6

B/A|D|C

8
9
E

F

C{DIA|B

9|/A|B|C|D]|E

F

E|D|C|BI|A|S9

5

417

8

Al B

B A

c|D

D|C

2
3

5

5
4
3
2

8

E
F

C| D
D|C

AlB]|4
B|lA

F
E
9
8

AlB|C.|D

B/ A|D|C

C|D]A B

8

F

E|DIC|{B|A}|9

Tabnuua 2.81

5

F

4 DIE B

3

E|[4[C|D

D|B|l4!C|3

7

2

9/A/B|C|D|E

A

8
9

E

B|CIA|D|4

i

F

AlC

7
2

8

9

5

3

C

BlAl 4

ClA

5

6

OJA D7
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Bce BuIITMCcanHBIE TAOAMLIBI ONPEEISIOT XOPO1LI0 3HAKOMble HAM KOMMYTaTUBHBIE
rpynrtbl. Eciv e TaGnuiaM cocTaBUTD PeryJisipHble MOJCTAHOBKH, TO UX CTPYKTypa
cpa3sy e OyneT y3HaBaema. EcrecTBeHHO, IUTst 9TUX I'PYIIT MOKHO HAMTH BCE UX MOA-
rpyIIibl, BKJIIOYast HOpMa/bHbIE JeauTen. Ta posib, KOTOPYIO B IPYHIIaxX HTPAlOT HOP-
MajbHbIE JEIUTENU, B KOJAbLAX NPUHAIIEXUT udearam. ITonmuoxectBo I xonbua K
Ha3bIBAETCS HI1EAJTOM, eC/IM OHO SIBJSIeTCS IOArPYIINON Al M TUBHON TPYIIIE KOJbLA.
s Toro ytoObl noaMHOXecTBO [ ObUI0 UieaoM B K, HEOOXOAHMMO BbINOJIHEHHE
eIMHCTBEHHOTO YCJIOBUS, 8 UMEHHO: ecin | € I k € K, To nx nponsBeneuus ik u ki
JOJIXHBI MPUHAUIeXaTh MOAMHOXeCTBY 1. ECTY B onipeieneHMH naeana 0TKa3aThesl OT
TpeGoBaHus, UTO 00a MpousBeacHUsI ik U ki npuHamiexar I, To IpuIaeM K NOHATHIO
00HOCMOpOHHez0 udeana: ecnu ik = I — npaewiii udean, ecnv ki e 1 — nesuili udean. Besi-
KUt unean koabua 6yaet nodkoastiom. IepeceucHue 1000H CUCTEMBI HAEATIOB KOJIbLIA
6ynet uneanoM. B xonbuax Jlu u Epiana jiesbie 1 npaBble Maeanbl COBNANAIOT; TAKKE
HMIealbl Ha3bIBAIOTCH dgyxcmoponnumu. 3 onpeneeHus uaeana CJIeayer, 4To BO BCs-
KOM Kojsle K uiearamu SBisiioTCS CaMO KoJIblio K U Tak Ha3blBaeMbIl Hyas-udean,
COCTOSIHIMI M3 OJJHOTO HyJieBoro 3jemeHra. Konbllo, He cofepxaiiee Ipyrux uaea-
JIOB, KpOMeE DTUX JIBYX, HaszbiBaeTcs npocmsim. Bce mena u noas SIBNSIIOTCS HPOCMbIMU
Koavyamu. MoxHO Gb110 661 TPOLOIXKATE BBOAWUTS IS KOJIELL M FTOJieit IOHSITUS TOMO-
MopdH3Ma, PAKTOP-MHOXKECTBA U T.X., TOJILKO BCE TO HAC CJUIIKOM YBEIET B CTOPO-
HY. Mexny TeM, OBJ1ajieB TEXHUKOM aHaIX3a rpyIill, MIPOBECTU NOJOOHBIA aHAIN3 U1l
TToJieit He COCTaBUT GoJibloro Tpyaa. [1o3ToMy BepHEMCSI HENOCPEACTBEHHO K MHOTO-
YICHAM.

PaccMmoTpuM campiii o6umit cayvait. [1ycTb JaHO HEKOTOPOE MOJie MHOTOWICHOB
GHyg), rae g=p", n — cTeneHb MOAYNA ¢, & p — XapakTepuctrka. O603HauuM yepes
£1(%), &(X), ..., & _ 1(x) pasnuiHble HENPUBOAMMbIC MHOTOUICHBI HA TIOJIEM YHCEN
GH(p), OTBEYAIOLINE NPUMUMUEHBIM KODHSM: Cy, €y, ...y Cq_ . YTBeraeTC;I, YTO Cy-
LIECTBYET IMHCTBEHHO BO3MOXHOE pas3iioxeHne MHorowteHax? ™ " — 1 Ha MHOXwuTe-
JI g(X); WK, YTO OHO U TO Xe, KAXIbLi 3lEMEHT ¢; BJIsIeTCA KOPHEM MHOIOWIEeHa
X7~ - 1; nu, HAKOHeLl, HCXOAHBIH NPUBOAUMBIN MHOTOYJIEH MOXHO TIPEACTaBUTD B
BHJIe NIPOU3BENECHUS nopoxcdaruieco g(x) N npogepouHo2o h(x) MHOTOWIEHOB:

21 1=f18 0 - Fle e - ecomeo,
i=1

i=]

re g(x)=(x—c)(x—c? Yx—c? ). (x—c? ), h(x) =[Jx-c’).
J

3nech ¢ — NPUMUTHBHBINM KOPEHb NIOPOXIAAIOILIET0 MHOTOWIEeHA g(X), a ISt TPOBEPOY-
HOro MHOrouieHa /i(x) 6epyTcs Te cTeneHu ¢/, KOTOPbIE HE BOULIM B MHOTOYIEH g(X).
Kak BuauM, 1eiCTBYUSI ¢ MHOTOWIEHAMW BO MHOTOM CXOXM C XEMCTBUSMU HaJl YUCTa-
mu. TTpHBOAMMBIN MHOTOWIeH Buaa x? ~ ' — 1 MrpaeT posib COCTABHOTO YHCIIA d, €T0
NPUMUTHBHBIE KOPHU €y, €y, ... , €, } ACCOLMUPYIOTCS C IPOCTHIMU COMHOXUTEISIMU D1,
D25 s Dg» @ TIOCTEAHSIST HOPMYNA PA3TIOKEHHS] H2a MHOXHTENN aHAJIOTMYHA KAHOHHYe-
CKOMY pazJIoXXEHHUIO COCTABHOIO Yuciadg = p;" Py pZ* . Muorowrensl g(x) v k(x) urpa-

10T POJIb ABYX ACAUTENICH YHCIa @ = g x . KOPHU NCXOTHOTrO MHOTOWIeHAa UTPaloT POJb
6a3uca, Mo KOTOpoOMy MHOTOWIeHBI g(X) U A(x) MOryT ObITh pa3noxeHbl. Takum o6pa-
30M, meopus NoAeil MHO204AeHO8 CMbIKAETCS ¢ meopueii auneiihbix npocmparcms. 11oka-
K€M, KaK 3TO OCYHIECTBJISIETCS MTPAKTHUECKH.
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Eciu ¢ — NIPUMHMTHBHbIA KOpeHb MHOTOWIeHa g(x), To g(¢) =gy + gic + g2c2 + ..+
“ + .
+ g,c"=0. Bbipasum crerneHu KopHen ¢ " nc” ! yepes mHeitHyI0 KOMGWHAIIMIO MITall-
LIKMX CTerieHel KOpHEH c, A e (g,= 1)

c"=g0+g1c+gzcz+ .t gnvlcncl,
n

+1 2 3 2 -1
"Tleget gt gl tg (g tactac v tg ")

CJie10BaTeIbHO, BCE CTENICHH ¢ Py i > 1 JIMHEMHO BLIPAXaloTcs Yepes MepBble 1 CTe-
AEHEeH; YUCI0 TAKMX KOMOUHALIMI He IpeBbillaeT BesiuuuHy ¢ — 1. CrenyeT Taxke
HMMETD B BUJLY, YTO He Tosibko g(¢) = 0, Ho M g(c? ) = g(c? ’ )=...=g(c?")=0.

PaccMoTpuM 110j1e MHOTOUY1eHOB GH¢g) 110 MOZY/I0 HENMPMBOAUMOTO MHOTOWIEHA
g(x) = Y+x+l TTycTh IPMMUTHBHBIM KOPHEM MHOTOWIEHa g(X) SIBJAETCS KOPEHB C,
torma g(c) = ¢+ c+1=0. Tak Kak q= 2= 8, TO LIMKJIMYECKHH NTOPSIIOK KOPHS ¢ pABCH
g— 1=7. Bce kopHU cTerenu / > 3 BIpaXaloTcst Yepes ¢ 1 A, TIPYU 5TOM MHOTOYJICH
g(c) GepeTcs 3a MOAYAb!

C=(CHet+ DI+ (c+rh=cHl,

c4:(c3+c+ 1)'c+(c2+c):c2+c,

5 3 2 3,02 2

=+t ) -+ (T +)=c +ct+1,

c7=(c3+c+ 1)-c3+(c4+c3):c2+ 1.
IIpoBepuM, yTo yUcac, ¢® 1 ¢* ieHCTBUTENBHO SIBIISIOTCS KOPHAMM MHOTOWIEHA g(X) =
=X +x+1:

goy=c+c+l=ct+l+c+1=0,

g =+t +1=+1+7+1=0,

gch=c?+ct+1=+ct+1=0.
OTc101a NMOPOXAAIOHINH MHOIOYJIEH g(X) paCKJIaAbIBAETCS Ha CeAYIOIIHE TPUMHTHUB-
HEIE MHOXMWTETH:

g =X +x+1=x+x+AHx+,

Ha JIOJII0 X€ [POBEPOYHOrO MHOrouwieHa A(x) IMPUXOAITCS BCE OCTAJIbHLIE CTEMEHH
KOpHSI C:

h(x) = (x + A)x + E)x + ) x + ).

Takum 06pa3oM, UCXOIHBIM NPUBOAUMBIA MHOTOWIEH x" + 1 MOXeT GBITh pa3noxXeH
«KAHOHMYECKHM» O0pa3oM B PacLIMPEHHOM TOJIe NPUMUTHUBHLIX KOpHEH (aHanor
T10J1s1 KOMITIEKCHBIX YHUCEN):

X+ 1=+ )+ A+ Ax+ D+ A)x+ Ex + ¢,

N «HEKAHOHHNYCCKUM», TIC B CKOOKAXCTOSIT NPOCThIC COMHOXMHUTEIHN (aHa.TlOF nons geu-
CTBHUTCJIbHbIX LII’ICCJI)Z

X H1=0C+x+ D+ X5+ Dix+ 1),
A TAKXE B BUAC ABYX COMHOXUTEECH:
X+ 1=gh(x) = +x+ D(x'+ X2+ x+1).
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Ecau B poniyt MoayJist 6YACT BLICTYIATH MOPOXAAIOIMA MHOTOWICH g(X) = L+ 1,10
€ro MPUMMTUBHBIN KOpeHb d 1aCT HECKOABKO OTIMYHbBIH 1IMKJ BBICUIMX CTETIeHe Kop-
HEH, a UMEHHO:

d’=d*+1,d* =d*+d+1,d°=d+1,d*=d*+ d,
BO BCEM XK€ OCTa/IbHOM I1POLEAYPa HE H3MEHUTCS.
PaccMoTpuM eiiie HECKOABKO KOHKPETHBIX IPUMEPOB.
Ilpumep 1. CoctaBum NoJHyI0 TabaULy HENPUBOJIHUMbIX MHOTOUYIEHOB g; (X) OIS
BhrgeroB GA2%) o momyio gx) = x*+ x + 1 Hag uMcIOBLIM MTONEM GF(2).
3anomHeHue TaOMULBI HETIPUBOAMMBIX MHOTOUWIeHOB (Taba. 2.82) HayHeM C HcC-
XOIHOTO MHOroujeHa. Tak xax
: 2 4 8
gx) = (x— )x — Hx—c)x— ),
IPOTUB CTETIEHEH ¢, ?, ¢* u d Mmoxno nncaTs MHoOTOWIEH g(x). Hanee, BBIpa3sMM Bce CTe-
TIeHU ¢ yepes ¢, ¥ ¢, KaK 370 GBITO CACHAHO B npeasiayuieM ciaydae. YToOb HATH BCe
OCTaJIbHEIE HENPUBOAMMbIe MHOXUTENH, HEOOXOIUMO MOCTYNMUTD CASAYIOIIUM 0Opa-
30M. Bo3zbMeM pou3BOJIbHBIN KOPEHbL a = =+ 1. Torna
2 4 8
L) =(x—ax—a)x—a)x—a).
Tak kak
- 3
P L S
— 45 -
A | B B
PR NP S S B 1,
MOXHO HamucaTh
: 14 13 11 7
g X)) =x—cNx—cHNx—c)x—c")=
_ [x2 (M Mx + A — M e — c7] _
= (x2 — x+ clz)-(x - c”)-(x — c7) =
= [x3 — (c” + cz)x2 + (c12 + CB)X — C8] (x— c7) =
. ‘
= (x3 — O+ ex — cx)'(x — c7) =
=x' - (c9 + c7)x3 + (c+ c))c2 — (6‘8 + cg)x + P

CrienoBarensHo, npoths Kopxei ¢, ¢!, ¢! u ¢ cTaBum HenpusoanuMbIit MHOTO-

4ieH g,(x) = xt+x + 1. 3atem Oepercs CneayuMi HEU3BECTHBINA KOPEHD U TIPEIbLILY -
L1as Mpoueaypa moBropsieTcs. Tak MPOUCXOAUT NOCIeI0BaTeIbHOE 3alI0JIHEHUE BCEH
Tab7. 2.82. [Iposepka MpaBUIBHOCTH HAXOXAEHUS COCTOMT B BBINTOJIHEHMH OCHOBHO-
ro TOXIECTBA!

1=+ 2+ DA Fx+ DE L xH DEE+ x+ Dx+ 1),
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Tabnuua 2.82

c/lk-B+/-2E+m-c+n g, (x)

¢! c XA a1
c? c? X+ x4

c? o A+ x+ 1
c* c+ 1 X+ x+ 1

ch 2+ c Xt xt

o c5 B+ X8+ R+ x+ 1
¢’ B+ ¢+ 1 X+ a8+ 1
ct ¢+ 1 X+ ox+ 1

c? S+ ¢ ¥R+ R+ x+
c0 2+t X+ x+1
¢! S+ R+ X+ e+

c 12 B+ R+t 1 Fre+ R+ x+1
c 13 S+ 2+ X+ e+

c 14 A+ 1 X+ X8+
¢’ 1 X+ 1

Ilpumep 2. PaccMOTpUM NoNe GR32) 1o MoayJiio g(x) = ** + 1 Hax nosiem GF(3).
3mech MHOTOWIEH g(X) ABJISETCS HENPUBOAMMBIM, HO OH HE SIBIISIETCS U HOPOHCOQI0-
UM WIH 06pa3yIouiuM MHOTOWISHOM TT0JIsI, MOCKOJIbKY CTCIEHU €ro KOPHS JAl0T eIH-
auuy yxe npu ¢t ane 8: = (A + 1)1 +2=2. =+ 1)c+2c=2c, ' =(*+ 1)+
+1=1, A= ¢, ¢ =2, ¢ = 2¢, = 1. Ananoruunas CUTYall¥sl BOZHUKAET U B YUCIOBBIX
TIOJISIX, HATMIpUMeD, B nojie GF(7) ajieMeHT 3 sigasieTcsl 00pa3yiolIuM, TaK Kak ero cre-
MEHM MOPOXIAIOT BCE 2JIEMEHTBI MOJISL: 3= 3, 3= 2, 3= 6, 3= 4, 3= 5, 36 1, Torna
KaK 3JIEMEHT 2 yKe He OyaeT o6pa3yiolnM; B CAMOM JIEJI€, €r0 CTCIICHU He JHa10T dJie-
MeHTBI 3, Sn 6: 2' = 2, P 4, 2%=1 , 2= 2, 2= 4, 2= 1. ITosTOMy MCXONHBIM IOPOXKAA-
IOIINM DJIEMEHTOM HYXXHO BbIOpaTh APYroi HeNPUBOIAUMBII MHOTOYIEH, HATIPUMED,
g(x) = x* + x+ 2. [Ipn cocraBieHUH NOIHOI TaGIMIbl HEIPUBOAMMBIX MHOTOWIEHOB
(Tabn. 2.83) nna cny4das noas GF(3) meicTByeM aHaormyHo npumepy 1. Ilpu atom
HeOOXOAMMO TTIOMHHTh, YTO MPEACTABUTEISIMU KJIACCOB BHIYETOB ITO MOAYJIIO 3 MOTYT
ObITb Kak yncna 0, 1, 2, Tak v uyncia — 1, 0, 1. Orciofa BO3HUKAIOT Be (bOPMBI 3aNTUCH
HENPUBOAMMBIX MHOTOUYJICHOB C IBYMSI NPOBEPOYHBIMH COOTHOIIEHUAMU:

BH2=02+ x+ )%+ 2x + )+ Dix + Dx + 2),
Bo1=0+x - D - x = DEE+ Dix+ Dx—1).
Tabnuua 2.83

c’| k-cH+/ g;(x) {0, 1, 2} g {—1,0, 1}
c! c X+ x+ 2 X+ x-1
c? 2¢ + 1 X+ 1 X+ 1

| ¢3 2c + 2 2+ x+2 X2+ x -1
c4 2 X+ 1 X+ 1

cS 2c X2+ 2x 4+ 2 X - x -1
cb c+ 2 X2+ 1 2+

c’ c+ 1 X2+ 2x+ 2 X - x—1
cé8 1 x+ 2 X — 1
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ITonHbie 'ra6n14ublznenpngc3mumux MHOTOY/1eHOB M JINHE Hble KOMOUHALIMH KOp-
Helt i noneit GK57), GF3°) n GF(25 ) NpuBeAeHbl COOTBETCTBEHHO B Tabj. 2.84,
Tabn. 2.85 u taba. 2.86. [Mopoxaawoiumne MHOrouaeHbI g(X) BO BCeX Tpex TabJIUIaX CTo-

AT B NEPBBIX CTPOUYKAX HANIPOTUB KOPHS C .

Tabnuua 2.84

Tadnuua 2.85

¢’/ | k-c+/ g; (X)

c! c 32 + 2x + 1
c?| c¢+3 X+ 2+ 4
c3| 4c+3 X2+ 3

c*| 2c+2 R+ x4+
c5 | 4c+1 3R + 2x + 1
ct 2 X+ 4x+ 4
c’ 2c X+ 2x+3
c8| 2c+1 X+ Ax + 1
c?| 3c+1 R+ 2

c0] dc+4 | 2+ 20+ 4
c) 3c+2 2+ 20+ 3
c1? 4 X+ 3x + 1
c’3 4c X+ dx+ 2
cl4l 4c+ 2 X+ 3x+ 4
cB] c+2 X+ 3

c1®| 3¢+ 3 X+ ax + 1
c7| c+4 XX+ 4x+ 2
c 18 3 R+ x+4
c9 3¢ X¥ +3x+ 3
c20| 3¢+ 4 2+ x+ 1
c?'| 2c+4 X +2

c®2| c+1 X+ 4

cB| 2c+3 | x#+3x+3
c24 1 X+ 1

c/l /- +m-c+n g; x)

| ¢! c X¥ 4 2x + 1
c? c2 B+ R+ x+2
c3 c+2 X+ 2x+ 1
ct 2+ 2¢ B+ R+ 2
¢ 22+ c+2 L+ +x+1
ch 2+ ¢+ 1 B+ a2+ xt2
c’ 2420+ 2 B+ xR+ 2+
ch 262 + 2 B+ 28 + 20+ 2
c? c+1 KB+ 20+ 1
¢ 19 P+ X+ x+2
ch 2 +e+2 B+ R+ 2+
c'? 2 +2 B+aR+2
c'3 2 X+ 1

ct4 2¢ X+2x+2
c's 22 B+ 2@+ x+ 1
cl6 2¢ + 1 B+ 2+ 2
c? 2 + ¢ B+ 2@+ 1
c18 2+ 2¢c + 1 B+x+x+2
c? 2¢2 + 2c + 2 B+ 22+ x+ 1
c% 22 + ¢ + 1 B+ +2x+2
c?! 2+ 1 X+ + 2+ 1
c? 2c +2 B +2x+2
c® 2¢2 + 2¢ B+ 22+ 1
c? 2¢2 + 2¢ + 1 B+aRd+2x+2
c? 2¢% + 1 X+ 2x + 1
c%® 1 X+ 2
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Tabnuua 2.86

c’ J &tk + 12+ me+n gi (%)

c! c X+ + 2+ x+
c? c? B+ + 2+ x+1
c? cs B+ A+ 8+t
c4 A X+ R+ x+1
c5 A+ 4o+ X+ + R+ x+1
c8 A+ B+ B+ + 8+
c’ 2 +1 X+ R+ 1

c8 B +ec B+ X+ R+ x+1
c? A+ 2 B+ B+ R+ x4
c 10 A+ B+ 2+ o+ R+B+ R +x+1
ch A+ B+ R+ XA+ B8+ R+
c1? At B+ + 8+

c 13 ct+c+1 X+ X+ 8+ 2+ 1
c4 A+ 1 X+ R+

c13 A+ 2 B+ + R+ 2+ x+1
c16 A+ B+ 2+ B+ + 2+ x+
c17 A+ 2+ 1 B+ X+ e+
c8 c+E+e X+ R+ R+ x+1
c19 c+ 1 B+ a2+

c? & +c X+ + 2+ x+1
c? 3+ 2 B+ XA+ 8+ 2+ 1
c? A+ & P+ A+ R+ R+
c® ¢+ c+1 B+ A+ B+ R+ x+1
c? F+cP+ec X+ + 8+
c? ¢t + 8+ P X+ X2+

c? A+ 2+ c+ 1 B+ 8+ a2+
c? A+ B+cf+c B+ XA+ 28+ 2+ x+
c?8 B +c+ KB+ a2+

c® A+t B+ A+ R+ 2+ x+ 1
¢c30 A+ B+t B+ A+ + X2+ x+ 1
¢3! 1 X+ 1

2.10. KoppekTupymoume Koabl

PaccMOTpuM BOIIPOC MCI10JIL30BAHUSI TEOPHH T10J1€If MHOTOWISHOB IS 3aLUThl HH-
dopManuu oT noMex B kaHase CBsi3u. CunUTaETCsl, YTO TOMEXH B KaHaJsle CBSI3H IeHCTBY-
10T HE3aBMCUMO OT HAC, U Mbl HE B COCTOSIHUH OBJUSATE Ha CAy4aiiHOEe U3MEHEHUE
HYJISI Ha eIMHU LY, 1 HA0G0OPOT; Mbl MOXEM JIMLIbL HA BLIXOAC KaHAJIA CBSI3H UCIIPABUTH
KOJIOBOE CJIOBQ, BOCCTAHOBMB €10 I1epBOHAYaIbHYI0 hopmMy. C 3TOM LIENBIO H UCTIONb-
3YIOTCS CNeIMAJIbHBIE KOppeKmupyroujie koobl, KOTOPbIE OCHOBLIBAIOTCS HA BBEACHHUU
uHdpopMauKOHHOU Uzbsimournocmu. T1pn KoppeKTUPYIOLLEM KOAUPOBAHUHN B KaXA0€
KOJOBOE CJIOBO, TOMHUMO UHGMOPMALIMOHHbIX CHMBOJIOB, BBOASIT 1P0GEPO4HbIe UITU KOD-
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pexmupyrowue. HaripuMep, MOXHO BBECTH JIUUIb OIH KOPPEKTUPYIOLIHH CUMBOJ B
KOHIIe TH(OPMALMOHHOTO CJI0BA, LIS KOTOPOI'o ONpeaeauTh: 0 — YUCI0 eNMHHUL B KO-
JIOBOM CJIOBE YETHO M | — YMCNO e1MHUIL B KOTOBOM CJI0Be HeYeTHO. EC/iM npuHaATOoe
KOJIOBOE YMCJIO UMEET YETHOE YUCJIO €IMHULL, & KOPPEKTUPYIOLLIMIA CUMBOJI paBeH 1, To
B KaHaJIe CBSI3Y npou3olen cooit. [1pu perucTpannu c6ost OCyLIeCTBASETCS TOBTOP-
Has repenada coobiueHus. Takok KoppeKTUPYIOIUH KO C fIPOBEPKOit Ha YETHOCTh
eIMHUL B MH(GOPMALIMOHHOM CIIOBE MCNONbL3YETCSI AT KOHTPOJIs Iepexadyu uHopma-
MM MEXITY OTAEIbHBIMU PETHCTPAMU KOMITBIOTEPA. DTO CAMBIN NPOCTOHR CITOCO0 Mpo-
Bepku. JL1s1 KOHTPOJIA CYUTBIBaeMO MH(OPMALIMK U3 ONEPATUBHON NMaMITH KOMIIBIO-
Tepa UCTIONb3YIOTCS TaK HasbiBaeMble Kodbl Xammunea. Lukauneckue kodol IPUMEHS-
IOTCA B OCHOBHOM ITpH TIepe/lave JaHHBIX MEX/y KOMITbIOTEPOM U TieprdepuiHbIMU
YCTPOWMCTBAMM, B YACTHOCTH, IMCKOBOAAMU. B CBOIO ouepenb, LUKIIUUECKUE KOMBI B~
JITIOTCS MTOAKIACCOM B O0/BbLIOM KJ1ACCE AUHEIHbIX K0008, YAOBIETBOPSIOILMX OO~
HUTEJIBHBIM CTPYKTYPHBIM TpeOoBaHUSIM. BasKHOCTb LMKJINYECKUX K€ KOJOB 00YCI0B~
JICHA €1LIe M TEM, YTO OHM IIPUBOJST K 0UeHb 3P PEKTUBHBIM NPOLEAYpaM LN POBKHU U
e dPOBKH, JIETKO PEATU3YEMBIM C MOMOLLBIO TOrMYECKUX cxeM. PaccMOTpUM Kpart-
KO MPHHIUII 3TOTO KOIMPOBAHUS.

Nnudopmaimonnoe coobienne a = aga, ... a; _ | 6yaeM 3alMceIBaTh ¢ NOMOLUBIO
MHOTOUIeHa: .

a(x)=ay + ax + azx2 +...+a_ 1xk‘
Ecnu MHOrouseH a(x) yMHOXHTb Ha X, TO CUMBOJIbI, COCTABJISIOLIME COODIEHME,
6ynyT KoadbuuMeHTaMu Npu Gosiee BbICOKMX cTeneHsx. Janee a(x)x™ pasmenuM Ha
NPUMHTHABHBII MHOTOWIEH g(X), TeM CaMbIM Haliis yacTHoe OT AejeHust p(x) U OcTa-
TOK Hx). 3ammdpoBaHHOe HH(HOPMALIUOHHOE CJIOBO OMPEIEIUTCS MHOTOYJICHOM:
) = a(0)x" — rn(x) = g(x)p(x),
CTeNeHb KOTOPOro paBHa n=k + m. KomoBoe cjioBo f 6yneT cCOCTOAThL U3 kK UHGOPMALIH-
OHHBIX ¥ M [TPOBEPOYHBIX CHMBOJIOB. B cityuae, Koraa nojny4eHHOE CJI0BO f ' coBajaer
C TepeJaHHbIM CIOBOM f, TO IPH JIeJIeHUM MHOrouseHa f'(x) Ha g(x) nonyJaeTcs Hyxe~

BOi1 ocTaToK H{x). Ho ecnu ocTaToK OTJAUYEH OT HyJisl, TO B KaHaJIe CBSI3W MPOU30LLEN
cOoii:

1

f'(x) = gopx) + rx), rae H{x) = 0.

Myctba=1001, k=4, m=3,n=7,g(x)=1+x+ X — NMPUMUTHBHBII MHOTOUJICH.
Haiinem MHorouJieH, oTBevamwIumii koay a: a(x) =1+ X ;

Xa(x) = goop(x) + rx) = (1 + x + X)x + £) + (x + ¥);
A =x+xX+xX+x%  f=0111001.

B xonoBoM ciioBe fniepBbie TpU cuMBOJIa 011 SIBASIOTCST TPOBEPOYHBIMM, TOCAEIHUE
yeTpipe 1001 — undopmaumnounsimu. ITycts ipu nepenaye fmpousoluest cO0it U MbI
npuHsy cioso f' = 011 1011. TIpu geneHun MuorodieHa f'(x) Ha g(x) monydaem

ocTaTtok H(x) = 1 + x + x%, 4yTo cooTBETCTBYET KOy OLMGKH £=111. Ecnu c6oit mpou-
30MJeT He B IIIECTOM CUMBOJIE, KAK Y Hac, a B JIIOOOM JIpyroM MECTe, TO KOJl OLIHOKHU
U3MECHUTCS.

CyuiecTByeT HECKOIBKO WHOM Ci10c00 KOMMPOBaHUS M IeKonupoBaHus nH(opMa-
LIMH, 2 UMEHHO, IpH 1IMGPOBKe MHOroYeH HH(MOPMAIMOHHOTO C10Ba a(X) YMHOXa~
eTCs Ha MOPOXIAIOIIMi MHOTOWIEH g(x); TaK Mmojyyaercs MHorowieH f(x). I1pu ne-
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mubpoBKe KONOBbIA MHOTOWIEH f (X) YMHOXAeTCs Ha NPOBEPOYHBIA A(X), B PE3ylb-
TaTe MOJYUYHM:
A(X) = R)h() = a(0)gl)h(x) = a() X" + 1) = a()s(x)a(x),
rae s(x) — CHHAPOM OLIMOKHU, BLITIOJIHSIIONIMIA posib Koja olunodku: s = r. [1pu Takoi
opme KoAMpPOBAHKS TIPH TOM XK€ MHGOPMAIIMOHHOM CJIOBE U TTIOPOXKAAIOLIEM MHOTO-
YjleHe, YTO U B IPEABLIYILEM cliydae, CHOpMUPYETCs APYTOi KOJOBBI MHOTOUWIEH:
=0+ A+x+x)=1+x+x"+x° f=1100101.
B nipoliecce 1eKOAMPOBAHUS N0JYUMM HYJIEBOK CHHAPOM:
A =fOhx) =1 +x+ 5+ (1 +x+ 2 +xH=1+x +x +x'%
A = asa = 1001 000 1001; s = 000.
Iyctb npousoluen ¢6os u O6b110 T01yueHo ¢1oso f = 1100001; Torga B pe3ynbrare ge-
KOZXMPOBaHHs BO3HUKHET Habop: A' = 1001 111 1101 ¢ cunapomom ommbkus = 111.
BMecTo MHOTOUWIEHOB MOXHO UCIIOIb30BATh MATPHUILLL. YTOOB! MOJIYUHTH KOJOBOE
CJIOBO f, HY>KHO UHPOPMALIMOHHOE CJI0BO @ YMHOXUTD Ha MOPOXAAIOLTYIO MaTpuLy G,
T.6. f=a(G. Tak, ecnu a =011 — yudopMallMOHHOE CI10BO U3 k= 3 CUMBOJIOB Y 33aIaHa
TOPOoXAaKoLIasd MaTprla G pa3MepHOCTH 3 x 5, TO KOTOBOE CIOBO fOYyNET COCTOATh U3
M = 5 CHUMBOJIOB, H3 KOTOPbIX [IBa MTOCJCIHUX (m = 2) SIBAAIOTCS NIPOBEPOYHBIMM:

1 0010
f=aG=(011)0 1 0 0 1|=01110.
00111

Orkygna xe GepyTcd nopoxiaiouie Marpulbl G 7 OTBeyaeM: NOPOXIAIOIIAA MAT-
pHLA MMOTyYaeTCs MyTeM MOCAe10BaTeNbHOTO CABUTa COOTBETCTBYIOLIETO MOPOXKAAIO-
111ero MHOTroOuIeHa g(x) no paspsiaam Brnpaso. [locienoaTeIbHOMY CIBUTY BITPABO OT-
BeyaeT yMHOXeHHe g(x) Ha x "

g(x) g & & - & 0 .. 0
xg(x) 0 g & - &uwy &m - O
G=| x’gx) [=| 0 0 g . 8&uwos &, -- O
xgx)) L0 0 0 ... g & - &n

[Mopoxaalolast MaTpuua G UMeeT pasMepHOCTD (k — 1) x m, NOCKOJIbKY AJIs CABUIa
Bepyrca crenenu x’ B npeaenax 0 <7< k — [, a cTeneHb MOPOXKAAIOLIETO MHOTOWIEHA
g(x) paBHa m. Mbl 3HaeM, UTO KaXKIOMY TOPOXKAAIOIIEMY MHOTOYIEHY COOTBETCTBYET
[IPOBEPOUYH It MHOTOUWIEH A(X), KOTOPBIi HAM yA00HO 3anycaTh B NOPSAKE yOLBAHUA
CTENeHen:

gy =gt gx t g . g X" A =k b X+ L+ b,
npuueM x” + 1 =g(x)h(x), rue, HAMOMHUM, 1 — 0B11iee YMCI0 CHMBOJIOB, K — YHCIIO MH-
(POpMALMOHHEBIX, a M — YHCJIO NPOBEPOYHBIX CHMBOJIOB B KOJOBOM CJioBe. Eciu cyine-
CTBYeT Nopoxaarwas Marpyua G, To 10/KHA CyHeCTBOBATh M COOTBETCTBYIOLIAS el
nposepoyHasn Matpuua H. JedCcTBUTENbHO, TAKYI0O MATPHUILY MOXHO MONYYUTD IIyTEM
NOCEA0BATENbHOIO C/IBUIA ITPOBEPOYHOT0 MHOTOWIeHAa A(X) BJEBO:
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h(x) 0 0 hk h2 /’ll ho
xh(x) 0 ... h, h, ... h hy O
H=| x*h(x) |=| 0 by hey . g 0 0
x"hx)) \h, .. hy 0O .. 0 0 O
[IpennonoxumM, y HaC €CTb KOHKPETHBII MOPOXAAIOLIMIA MHOTOYNEH g(x) = 1 +
+x2+ X ITpoBepouHbIit MHOTOWIEH A(X) HAXOAWUTCS MPOCTBIM JeJIeHUEM MHOTOYJIe-
Hax' + 1 Ha 3a1aHHbBIA MHOTOWIEH g(x); B pesyibTaTe MeeM: A(x) = S+ +2+1.B
COOTBETCTBUH C BBHILLIENPUBEASHHBIMU OMNpeaeaeHUSIMHA, HAXOAUM KOHKPETHBI BUJ
nopoxjamolueit G 1 npoBepoyHoit A MaTpuu:
1 011 00 :
0 0 0 01
X , H=|0
1

1101
G = 1 01 0| GH*=(HG**=0.
0100

11
11

[ ]
O -

1 100
0110
0001011
TlocaeaHee paBeHCTBO rOBOPUT O TOM, YTO MaTpuilbl G 1 H OpTOroHaJbHEl OTHO-
CUTEJIBHO APYT ApyTa (3B€3404Ka 03HAYAET Orepallvio TPAHCIIOHHPOBaHUSI MATPUILBI).
PaccMorpenHbie G M H MaTpUlibl Ha3bIBAKTCS AeHMOYHbIMU, TIOTOMY YTO HYJIU U

€IUHULbI BIOJb 00EUX IMaroHaleit 3THX MaTpULL 006pa3yloT ceoeolpasHbie JeHTh. Ho
Jiobast JEHTOYHAd MaTpuila MOXeT ObITh CBEAEHA K cUCmeMamu4eckomy BULLY:

G':(EkkuGmxk)’ H':(flkxm[mem)’

rne £y, E,  ,, — €AMHUYHBIE MATPULIBL.

Cyl1ecTBYIOT I10 KpaitHeil Mepe /iBa criocoba CBeAeHUS IEHTOYHBIX MaTPHIL K CHC-
TeMaruyeckomy Buny. IlepBolit Hanbosee HanexXHbIH CIOCOO COCTOMT B HAXOXACHUHU
PsZA OCTATOYHBIX MHOTOWIEHOB. Eciu r(X) — OCTATOYHBLA MHOTOWIEH OT AeNeHus X
Ha MOPOXAAIOUIAI MHOTOUJIEH g(X), TO CyMMa 3lIEMEHTOB r(x) + X’ JAIOT CTPOKM CHUC-
TEeMAaTU4YECKOI MaTPHULILl G. AHAJIOTUYHBIM CrIOCOO0M HAXOMSTCS CTPOKH MPOBEPOY-
HoO# MaTpuubsl H. Bropoii crioco6 3axiioyaeTcst B TOM, YTOOBI HAWTH COOTBETCTBYIO-
L{Ue JMHEeHHble KOMOMHAUMY CTPOK WIU CTOAOLIOB UCXONHBIX MATPHIL IEHTOYHOTO
tumna. Haitnem G'v H nas Haulero npeablaylero ciayyas:

G =+ +1)1+x2+1, 1+ + %
K= HL D) (x+ 1)+ x ], 1+x+x+ x4
=+ + D +Hx+l)+x+1, 1+x+x;
L=pP+2+1) P+ +) + 2 +x, x+ X+ 2.

H X=+32+2+) @+ ++2+x, L+X5+2+x
o) b D], X+t

=+ D) 1+ YA+ A+ 1
OO0 0y g
G:i 100 ol H'=0 100111
0 10 00 11101
01 10 0 0 1
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DTH ABE CUCTEMATUYECKUE MATPULIBI MOXHO ObLIO ObI TIOJTYYUTD MMYTEM CIIOXKEHHS
BEKTOPOB-CTOJIOLIOB MCXOJAHBIX JIEHTOUHbIX MaTpUll (HATIOMUHAEM, CYET CTONOLIOB
U1sl MaTpyLUbl  HAYUHAETCsl C HyAs, a U1 MaTpulibt H — ¢ niectu).

G  0=1+2,1'=1+52=3,3=0,4=1,5=4+1,6=6;
H:  0=51=32-43=24=65=1,6=0.
Tenepb MOSACHHUM, KaK COCTABUTbL IPOBEPOYHLIC COOTHOLICHHUA U ONPECACIUTD

KOJBbl OLIMOOK §; 110 U3BECTHOM f1pPOBepOYHOIA MaTpulie. C 3TO) LEJbIO BRIMTULIEM TPH
PaBEHCTBA, OTBEYAKOILIMX CTPOKAaM MaTpULbl H ':
Si=hgthy+hy+h=0,5,=hs+hy+h +hy=0,85=h4+ hy + hy + hy=0.

Ipu oumbke B cMBOIIE Ay CyMMBI §, U §3 U3MEHSITCSt Ha 1, a npu oiuOxe B 4; He OyAyT
paBHbI HYJIIO CYMMBI §; Y §,. TakMM 06pa3omM, MOXHO COCTABUTB BCE KOABI OLLIUOOK AJIS
BCEX CUMBOJ0B (TabJi. 2.87). [Ipy onHOBpeMEHHOM MOSIBICHUM OLUNOOK B ABYX CHUMBO-
J1ax, HanpuMep B A5 U A, KOAbI OLIMOOK OYAYT CKIaAbIBaThCS; B JAHHOM KOHKPETHOM
cJIyJyae KOJ CTAHOBMTCSI TAKUM XK€, KaK ¥ IIPH OIMHOYHOI olinbKe B cuMBoe A;. [Toa-
TOMY, XapaKTepu3ysl KOI C TOYKHU 3PCHUS OMEX03aliMUIEHHOCTH, Mbl JOJDKHB CKa-
3aTh, YTO OH OOHAPYXXUBAET U UCTPABISIET 100 bIE OJIMHOUHBIE OIIWOKH, a TAKXe O0Ha-

PYXMBAET, HO HE UCTIPABJISIET IBOHHbBIC OLINOKH.
Tabnmuna 2.87

hy $1 52 53
g 011
e 110
o 111
hs 101
hy 001
hs 010
hs | 100

TToMexo3alIMILIEHHOCTb KO/1a MOXHO BBISICHUTb HA OCHOBE H3BECTHOTO KOJIOBOTO
pacctositusi. KomoBoe paccTossHHe MEXIY CIOBAMH @ U b ONpeaesseTcss Kak YUCHO
HECOBMAJAIINX CUMBOJIOB B OTHUX c/ioBax, HanpuMep: a = 10110, b = 11011, 3aech
paccrosiiue paBHo d(a, b) = 3. KoppekTHpylouimii Ko citocobeH UCTIPaRISTh Mio0bIe
KOMOMHALMY U3 M Y MCHBLIIETo YU 1A OLIKHO0K, €CIM €10 MUHMMAJILHOE KOIOBOE pac-
CTOSTHHE YAOBJIETBOPSET YCIIOBUIO: d,,;,, > 2m + 1. L1 WUIOCTPALIMH 3TOTO HepaBeH-
CTBa TIpUBEeM CICIYIONIMH npuMep. Bo3bMeM TpU psSIIOM CTOSIIIUX CJIOBA (TEPMHH
«PSIIOM CTOSILIME» O3HAYAET, YTO MEXITY STUMH CIIOBAMHU IPYTMX CJIOB OBITH HE MO-
xer): a=0100, b=0110, ¢ =0010. Jns moayyeHUs COOTBETCTBYIOIIMX KOJOBBIX CJIOB,
UX HY>XKHO YMHOXUTb Ha TIOPOXKAAIOIYIO MATPUILY, KOTOPYIO MBI BO3bMEM U3 IPEIbI-
pyutero mpumepa G ': f, = 1110100, f,= 0010110, f.=1100010. Konossie paccTostHust
MEXY 3STUMHU CJI0BaMM paBHbl: d(f,, f;) =3, d(f,, f.) = 4, d(f,, f.) = 3. Ilpeanoroxum, 4ro
NIpH nepeaade vHGopMauuy B KaHaste CBA31 NPOU301LIesi CO0H U BTOpoe KOTOBOE CIIO-
BO M3MeHwiock Ha f, = 0110110. Toraa no MUHUMAaTBHOMY KOILOBOMY PacCTOSTHUIO

MBI BCE X€ CMOXEM OIPEIETUTD, YTO U3 TPEX BO3MOXHBIX CJIOB IEPEIaBaIOCh CKOPEe
BCETO CJIOBO f, Tak KaK: d(f,, f,) =2, d(fy, f,) =1, d(f,, f;)=3. Ecny xe Gbunu momnyiue-
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HBI JIBe OLUMOKY, HAMTPUMED, B TSITOM M YETBEPTOM pa3psiiax, TO CTAHOBUTCS HEToO-
HSITHBIM, KaKO€ U3 KOJIOBBIX CJIOB — fj WM f, — Ha CaMOM JieJie epeaBaioch, TaK Kak
[y =0111110, d(f,, f;) =3, d(f;, ) =2, d(f., f;)=2. Orcrona, ueM 6OTbILIE MUHUMAJTb-

HO€ KOJIOBOE PACCTOSTHUE MEXITY CJIOBAMU, TeM JIy4llle 3aliuileH Koa oT rmomMex. [1o
BBILLENPUBEICHHOMY HEPABEHCTBY MOXHO YCTAHOBUTB, YTO NpH d,,;, = 3 uncno obHa-
PYXEHHBIX M MCITPABJeHHBIX OLUUOOK He MOXeT ObITh O0Mbllie OMHOU (m < 1), HOCKO-
abKy m < A(d,,, — 1)/2.

K ckaszanHomy no6aBuM, 4TO BCe KOIb! OLIMOOK, IMpeAcTaBlIeHHble B Tabun. 2.87,
MOXHO ObLJIO Obl YCTAHOBUTD U 1O TIpoBEpouHO# Marpuuie H'. C 3TOH HeAbIO KaXI0e
KOJIOBOE CJIOBO HEOOXOIUMO ObUTO OB YMHOXATh HA TPAHCIIOHUPOBAHHYIO MATPHLYY
H':s=f(H")*. Bce paccyXaeHHUs Mbl TPOBOAUM Ha MAaTpULIAX, 3ATUCAHHBIX UMEHHO B
cucreMaTHyeckoi opme; eciu OpaTh e HTOUHbIE MATPHLIEL, TO HHPOPMALIMOHHBIE U
MMPOBEPOYHbBIE CUMBOJIBI B KOJIOBBIX CJI0BAaX OKaXYTCS IepeMeLIaH HBIMU, YTO BBI3bIBa-
€T OoIpeneneHHble Heya100CTBa MPU AeKOAMpoBaHUH. s 3aKpenieHUus1 MOCIeAHETO

Marepuana, UccacnyemM rnoMexo3allMiEeHHOCTh HETPUBHUAJILHOTO KoJa € 1 = 15n

gxy=1+ x4+ x°+ X7, Menennem xP° + 1 Ha £(X) HaXOAUM TIPOBEPOYHbI MHOTOYJIEH

7 .
h(x)=x8+x + x50+t 1. IMopoxnaiowiasi U TpoBepOYHbIE MATPHILILI B JIGHTOYHOM
dopme uMeIoT BUI:
0010110
:)(1)0001011388882 0000001 11010001
0010001 01100000 000001 110100010
00010001 0110000 00001 1101000100
“=lo000010001 011000 7500011 1010001000
001110100010000
001000101100
883000100010110 011 1010001070°000
0000001000101 1 11 1010001000000

MeToa0M 0CTATOUHOTO MHOTOUJIEHA HAXOMM 3TH XK€ MaTPHLIbl, HO 3aITMCAHHEIE YXE B
CHCTeMAaTHYECKOI popme:
1 1o 1t

o O O

[ R B R -]
=]
_0 = O D O
— e D e e e
SO = =0 =D
D - - D = OO
—_ -0 = O O O

[ =

ol

I
o O O o o o -
(=Rl B i o
o O O = O © O
[=EN =R - -}
[ o B i e i o N )
e O e

1
1
1
0
1
1
0

0

—_ D e e O OO

OO 0O o O =0
=

[ R~ B =T T o)

[ === R o R o)

(=R N
(=R -
(= e == )
R N e T
—_ e D D e o o= S
=R R el Nl
(=Rl I 2~ I RN -]
oo o o = O
=] =

[

—_ 0 o o O

KoMOuHMpYst CTONOLB! HCXOIHBIX IEHTOUHBIX MaTPULL, Mbl MOXKEM JMIUHUN pa3 ybe-
JUTHCS B IPaBUILHOCTH HAXOXIEHUST 3TUX MATPULL

G: 0=0+8 1'=1+9,2=2+10,3=3+11,4=5+6,5=6+7,
6=7,7=0,8=1,9=2,10=311"=0+4,12=1+5,
13 = 13 + 14, 14' = 14,

H': 0=3+13,1=0+6+12,2=11+53=3+6+14,4 =9+ 14,
5 =8+13+14,6=0+1+12,7=4+14,8=14,9 =1+ 5,
100=0+4,11'=3,12=2,13 =1, 14' = 0.

il
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[IpoBepoyHbie COOTHOLUCHHUS PABHBI:
sp=hyg+ byt hg+ byt hy=1,
Sy=hyy + hgt hs+ by + =1,
Sy=thyy ths byt g+ by =1,
Sy=hyy * bty by By =1,
Sg=hy+ by + by + hy+ by + by =0,
Se=ho+ hgt hs+ hy+ h + hy=0,
Syg=hy + by + hg+ hy + hy= 1.

Bce xoab! olIMOOK npeacTaB/ieHbl B 1ab. 2.88.
Ta6bnuua 2.88

h; 51505354555657 hy 5150535455557
My 1110010 hg 1111000
m 1101111 hg 1111011
o 1010101 Mo 1111101
hs 0100001 114 1110001
4 1000010 M2 1101001
hre 0001111 A3 1011001
Hg 0011110 14 0111001
hy 0111100 - —

TToMexo3aMiLIeHHOCTb UCCIeYEM HA TPEX KOJOBbIX CI0BaX:
a=00110011, 6= 10110011, c = 10010011,
KOTOPBIE AAIOT CIeAYOLINE 3aLUHMILIEHHDIE [0C/IEA0BATEIbHOCTH!
/., =101000000110011, f,=001010110110011, f, =110001110010011.

PaccrosiHusi Mexny crosamu: d(f,, f;) = 4, d(fy, f.) = 6, d(f,, f;) = 6. Tak Kak m <
< (dpyin — 1)/2 =3/2, naHHBIA KOJ MOXET OOHAPYXUTb U UCIPABUTL He Gosee OXHOMH
oo kH. HeicTBuresibHO, eciin B 10 u 14 pa3zpsaaax oAHOBpeMeHHO IPOH3ciiaeT cOoi,
T.. f; = 101000110110011, nosisarcs ABa OAMHAKOBBIX pacctosgHus: d(f,, f;) = 2,

d(fy. f5)=2,d(f., fp) =4, ¥ MBI HE CMOXEM ONPEIENUTH UCTHHHOE CJIOBO.

Hst 3a0aHUs NPoU3604bHO20 KOAA HYKHO YKA3aTh MOJIHBIM CIMCOK KOAOBBIX CJIOB.
Hanpumep, caeayioninii CMCoK CJIOB MMEET A0BOJBHO NPWINYHYIO (U151 CBOETO 3HA-
yeHMs 1 = 11) cTerneHb 3aMUILIEHHOCTH:

11000011000 10100100001 00110011000 00000011110 00100101000
10001001100 10010001001 01010000110 00010110001 00100110010
10000010101 10010100100 00001100101 00001111000 01000100011
11001100000 00110000011 11110000000 01100001010 01000110100
01011000001 10101010000 10001000011 10010010010 10000101010
01000001101 00111100000 00011010100 00011001010 01010101000

s 3amanvist yukauueckoeo Kolla 10CTaTOYHO yKa3aTh BCEro JIMUIb OIMH [OPOXAa-
IOIIUH MHOTOWICH g(X), a U151 3a4aHus auHeiiHoeo Koga C HyXXHO 3a1aTh CITMCOK Gas3uc-
HBIX KOJIOBBIX BEKTOPOB, B POJH KOTOPBIX, KaK Mbl YOEJUIUCh, MOTYT BBICTYNIATh KO-
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JOBBIE MHOTOWIEHBI f{x). JInneitHolid koa C siasieTcsl UMKIIMYECKUM TOJBKO TOTAA,
Korga CsBasieTcst udeasom B KOJblie MHOTOUIEHOB P, (x) (MoHATHE Uieaia Mbl BBETU B
npeabiayiiem noapasaeiie). Bo scsskom uaeane C cymecTByeT MOPOXIAIOIMNH MHOTO-
YyJeH g(x), KOTOpOMY KpaTeH Besakuii MHorowteH uaeana C. Eciu C — upean, To s
BCSIKOFO KOJOBOTO MHOrowieHa f{x) MOXHO TOJYUYUTb IIMKJIUYECKUE CIBUTH Xf(x),
ff(x), x3/(x), ... € C, T.e. CABUI'M CHOBA ABASIOTCS KOLOBBIMH MHOIOWIEHAMM, B 00-
patHo, ecsim C — UMKITUYECKHH KO, TO JUIsl BCSKOTO KOAOBOTO MHOTroujieHa f{x) ero
CIBUTH OYAYT KOJAOBBIMH MHOTO4NeHAMU. PACCMOTpeHHbIE KOJOBbIE CJIOBA CYTh BEK-
TOPBI JIMHEHHOIO NpocTpaHcTBa G Haza noneM [anya GF(q). Eciiv BbIpasuThCsi TOYHEE,
TO G SIBJISIETCS JIULb NOANPOCTPAHCTBOM NPOCTPAHCTBA F, MOCKONBKY Y HETO MMEETCS
OpPTOrOHANIbHOE AOMOJIHEHUEe H:

E = Ekxk . Gmrk :H;xm ,
H, =G E

mxn

kxm mxk

3/1€Ch CUMBOJI «3BE3/10UKa» 03HAayaeT TPAHCIIOHUPOBaHKE.

Ecnu f ectb n-MepHblit KOZOBbLIA BEKTOp, IMOJYYEHHBIX U3 UH(POPMALIMOHHOTO
CJIOBa @ C IOMOULIBIO Nopoxaatoleii MaTtpulbl G, To npou3BeneHue fH* = aGH* = 0,
T.e. H* nepeBoauT N1060i BEKTOP fU3 IMHEHHOTO NPOCTpaHCcTBa G B HYJIEBOI BEKTOD;
€CJIU XK€ TONAJeTCst TAKOW BEKTOp /', KOTOpbIil He OyAeT NpuHAAIeXKaTh THHEHHOMY
NpoCcTpaHCTBY G, TO MaTpula H* yXe He CMOXET IIEPEeBECTH €ro B HYJIEBOM BEKTOD,
CUTHAIU3UPYSI HAM 00 3TOM COOTBETCTBYIOLIMM CHHApPOMOM s. IIpuMepom kiiaccuye-
CKOro IMHEMHOIO KoAa siBiseTcs Koa XaMMHUHTa (#, k), AJ1s1 KOTOPOTO BBINOJIHSAETCSA
ycnosue: 1 =2" — 1. CornacHo 3Tomy ycaosuio B nojie Fanya GF(2) 6yaeM UMeTb Clie-
oyiomue koabl Xommunra: (7, 4), (15, 11), (31, 26), (63, 57), (127, 120), ... ; B oje
GR2%): (5, 3), (21, 18), (85, 81), (341, 336), ... ; B1IOJIE GF(2§): 9,7, (73, 70), (585,
581), ... ; Bione GF(24): (17, 15), (273, 270), ... . CywectByeT koa XomMmuHra (13, 10)
Han nojseMm GF(3) ¢ npoeepouroi MaTpuieit

I 111111100100

H=00111222T11/01 0],
1201201212001
110 KOTOPOil HETPYAHO HAUTH Mopoxaaloilyio MaTpuly G. CyLIecTBYIOT pa3iuyHbIE
MOIU(HKALIMY KOJOB XOMMUHTA, B UACTHOCTH, 3 KOJa (1, k) MOXHO IMOJYYUTh KOA
(n+ 1, k), KoTopblit criocoGeH MCIpaBIsATh, OAUMHAPHYIO OIIUOKY U OOHApYXUBATh
nBoiiHy10. Tak, LISt MOTMPUUMPOBAHHOTO Koaa XaMMHHTa (8, 4) NpoBepOYHOM MaT-
PULIEH CITYXKUT

1 1
H - 0 1
1 I
0

_—— O =

1
1
I
1

—_— S = =

1
1
0
0

oo O =
—_—0 O

0

Torna X TpeM BbILIENPUBEACHHBIM [IPOBEPOYHBIM COOTHOWIEHUSAM JOOaBUTCA elle
OOHO: S4=hy + hg + hs+ hy+ hy+ hy + b + hy=0. Eci oHO He BBINOJIHAETCS, 3TO 03HA-
4aeT, YTO NPOM301LTa OAMHOYHAS OLIMOKA, KOTOPYIO MOXHO MCNIPABUTh C TIOMOLUBIO
MEPBBIX TPEX COOTHOIEHU . Ecav nocieinee COOTHOIIEHNE BHIMOTHAETCH, HO HE BbI-
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TOJTHACTCS IO KpaHel Mepe 0/IHO U3 TIEPBBIX TPEX, TO UMEET MECTO ABOMHAas OLINOKA,
XOTSI UICMTPABUTD €€ OyIeT HeJib3sl.

Kon X3mMmunra (7, 4) HaMu yXXe pacCMOTPECH, MPHYEM Mbl TOKA3AJIN, YTO OH MOXET
OLITh MPeodpa30BaH B IMKITMYECKHH KO ¢ TIeHTOYHO! MaTpulielt G, 06pa3oBaHHOM OT
Mopoxaauiero MHorowteHa g(x) = 1 + X+ X, Jnsa xonupoBaHus UH(GOpPMALIMK U UC-
IpaBJIeHM s cpasy HeckoabKUX 060k boys, Yoyaxypu 1 XMKBHHIEM (COKpallleHHO:
kon bUX) npeanoxunu ucnoib30BaTh CPa3y HECKOIBKO MOPOXKAAIONIUX UIIH, KaK Mbl
FOBOPHJIM B NPEABIAYILEM MOAPA3e/ie, HeIIPUBOAUMBIX MHOTOYIEHOB g/(x). fTopox-
Jaoumi muorowieH bBUX-Koga MOXHO MpeacTaBUTh B BUAE

g(x) = HOK|g(x), £(x), g3(x), ... , &)],
TZie g{X) — HEeMPUBOAMMbIE MHOTOWIEHbI, ! — YMCJI0 KCIPABICHHBIX OUUOOK. Tax, s
UCTIPABJIEHUS IBYX OLIMOOK (7= 2) ¢ IJIMHOW KOJOBOTO C/I0BA /1 = 2* — 1 =15 nonyyaem
CAEAYIOLLMI [TOPOXAAIOUIMH MHOTOWIEH:

g(x) = HOK[g,(x), £(x), &(x), ()] =
“HOKp +x+ L +x+ L+ + 2 +x+ 1, +x+1]=
S0t DR D=+,
3neck m=38, k=7, T.e. Mb nonyuuIn Koppektupyrowmnit BYX-komx (15, 7), otHoBpeMeH-
HO MCITPABIAIOUIMI B2 J1I0ObIX 6051 B KaHaje CBSI3U Npu nepegaye N = 2¥= 128 c006-
ureHuit. HermpuBoauMbie MHOTOUYWICHBI g1(X), 82(X), 85(X) ¥ g4(x) NpeABapUTEIHLHO ObLIN
HaMM HaiiieHbl U Telephb TOJBKO B3AThI U3 Tabs. 2.82.
g ucnpasiaenust Tpex olnbok (1 = 3) uMeeM CIeAyIOINA TOPOXIAIOWUH 3J1e-
MEHT:

g(0) = HOK[gy(x), £(x), £(x), £(x), g5(x), &(0)] = (" + x + 1)x
x(x4+x3+x2+x+ ])(x2+x+ 1)=x10+x8+x5+x4+x2+x+ 1,
kotopslii gaer (15, 5) BUX-koa. [1pu t=4, 5, 6, 7 6yneM HUMETh OIMHAKOBBIE TOPOXKIA-
I0HIME MHOTOUYNEHB], OTJIUYAIOIIMECS OT xf5 + 1 HaMHOXUTENbX + 1, a OT IPEABIAYILETO
ciyJyast Ha MHOXUTENb X" + x° + 1, Te.
g0 =X XA R A+ L
Orot BUX-koa criocodeH HecTH TULIB OAuH OuT undopmauum — (15, 1).
ABaJIOTUYHBIM 00pPa30M MbI MOKEM HAMTH NTOPOXIAIOLINE MHOTOWIEHBI LIS APY-
rux BUX-koxoB. Bocmonb30BaBIIMCE TOJHBIMU TAOJULIAMY HETIPUBOIUMBIX MHOTO-
yireHos (Tab. 2.83 — tab1. 2.86) MBI CIIOCOOHBI UCTIPABUTH A0 32 ONHOBPEMEHHO NTPO-
usoleaInx on6ok (tada. 2.86). JII0OONBITHO CPABHUTH MTOMEXO3ALMIIEHHOCTh
BUX-kona Hax nonem muorouneHos GF(2Y) (ta6n. 2.82) u GF(42) (tabn. 2.89).
ITopoxgaloliuii MHOTOUWIEH IS UCTTPABACHUS OAWHOYHONI OIMHOKH B IoJe
GF(42), KaxeTcs, NMPMHUMITHARBHO HHYEM HE OTJIMYAETCS OT MOPOXAAIOLIEr0 MHOIO-
YJIeHa B TI0JIE GF(24) (g(x) = xtx+ 1):

g(x) = HOK[g,(x), &) = (2 + x + (X +x+ 3 =x*+ 2 + 2% + x + 3,
KOTOpHIi TOoXKe AaeT Kon (15, 11).
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c’ m_-c+n gi (X

c! c X+ x+ 2

c? c+2 X+ x+ 3

c3 3¢+ 2 X2+ 3x + 1

c4 c+1 X+ x+ 2

c?d 2 x+ 2

ch® 2¢ Rt 2+ 1
c’ 2c + 3 X2 4+ 2x + 2
ct c+ 3 X+ x+ 3

c? 2c+ 2 X+ 2x+ 1
c10 3 X+ 3 B
c ! 3¢ X2+ 3x+ 3

c 12 3c + 1 X+ 3x + 1

c 13 2c + 1 X+ 2x+ 2

c 14 3c + 3 X2+ 3x+ 3
cls 1 x + 1

Tabnuua 2.89

I'onpomalomnﬁ MHOTOWIEH JJIs1 UCIIPAaBAEHUS IBYX OLUIMOOK LIS GF(24) ObLI g(x) =
=+ X+ 1,utonasankon(15,7); ans GF(42) GyneM uMeTbyxke kom (15, 9):

g(x) = HOK[g(x), £,(x), g3(x), &(x)] =

SO x (XN LAt =

=X 3 2+ 2+ L

CreneHpb MHOro4JieHa g(X) nojiy4uaach Ha IBa TOPSIIKA HUKE, a 9TO 3HAYMT, UYTO IaH-
HBIH KO TPH TOM 3Ke IMOMeX03allMIIEHHOCTH UMeeT NPeUMYI1LecTBO: U3 15 CHMBOJIOB,
OTBEJEHHBIX Ha KAXI0€ KOJOBOE CJI0BO, Y HETO BMeCTO 7 OyAeT yxke 9 uHdpopManoH-
HBIX CUMBOJIOB, IPUYEM KaX/Iblit CHMBOJ NprHuMaeT3HayeHusiHeOu 1,a0,1,2u 3.

3. IT'PA®DbI

3.0. BBeaenne
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JlokazatenbCcTBa MCTUHHOCTH JIOTUYECKUX TOXKACCTB ¥ KAay3 MAJIO Y€M OTIMYAOTCS OT
@bluuUCAeHUl, TATIA

(@a+b)*=a>+2ab+ b6 wm 3x(4+5)<30.

HsyyeHue rpynil TakXe CBEIOCh K UCHUCACHUIO HEKUX MaTEeMaTH4YECKHX CTPYKTYD,
OCHOBAaHHbIX Ha PA3I0XeHUSX, TUTTA

2x2x2=8, 3x3x3=27, 2x3x5=30,..,

K CPABHEHUIO ITUX PABEHCTB MEX]ly COOOH, K Uccaedo8anuio BIVSTHUA COCTaBa IIPOCTBIX
COMHOXMUTeNeH Ha npupoay rpynn 8, 27, 30 u .. nopsaxkos. I1py aToM GobliIas 4acTh
o0beMa U3JIOXKEHHOI0 HaMW MaTepuasia Obljia IOCBSIILICHA KOHKPemHbiM TPYTIHAM, aHAa-
JIN3Y BIX CTPOCHHS H COCTaBa, HO Mbl HE KACAIACh AOCMPAKmHBIX TEOPEM, KOTODEIE, COD-
CTBEHHO, 00PA3YIOT arzebpauteckyio meopuro epynn. AHaJOTMYHbBIH MOAXOJ Mbl ITOTIBI-
TaeMcCsl UCIIOJIL30BaTh IPU U3ydeHuu U rpacdoB. Hac He 6ynyT mHTEpECOBaTh MHOTO-
YUCNEHHbIE OTBICYEHHBIE TEOPEMBI, KOTOPbLIMU MTOJIHBI YaeOHUKU, HauuHas ¢ K. bepx
«Teopus rpadoB u ee npuMenenusi» (M.: U1, 1962), O. Ope «Teopus rpadop» (M.:
Hayka, 1968), ®@. Xapapu «Teopus rpacdos» (M.: Mup, 1973) u np. Kpuruka @. Kineit-
Ha B OTHOIUEHH U U3JI0XEHUS TPYIII HaM [IPeICTABISAETCS BO MHOTOM CIIPaBEeIIMBOA 1
B OTHOIUeHUY rpadoB.

Wznoxenune Teopun rpagoB B COBPEMEHHBIX YIEOHUKAX HAUUMHAETCS C PACCMOTPE-
HHS HOBOJBHO OUYEBUJHOTO CUHTAKCHMCA U JUTMHHOTO ClUMcKa Ae(UHULIMIA, TIe TOBO-
pUTCS O IBYX MHOXecTBax Vu X

DieMeHTH MHOXECTBA V ByaeM Ha3bLIBATh eepuiunamu, a SIeMEHThI Habopa X — pebpamu. B
ob1ueM caydae B Habope X MOI'yT BCTPEUaThes raphbl ¢ OTWHAKOBLIMM 31eMEeHTaMu Buaa (v, v), a
TAKKE OJMHAKOBBIE Napbl. Pebpa Buna (v, v) HasbiBaloTes nemaamu. OMUHAKOBbIE APkl B X Ha-
3BIBAIOTCA Kpamubimu (WA napaaneasibimu) pedpamu. KonndecTso oqMHaKoBbIX Map (v, w) B X
HaskIBaeTCs kpamHocmeio pebpa (v, w). ITpo Muoxkectso ¥'u Habop X GyieM roBOpUTh, YTO OHU
ONPEENSIOT 2pagh ¢ kpamubimu pebpamu u nemasmu (MU nceedozpad) G = (V, X). Tlcenorpad
6e3 neresb HasbiBacTesa rpadoM ¢ KpaTiibiMu peBpamu (Wim myasmuepagpom). Ecnu B Habope X
HU OIHA Mapa He BCTpedaeTcs Goee OAHOTOo pasa, To Myasturpad G = (¥, X) Ha3blBaeTcs 2pa-
¢gom. Ecnn maphl B HaGope X ABJISIOTCS YIIOPSUIOUCHHBIMU, TO Tpad HA3BIBAETCS OPUEHMUPOBAH-
Hvim (KpaTKO — opepagom). PeGpa oprpacda HaspiBaloTes dyeamu. Ecau napsl B Habope X ABS-
FOTCS HEYTIOPSIIOYEHHBIMU, TO Tpacd Ha3blBaeTCst HeopueHmupogarnbim rpadoM (WM MpOCTO
rpadom). PeOpa B HeopuenTupoBaHHOM rpade (B oTndMe OT AYT B oprpade) dyaem obo3Ha-
yarb {v, w}. Heopuentuposanusic rpadsl 6ynem o6o3nauars 6ykBoi Gunu G ¢ nHaekcaMu (Ha-
npumep, G,, G, ...}, aoprpadul — 6yksoit D wnu D¢ uunekcamu (Hanpumep, Dy, D,, ...). Kpome
TOTO, ICrOBOPHUMCs 0603Ha4YaTh BCPUIMHBL OYKBaMK v, U, w (6€3 MHAEKCOB WU C UHIEKCAMU),
a pebpa ¥ Iyrd — OykBaMmH X, ¥, 7 (6€3 UHACKCOB WM C MHAEKCAMM).

Bcrony manee 6yaeM COOTBETCTBYIONLYIO HEKOTOPOMY rpady reOMeTpU4ecKyIo KOHGHUrypa-
LHIO, B KOTOPOH BEPILMHBI H306PaXeH b KPYXKOUKaMM, a pedpa — JUHUSIMM, COEAUHSIOUINMHU
COOTBETCTBYIOUINE BEPIUMHDI, HA3BIBATL U300paxcenuem 3roro rpada. Tpu nzobpaxeHnn opr-
pada HanpasJicHUsI AyT 6YACM OTMeYaTh CTPEJIKAMK, TPUMBIKAIOIMMU K WX KOHLaM... <[larnee
WUIOYT NPUMEDEL.>
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Ecnu x={v, w} — pebpo rpacda, To BepLLKMHbI v, w Ha3bIBAIOTCS KOHKaMu pedpa X; B 3TOM ClTy-
yae TakXe FOBOPAT, 4TO pebpo X coeduHsem BEPUIMHDL V, W.

Ecau x= (v, w) — ayra oprpada, To BeplIMHa v Ha3bIBACTCA HA4dA0M, A BEPLUWHA W — KOH-
YOM IYTH X, B 3TOM CJTy4yae TAKXKe FOBOPST, UTO AYTA X UCXOOUM U3 BEPUIMHBL V U 3aX00Uum B BEP-
[INHY W.

Ecnu BepuunHa v gaBsisieTcst KOHLUOM (HAYa10M MM KOHLIOM) pebpa (AyTu) X, TO TOBOPAT, UTO
V U X UHUUOEHMHD.

Bepiunbel v, wrpada G = (V, X) HasbIBaOTCS cmexchbimu, ecu {v, w} c X. JIBa pebpa Ha3bl-
BAIOTCA CMEXHBIMU, €C/IM OHU UMEIOT OGLIYIO BCPILUHY.

Cmenenbro BepilMHB v rpacda G HasbiBaeTcs yuciio 5(v) pebep rpacda G, MHUMACHTHBIX BEP-
wmHe v. Bepuinna rpada, umeroiasi crenetb (0, Ha3bIBACTCS U304UpO8ANHHOI, a CTeNeHb 1 — 6u-
caveil'.

HasepHoe, He0OXOIUMOCTDb 3TUX M JIPYIHX MOJOOHBIX UM ONPEAENeHUH He BBI30-
BET HU y KOro coMHeHMid. TeM He MeHee HaM KaXeTCsl He CIMIITKOM BaXKHBIM, KaK Ha-
3BaThb TOYKHM, COCAMHEHHBIC JMHUIMMU: «rpadom», «oprpadom», «MmyrbTUrpadom»,
«riceBaorpacdom». I'padbl, NOCTPOCHHbIE HA OCHOBE pealibHBIX CTPYKTYP, CAUIIKOM
pa3HoOo0Opa3Hbl, YTOOB! UX KIACCUPULMPOBATH IO TEM IIPU3HAKOM, O KOTOPBIX TOBO-
PMWIM pOJOHAYaJIbHUKHY 3TOH HaykKu. Hac riioxkeT COMHeHbe: Hy>XXHO JIM BooO1lie pas-
JINYaTh TAKUE TIOHSTHS, KAK «PEOpPO» — «yra», «KOHTYP» — «HUKI», «TIYTh» — «Map-
LIPYT», «IEHTP» — «LIEHTpOUI» U T.N. Beab Ha npakTuke (a rpadbl BOCHOBHOM UMEIOT
MPUKJIAAHOE 3HAYCHHME) BCE 3THU Psiabl TEPMUHOB 3a0bIBAIOTCS W 3aMEHSIIOTCA Ka-
KUM-JTHM00 OMHUM CIIOBOM: «rpad», «pebpo», «LIMKII», «[IyTh», «lleHTp». UHpopMaTn-
KY TPYIHO MOHSATD, No4YeMy rpad ¢ neTjiei yxxe He sIBISIETCS NOJTHOLUEHHBIM I'padoM, a
TOJIBKO «IiceBaorpadoM». DTH epeTUYeCcKre HaCTPOSHUS TONIKHYJIM HAaC Ha BBeICHUE
fosee BOJIbHOM TEPMHUHOJIOTUHU. B 4acTHOCTH, c/ieyIOLIMM HE CIIMITKOM NPUHIIMITHA-
JILHBIM PA3JIMYUEM, B3SITBIM U3 LIUTUPYEMOIO yueOHHKa, Mbl O€3XXaTOCTHO TOXEPTBO-
BAJIU;

Beenem nousitne mapupyma mwisi rpada G = (V, X) (1 COOTBETCTBEHHO NOHATUE nymu A
oprpada D = (¥, X)). TlocnemoBaTeJbHOCTD

VX VXV XV, (4.4
(rmek21,v,eV,i=1, .., k+1,x¢ X,j=1, ..., k), B KOTOPO# uepeayloTCs BepILMHBL U pebpa
(nyru) ¥ Ui Kaxaoroj =1, ..., k pe6po (ayra) x; umeeT BUA {V,, Vi i} ((V;, V4 |)), HA3BIBAETCA Map-

LIPYTOM, COCAVHSIOLLNM BEPILMHBL V}, V, , { (IIyTEM U3 V| B v, + 1), IPX 5TOM v, Ha3bIBaeTCA Ha-
4anbHoll, V; . | — KOHEYHOH BEpLIMHAMU MaplipyTa (ImyTH) (4.4), a oCTabHbIE BEPLIMHbI 6HYM -
pennumy. OfiHAa ¥ TA X€ BEPIIKHA MOXET OJHOBPEMEHHO 0Ka3aThCAd HAYaIbHOW, KOHEYHOM U
BHyTpeHHEHN. [TocnenoBaTeIbHOCTD BEPIIMH B MAPLIPYTE OINPEACNsCT Ha pebpax, BXOASIIUX B
MapUIPYT, OPHECHTAIINIO. 3aMEeTHUM B 3TOM CBSI3M, UYTO OPUEHTALIMIO HEKOTOporo pedpa x = {v, w}
BCErla MOXHO YKa3aTh IPH 3aIIMCH €TI0 Kak napsl BepiuuH. HanpuMep, 3anucs {v, w} yKa3bIBaeT
Ha TO, YTO PeOPO X OPUEHTUPOBAHO OT BEPIUMHBI V K BEPUIMHE W.

Ipumep 4.7.

1. TTocaenoBatTebHOCTD V X, V,X,V,X,V, — MapLIPYT, COEAMHSIOIMI BEPLUUHEL V,, V, B rpade G
(cM. nipumep 4.2).

2. IMocnenoBaTeBHOCTB V,X,V,X,V,X,V, — IyTb U3 V, B ¥; B ODUEHTHPOBaHHOM 1icesaorpace D
(cM. mipumep 4.1).

Hedenor B.H., Ocunoea B.A. Kypc nuckpersoil Matemathku: Y4c6. nocobue. — M.: Usn-so MAH, 1992,
c. 161-163.
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3ameuanue 4.5. [locaenoBaresbnocTb (4.4) MOXHO OHO3HAYHO BOCCTAHOBUTD IO MOCJIENO-
BaTEJIbHOCTU

XX,...X, - (45

(ecnu (4.4) — MapuIpyt, OpeANoOaaracTcs, 4To B NOCACIOBATENbHOCTH (4.5) NOMONHUTENBHO

yKa3biBaeTCst opueHTanust pebep, onpenensieMast Mapuipyrom (4.4)), a cienoBarebHO, BMECTO
(4.4) MOXHO UCTIOTL30BATH 60J1€C KOPOTKYIO 3aNUCh (4.5). OTMETUM jlaJiee, YTO B ciyvyae, KOTaa

B [OCJICAOBATENLHOCTH (4.4) X,, ..., X, UMCIOT KPaTHOCTH, paBHbIC 1, €€ MOKXHO OHO3HAYHO BOC~
CTAHOBHTH MO MOCNIEAOBATENLHOCTH BEPIIUH
VYV, Ve s (4.6)

a cenoBaTeNbHO, BMecTO (4.4) TakKe MOXKHO UCTIONb30BaTh 0oJiee KpaTKyio 3anuck (4.6). B o6-
IHEM CJIy4Yae BMECTO MOC/ICA0BATEIbHOCTH (4.4) MOXHO UCIIONb30BaThH COKPAILIEHHYIO roCIe0-
BATEJIBHOCTE, B KOTOPO# ONYIIEHB! BCE X, KPaTHOCTH 1.

Pa3Be nHpopMaTHK WM KTO-AMO0 APVIO# U3 CNIELIMaTIMCTOB HE B COCTOSTHUH CaM
PEIIUTH, KAKUM CIIOBOM EMY TMOJIb30BATHECS — «IIyTh» UNUA «MapUIpyT», — U Yepe3 Ka-
KHe OYKBBI €ro MapuipyT-1yTh ayauie o6o3HauuTs? I'pagy — 5T0 HarnsaHbIN 06pa3s,
IOCTOMHCTBO KOTOPOTO KAaK Pa3 MU COCTOMUT B TOM, YTO OH TpebyeT MUHMMYMaA CJIOB U
CUMBOJIOB. B NMpUBEAEHHOM Xe OTPbIBKE 3TC MPEUMYLLECTBO NepeyepKUBAETCS.

TpamuuunonHas reopusi rpadoB, KAK HaM KaXETCH, MeperpyKeHa MajJonpoayKTUB-
HBIMHM N0Ka3ateabCTBAaMU. BOT 01MH M3 NPUMEPOR:

Ilyts B oprpade D 3 Bepiuniibl v B BEPLUMHY W, [AE V # w, HA3bIBACTCSH MUHUMAAbHBIM, ECIU
OH UMEET MUHUMAIbLHYIO IUTUHY CPEJIM BCex TIyTeit oprpacda D v3 v B w. AHATOTMYHO OTpeaes-
€TCST U MUHUMaNbHBII MaplupyT B rpage G.

PaccMOTpUM HEKOTODPBIE CBORCTBA MUHUMANbHBIX MyTeH (MapIIpyTOB).

VYreepxaenne 4.21. Jlroboii munumanvusiii nymo (Mapuipym) aeasemcs npocmoti 4envio.

Jloka3aTeIbCTBO MpOBEAeM [T MyTH (IUIst MaplipyTa OHO aHaTorudHo). ITpeamonoxum,
4YTO B HEKOTOPOM oprpade D Hatuencst MUHUMANBHBIA NYTh T = V,V,... V,, TIE V, # V,, He ABJIAIO-
mmiics npocToit uensio. Torna Hatinyrca Homepa 7, jTakne, uto 1, i<j, knv,=v, Ilycts i > 1,
J < k.PaccMoTpuM nyTh ¥\ v,... Vv, ... V. Ero mimnapasna (i— )+ (k— =k +i—j-1<k~1,
YTO MPOTHBOPEUUT MUHUMANBHOCTY . Cayyan /= | WiK j= k 10Ka3bIBAIOTCS aHATOTHYHO (Ci1y-
yast i = 1, j = k OGBITb HE MOXET B CHIY V, # V).

OnpeneneHne NpsiMOii B reOMeTPUU AACTCA Uepe3 IOHATHE Kpamuaiiliezo paccmos-
HUsg MEXIY NBYMSI TOUKaMH, T.€. TIPEATONAracTCs, YTO NIPEACTABIACHUE O MUHUMAALHOM
nymu TIEPBUYHO TIO OTHOWIGHHIO K CBOWCTBY AUHUM «OBITh TIpsiMOit». EcTh YTO-TO
OUYEHb CXOJIACTUYECKOE B OKA3ATENBCTBE NPUBEAECHHOTO YTBEPXIACHUS; HETIPEAB3S-
TBII YM 3TOMY NMPOTUBHUTCA. MaJio TOTo, YTO JaeTcsi TaBTOJIOTHYHAs nepUHUIUS (MU-
HUMQIbHBIN TIYTh ONpeAesieTCs] yepe3 MUHUMATbHYIO JUTMHY), 30eCh ellie AelaeTcs
TTOIIBITKA JoKa3amb akcuomy, KOTOPasi B reOMeTPUYECKHUX TEPMUHAX [JTACHT: Kpamuaii-
wiee paccmosinue mexcoy 0eyma mouxamu geasgemes npamoil, Cnenyiouiee 10Ka3aTeNbCT-
BO B 3TOM YYeOHMKE MOCBALLIEHO YX€ «YTBEPXKIEHHI0 O MMHUMAIBHOCTH NOANYTH MH-
HUMAIbHOIO MTYTHU».

IlonoGHBIX yTBEpXAEHMI B UMTHPYyeMOM yueGHHKe MHOXeCcTBO. OAHaKO UX 36pucmii-
Yeckas HEHHOCTb HaM IPENCTaBIISIeTCs JaTekKo He BeccrmopHoil. HMcuucienue MUCKPETHRIX
OGBCKTOB — BOT TO-HACTOSILIEMY 3BPUCTUYECKAS TPOLeAypa B MaTeMaTUKE, KOTopasl,
HApSTY C NOJydeHUEM HOBOIO 3HAHMS, UMeeT U JoKasartelibHyto cuiy. [ToaToMy, nzberas
OTBJICYEHHBIX PACCYKIEHUI, HE NPETEHAYS HA NOJIHOTY M CTPOIOCTh, CBE/ISI K MUHUMYMY

' Tam xe, c. 165.

?  Tam %c, c. 182-183.

HOPMATUBHO-JICKJIAPATUBHYIO 643y U ONepupysl UCKIIOUMTENIBHO ¢ KOHKPETUKOMR, MBI
MOTBITATUCH MAKCUMATBHO MPO3paydHbiM 06PA30M IPE/ICTABUTD T€ HEXUTPBIE MATEMATH~-
YyecKre OOBEKThI, KOTOPHIE YaIlle BCEro UMEHYIOTCS MPOCTO epagami.

3.1. Henn
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MHOXeCTBO mouek (gepuiui, y34108) 1 MHOXECTBO AUHUI (pebep, dye), KOTOPBIE COeTHU-
HAIOT 3TH TOYKH, Ha3bIBaloTcst epagom I. I'pad I (puc. 3.1a) v eMy momo6HbIe HA3BIBA-
€TCSl NOAHBIM, TIOCKOJILKY TPH €T0 BepLIIMHbI CBSI3aHbl Mexay coboit TuHusaMu. I'pad,
U300paXEHHbBIA Ha pHC. 3.10, IONHBIM yXe He Ha30BeHUIb, OMHAKO JMHHMHM TAKOTO Yac-
TUYHOTO rpada o0pasyioT noawyio yens. Llenb Ha3bIBACTCS HOAHOL, €CIV OHA CBA3LIBAET
BCE TOYKH rpada JUHUSIMH 6e3 06pa3oBaHusi neTeb U KOHTYpos. Llenu, cBA3bIBaloO-
LUE TOJBKO YaCTh TOYEK (pHC. 3.1B), MBI paccMaTpuBaTh ITOKa He GyAEM U, cIeloBaTe-
JIBHO, TEPMUH <«II0JIHAs» IPUMEHUTEIBLHO K LENH MOXHO OyIeT onyckaTh 6e3 pucka
OBITb HEMIOHSITHIMMU.

Henb UMEET 20408y U XxXgocm.
l'onoBa uenu TpUBA3BIBAETCA K
KakoH-11u00 TOUKe, KOTOPYIO MBI
OyneM B 3TOM cllyyae Ha3blBaTh
npueaskoii. Ans rpada I3, ecnu B
KayecTBe TPUBA3KH BBICTYIaeT
TOUKa @, UMeeM JiBe uenu abc =02,
ach = 12; eciv NpUBSI3KOIL SIBASET-
Csl TOYKA b, TOJYYHM €llne IBe
uenu — bac = 01, bca = 21; Hako-

a) 0) B)

b (4 °

Puc. 3.1

HEll, €CJIM ¢ — TIPUBS3Ka, To cab = 10, cba = 20 — uenu. BMecTo 11eCTH MBI Ha CAMOM

JieJie UMeeM TOJIbKO TpH Lenu A, By C, n0CKOJIbKY HE CTOJIb YK BaXHO, KaK 3allMcarb
LIETIb — C TOJIOBBI WM € XBOCTA; orciona A =01 =10, B=02=20, C=12 = 21.

OnHoll U3 TeM 3TOro Noapasie/a SIBAseTCs [MOUCK 2PYAR npeobpasoeanus uenei.
Heno B TOM, uTO, cKaxeM, uenb 01 nepexoaut B uenb 02 nyTeM 3aMeHb! JIMHKUHK | Ha
JIMHMIO 2 npy 2ToM JIMHUA 0 ocTaeTcst Ha MecTe. DTOT MEPEX0l MOXKHO 3aucaTh Kak 12
wiu 21. OGpaTHbIH Nepexoa LeTeit Apyr B Apyra OCYILECTBIAETCA PU IPOTUBOIO-
JIOXKHOI1 3aMeHe TUHHUIA, T.e. 12 =21. [lociaenosarenpHas 3aMeHa TMHMH: cHavana 12,
3areM 12, octabisieT ucxoaHyo Lens 01 ToxnecTseHHol camoii cebe. Ho ocyinects-
JICHUE JABYX pas/MuHbIX 3aMeH, HaripuMep, 12 u 01 110 OTHOLIEHUIO K HCXOIHOH LEMH
01, mpupoaut K npeo6pazosanuio: U3 01 B 02 u 3 02 B 12, 4To paBHOCUIBLHO AEHCT-
BUIO 3aMeHbl (2.

Hemnu oOpasyioT cybcmaniyuonHoe MHOXECTBO, a IpeodpasoBaHUsl — OREPAYUOHHOE.
IIpu 3aMeHe OTAENbHbBIX 3BEHBEB LENU YI00HO BOCIIOb30BAThCS A00UMUEHOI 3ATIUCHIO.
B yactHOCTH, AeiicTBUE rpeoOpa3oBaHMs M Ha LEMb /m BBIPA3UTCS Yepe3 CYMMBI:

01+12=02, 01 +02=12, 02+01=12, ...,
a Iepexoibl OT ONHOM LIETIH K APYTOii 3aIIMIIYTCS Uepe3 pa3HOCTH, HallpuMep, Ipeob-
pasoBaHue AB Bxak A— B=01 — 02 =12, obparHoe npeobpazoBanue Kak B— A=02 —

— 01 =12. Bce ocranbHbie npeobpa3oBaHus B {5 3aMULUYTCS ¢ TOMOILBIO CREAYIOLIMX
MIPOCTHIX BBIPAXKEHUIA:
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A—C=01-12=02, B— C=02 - 12=01,

C—A=12-01=02, C—B=12-02=01,

A—B—A=A—A=12+12=e¢, B-A—B=B—B=12+12=e¢,
A—C—A=A—A=02+02=e¢, C—A—C=C-C=02+02=e¢,
B-C—B=B—B=01+01=e¢, C—B-—C=C—C=01+0l=e,
C—A—-B=C—-B=02+12=01, B-A-C=B—C=12+02=01,
A—C—B=A—B=02+01=12, B—C—A=B—A=01+02=12,

A—B-C=A—C=12+01=02, C-B—-A=C—A=01+12=02.

Ilepes HaMyU MHOXECTBO 3JIEMEHTOB, YAOBICTBOPSIIOLIUX BCEM YCIOBUAM epynnbl.
KaXxao0e npeobpasoBaHue uMeeT o0paTHoe; TOCIEA0BATENbHOE ACHCTBUE IPAMOIo U
06paTHOFO MPeoOpa30BaHUM 1AET TOXACCTBEHHOE; [UTsT IFOOBIX TPEX Pa3JIMYHBIX I1pe-
oOpa3oBaHuii CrIPaBENINBO YCIOBHE ACCOLUATUBHOCTH; HAKOHEL, BCE MHOXECTBO
npeodpa3oBaHU 3AMKHYTO.

Onnako B rpachOBbIX IPYIax UMEIOTCS M BaXKHBIE OTJIMYMSI IO CPABHEHMIO C paHee
PacCMOTPEHHBIMM TPYIIaMy, a MMEHHO: HE BCAKOE MMpeobpa3oBaHKe g MOXeT Moce-
J0BaTh 3a NpeobpaszoBaHueM g, B yacTHocTH, npeobpazopanye 12 HE MOXET MOCIe0-
BaTh 3a rpeobpasobatuem 02, MOCKOJIbKY IepBOe OTBeyaeT nepexony lienu A s uens B, a
BTOpOE — Tepexoay uenu A B uens C; MexXny TeM paspelteH rnepexod oT Ax Buor Bk C.
Taknm ob6pasom, B rpadax Ha onepaiMoHHOE MHOXECTBO HAKJIAAbIBAETCHA XKECTKOE
OrpaHMYeHMe, NPOJUKTOBAHHOE CYOCTAHIMOHHBIM MHOXeCTBOM. CBOEHpaBHaA NpPU-
pona rpada MpOSIBASIETCS W B COBEPUICHHO HOBOM JIE/IEHHH 3JIEMEHTOB IPYIIbI Ha
KJIaCChl 9KBUBAIEHTHOCTH. 3/1eCh YK€ HET KJIaCCOB CONPSXKEHHBIX 2JIEMEHTOB U KJlac-
COB CMEXHOCTH, MHAYE HAXOASTCH [TOArPYMIIbl, OTCYTCTBYIOT AeuTenu 1 T.4. ITokaxem
Ha npuMepe rpymnbl Gy oT rpada I3, Kak MpoM3BOAMTCS TPYITIOBOH aHaIM3 rpada.

ITycTb BEpIIMHA ¢ TPEYTOJLHUKA, M300paXXeHHOTO Ha pUC. 3.1a, ABIA€TCA NPUBA3-
koit. Cie1oBaTeIbHO, OHA HAXOIUTCS B 0COOOM MOJIOXKEHUH OTHOCHUTENILHO ABYX IPY-
TUX BEPLIMH TpeyroibHuka — b v ¢. Tak BO3HMKAIOT JiBa KJlacca BepUIuH — {a} n {, c}.
CTOpOoHbBI TPEYrOJBLHMKA TAKKE PAa3OMBAIOTCS Ha JBa KJIACCA B 3aBUCHMOCTH OT CTelle-
HU yIajieHHOCTH OT NpuBa3ku — {0, 1} 1 {2}. DT0 neneHue Ha KjI1acCol IOKa HUKaK He
NPOABJISAETCS HA CTPOeHUU rpynnbl_Gy. [IpuBsizka a onpenensier ase uenu — Bu C,
JUTS KOTOPBIX BO3MOXHBI Iepexobi 01 1 01, npuHamiexaliiue oqHOMy Kiaccy. Bmecre
C TOXJIECTBEHHBIM NPEOBPA3OBAHUEM OHY JAIOT 2IEMEHTAPHYIO TIOATPYIITY Gs, = {e,
01, 01}. Kaxnast npuBsi3Ka onpesiesisaeT CBolo noarpynny: Gs, = {e, 02, 02}, Gy ={e, 12,
12}. Bece BMecTe aneMeHTsl Gy, Gy, M Gy, 00pasyioT rpadoBylo rpynmy npeodpasosa-
HUt Hereit B TpeyroibHUKe (3, COCTOSILIYIO U3 CEMH DJIEMEHTOB:

Gy ={e 01,01, 12, 12, 02, 02}.

B npouecce dopmupoBaHus rpynmns! (5 66112 YCTAHOBIEHA U COOT- G,
BETCTBYIOLLAS HEPAPXUSI 3JIEMEHTAPHBIX TTOIMHOXECTB, KOTOPYIO, KaK
MBI 3HaeM, YA0OHO IpeACTABASATh B Buae pewemiu S(Gs). Ecnu Hamu
MOATPYIIB 0603HAYMUT Yepe3 uncna 1, 2, 3, TOXIECTBEHHBIH 3/IEMEHT 1 3
yepes 0, To omuowenue nopsdxa Mexity noarpynnamu S(Gs) 6yaeT Bbl-

IIAETh TAK, KaK 3TO NMOKa3aHo Ha puc. 3.2, 0

IMpexnae ueM repexoanTh K aHANU3y cielyloueil rpymisl, 06paTuM

. 7 Puc. 3.2
BHUMAaHME HA TO, YTO, OYEBUIAHO, HAUMCHBIUICHU IPYIIION npeo6pa30Ba-

237



HU Lenel siasieTcst G, = {e}, KOTopasi OCTaBJISIET CBOIO IMHCTBEHHYIO HEITb, COSIH -
HSIIOLLYIO 1BE BEPLUMHDL, B 1okoe. I'pynna Gy siBisieTcst IepBOH HETPUBUATBHOM Ipa-
GoBOJ rpynnoi npeobpaszoBaHua UENEH ¢ ABYMdA 06pasyiouumu, HEOXHO3IHAYHO
omnpeaeSeHHbIMU, HanpuMep, TakuMu: a= 01, b= 12. Toraa Bce ocTajbHbIE 2JIEMEHThI
rpynnsl Gz BBIPA3ATCS CAEAYIOIMM 00pa3oM:

G, =le, a, a, b, b, ab, ab},
rnee=a+a=b+b,ab=a+b=01+12=02,ab=a+ b=01+12=02.
He 3a0yneM cka3aTb U 0 TOM, 4TO BCe IpaOBbIe IPYITITLI KOMMYMAMUGHbL Vi Hevem-
nu. TIposiBneHueM addumuenoii cyupocmu rpadoOBBIX TPYNI ABIsieTcs GakT OTCYTCT-
BHSI CTeneHel ofpa3syromux. Ast MyaAbTUMIMKATUBHBIX [OACTAHOBOK OBUIO CIIPaBe.-

JIMBO YCJIOBHUC!

ecnua-b=c,Toa=c-b_ln b:a"l-c;

IUIS1 AIIUTUBHBIX pebepHbiX noOCmaH080K UCTUHHEBIM SIBASETCA aHAJIOTMYHBII 3aKOH C
Y4E€TOM KOMMYTaTUBHOCTH:
ectma+b=c,toa=b+cub=a+ec

Ha puc. 3.3 usobpaxen rpad [, npeacTapisiomiid COOTBET-
cTBy0YI0 rpadosyio rpynny G,, 0epeBOASLIYIO HOJHBIEC LETU
TEeTpas/pa Apyr B Jpyra.

Ilycts Juist Havama BEPIINHA @ IMOCHKYXKMT HaM HPUBSI3KOM.
Torna BeptinHbL U peGpa TeTpasapa pa3oObI0TCS Ha KJIACCHI 9K-
BUBaJIEHTHOCTU: BepuwinHnbl Ha {a} u {b, ¢, d}; pebpaHa {0, 1, 2} u
°C {3,4,5}. OTHOCHUTEBHO IPUBSI3KH @ CYLIECTBYET IIECTh LETIEH:

A=abed =054, C=acdb =243, E= adbc = 135,

B=abdc=034, D= achd =253, F= adch = 145.
Ilpeobpa3oBannst Lenei pasdMBAIOTCS HA HECKOJBKO KJIac-
coB. [Tpexie Bcero BbLACASIOTCS IBA KJ1ACCa, B IEPBOM M3 KOTOPBIX Y4aCTBYIOT pebpa
u3 xnacca {0, 1, 2}, Bo BTopoMm — pebpa u3 kinacca {3, 4, 5}

Cy: A—F=01, B-C=02, Cy A—B=35  E— F=34,
F—A=01, C—B=02, B—A=35, F—E=34,
D—E=21, E-D=21, C—-D=45, D— C=45.

Tperuii kiacc C,; onpenensiercs nocieaoBaTe/ibHbIM MpeoGpazoBaHUeM, B3ITHIM
u3 xiacca C, u C,y, win cHauana us C,y, notom u3 C,, 1.€. no popmye:

Ca3 = {Cal ™ La2s Ca2 - Ca1}~

KoHkpetno — knacc Cj;:

A—F—E=A— E=10 34, E—~F—A=FE—A=1034,
F—A-B=F—B=1053, B—A—F=B— F=1053,
A—B—C=A— C=20 35, C—B—A=C—A=2035,
B—C—~D=B—-D=2054, D— C—B=D— B=2054,
D—E—F=D- F=21 34, F—E—D=F—D=21 34,
E—-D—C=E— C=2145, C—D—-E=C—E=2145.
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YersepTolil kitace Cy onpenensercs GopMyJioi:

Ca4:{Cal - CaZ” Calv Ca2 - Cal: ga } o
Cu A—F—E—D=A—D=2034, D-E—F—A=D— A=2034,
B—-C—-D-E=B—E=10 54, E—-D—-C—B=E~ B=1054,

C—B—-—A-F=C— F=1253, F-A—-B-C=F—-(C=12353.

ITo pucyHky rpada I, (puc. 3.3) MOXHO YCTAHOBUTD, YTO B ITOJCTAHOBKAX KJacca
C,1pebpa {0, 1, 2} pacrionoxeHb OTHOCUTENLHO pebep {3, 4, 5} HECKONBKO UHAYE, YeEM
OHHU pacnonioxensl B knacce C 4. [Tone3Ho o6paTuTh BHUMaHKe M Ha apyroe. B nenu A
pebpauepenytorca kak 0, 5, 4; Buenu Ckak 2, 4, 3. Ilpu nepexoae or enu A kK nenn C
MPOUCXOIUT HcuesHOBeHMe pebep 0, 5 v nossrenue pedep 1, 3. BMecte ¢ TeM pedpo 4,
pacooXeHHOE B XBOCTE LieNHn A, oKa3biBaeTcs B cepenune uenu C. Ilpu nepexone ot
ueru A K ueny D coxpaHstiolueecs peopo S yxe He MEHSIET CBOEro CepeMHHOTO MoaA0-
xeHusi. B undusudyansensix pedephsix 3aMedax A — Cu A — D a1y dHaxThl HE TTOTYIHIH
HMXaKoro otpaxenwus; 3amen bl 20 35 1 20 34 HuyeM npUHLMITMANIBHBIM HE OTTHYAIOT-
cs1. Ho oHM pa3nuauMel koasexmusHo NIpy AeNCHUU pebepHBIX ITOACTAHOBOK Ha KAAC-
cbt axeugasenmuocmu: A — C otHeceHa K kiacey Cy3, A — D — K xacey Cyy.

IToMuMO YIOMSIHYTBIX KJIACCOB, UMEETCH ellle OOWH HyneBoii xinacc C,y WIN KIace
TOXIECTBEHHOTO 2jleMeHTa {e}, 06pa30BaHHbIA BCEMU ITEPEXOIAMH, TUIIA

A~A=B—B=..=F-F=e

Taxum obpasom, B rpynmne G, uMeerca 31 aneMeHT peodpa3oBaHus Lelei, KoTo-
phle pazHeceHbl 110 MATH Kj1acCaM 3KBUBAJICHTHBIX Ipeobpa3oBaHmil.

OO6patuMcst K noucKy noarpynn rpynrnst Gy, C 310 1e-

JIBIO OylieM MocienoBaTebHO yaanaTh pedpa U3 rpaga [, u a) a
CMOTpPETD, KAKHE U3 LIeTeil OCTAIUCH, a BMECTE C HUMH U LIS -
Hble TnpeobpasoBanus. CHauvana ynanum pebpo 5. Tloryuum 0
HenoJHbli rpad Gy, mokasaHHblit Ha puc. 3.4a. B rpade Iy,

MO>HO NPOBeCTH Be Lenu B=034 1 C=243, B KOTOPLIX peb-

po 1 He yuacTByeT B 06pa3oBaHU U LIEMNel, TOITOMY €ro TaKXKe !
MOXHO ObJI0 OB yaanuTb BMecTe ¢ pedpom 5. Henu Bu C
ONnpeensioT MUHUMalIbHy1o rpyniny {e, 02, 02}. K aHanorny-
HOMY pe3yJIbTaTy IPUBOIAUT YAajeHUeE 110 OTAEbHOCTH pebep
3 1 4: B nepBOM cayyae OT BCel rpyniinsl Gy, OCTAaeTCs rpyrna
{e, 01, 01}, Bo BTOpOM — {e, 12, 12}. 3TO O3HAYAET, UYTO KJIaCC
pebep {3, 4, 5} urpaet BaxXHYIO poJib B GOPMUPOBAHUH LETICA.
Menblilee BAMsiHMe OKasbiBaloT pedpa u3 kiacca {0, 1, 2}.
Yaanum pebpo 0, nonyuum rpad [, (puc. 3.46).

IIpexne Bcero oTMETHM, uTO B rpade [, BepHIMHLL ¥ ped-
pa pacnaialoTcsl Ha TPU KJacca SKBUBAIEHTHOCTH OTHOCHTE-
JIbHO MPUBSI3KHU a@: Bepiuunsl — {a}, {d, ¢}, {b}; pebpa — {1, 2}, Puc. 3.4
{4}, {3, 5}. Hanatu peGpax MOXHO COCTABUTH Y€ThIPE U3 LeC-

TH paHee ITpuBeneHHbIX Lencit: C, D, Fu F. Kiiacchl nepexooB OT OAHOM UENH K Ipy-
roy 3aech OyayT TAKUMMU:

C,i: E—D=21, C4 C—F=2135,
D— E=21; F— C=2135;
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Cp: E— F=43, C, C—E=2145,
F— E =43, E— C=2145,
C— D=45, D— F=2134,
D— C=45;, F— D=2134.

Takum obpasom, rpynna G,,, COCTOUT U3 13 3jIeMeHTOB, BKJIIOYask TOXIECTBEHHBIN.
Yaanusus rpada Gy, pebpo 4, mbi yaansiem uenu Cu F, a BMecTe ¢ HUMU BCe NTEPEXOIbl
kinaccos Cp, C3u Cyy. Ocranercs rpynna {e, 12, 12}.

OtcyrcTBue pebpa 1 B rpade [, aaet yetnipe uenu — A, B, C, D, 15 KOTOpBIX BO3-
MOXHBI ciiepyowme 13 nepexonos: {B— C,C— B, A— B, B— A, D—-C,C—D,C— A4,
A—C,D—B,B~ D, A— D, D— A}. OrcyrcrBus pebpa 2 ocrapnsaer uenu — A, B, E, F
c nepexogamMu: {A — F, F— A A—B B-~-A E-F F-FE,E—~A A—FE, F- B, B—F,
F— B, B— E}.

I'pynna G;,, B KOTOpY10 BXOAST 3 rpymnibt 13-ro nopsiika v TpH IPYINIIbI TPETHETO
TIOpsiiKa, caMa SIBJISIeTCsl NOArpyNmnou rpynrel Gy, B KOTOPYIO BXOAST TaKXKe MOATPYI-
bt Gy, Gy, Gyy CTPYKTYpa NocaeHUX TPEX MOArPYIIT aHANOTUYHA TOJIBKO UTO pac-
CMOTPEHHOH. BaXXKHbBIM BOMPOCOM 371eCh siBJSIETCS MEpeceueHre 3JIEMEHTOB 3THX O~
rpymi. Jdeno B ToM, uto tenu A, B, C, D, E, FoKaHYMBalOTCS B TpeX ToUKax — b, ¢, d.
CnemoBareiibHO, €CJIX B KA4eCTBE MIPUBA3KHM BHIOPATD, CKAXEM, BEPILIMHY b, To eru C
u F, a BMecTe ¢ HUMHU U nipeobpaszosanust C — F, F — C poiayt B rpymnny Gy, Kpome
TOTO, MOXET CJIYYUThCS TaK, YTO 3aMeHa mn WIW mn NipeobpasyeT B rpymnne Gy, OIHY
Tlapy uerneii, a B rpyne Gy, COBEpUIEHHO JAPYTY10. DTH OOCTOSTENBCTBA HEJIB3S HE
VUHMTBLIBATD TIPU OTIPEnee HUHN T10PSIKA IPYNT U MTOCTPOSHUH PEHICTKH.

Hrak, Bb1OEpEM B KauecTBe IPUBSI3KH BEPIUMHY b. B 3TOM ciyyae uMeeM LIeCTh Le-
feit, ABe U3 KOTOPhIX HAM YK€ U3BECTHBI:

G = badc = 014, C = bdca = 342, J = bcad = 521,
H=bacd =024, I = bdac = 312, F= beda = 541.

PeGpa, Bxoasiuiye B 3TH Leny pazaeieHsl mo aByMm kiaccam {0, 3, 5} u {1, 2, 4}. ITostomy
3JIEMEHTBI Ipeobpa3oBaHust rpyninbl Gy, pa3dUBalOTCs Ha YyeTbIpe Kiacca:

Cy: H— C=03, Cp: H—G=12, Cyu G- I=3024,

C— H=03, G- H=12, I— G=3024,

G - F=05, F—J=142, H— J=150 14,

F— G=05, J— F=42, J— H=5014,

J— =753, I— C=14, C— F=5312,

[—J=53; C—1=14 F— C=5312;
Cs G-C=3021, C—G=3021, J-C=35014,
G-J=5024, J-G=5024, C-J=5314
I—-F=5342 F—-1=5342, F—-H=5012

H-1=3014, [I-H=3014, H-F=5012

CpasHum knaccest C, ¢ xitaccamu C,. [Ipeobpasosanus ueneit C u F, paHee Bxo-
nusinne B kiacc C,y, Tenepb BxonsT B knacc Cy,; peodpasoBanue eneit Ju Hnpouc-
XOJINT TaK Xe, Kak £u B, ¢ 3ameHamu pebep 0, 1,4, 5, aueneit /v G, Kak DU A, ¢ 3aMe-
Hamu pebep 0, 2, 3, 4. Toayumnocs, uto Cyy = C,y. Henu Iu Jus xracca Cp; npeobpa-
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3YIOTCA TaK Xe, Kak uenu Au Buns kiacca Cy, auenu Hu Gus kiacca Cyy, Kak et D
u F us knacca C,;. Tloayunnocs Takxe, uto 3aMeHnsl pebep 1, 2 u 3, 5 ripeobpasyior
pas3Hble LICOH, a 3HAaYUT, OHM BXOOSIT M B pa3Hbie Kiacchl. B TpeTbUX Kitaccax okasa-
JUCH OJIMHAKOBBIMU YeThipe npeobpasorauuss. A — E=H— [ E—A==[—-H,J— G=
D— B, G—J=B— D. Takum o0pa3omM, ¢ nosiBJIeHHEM IPYNIbl Gy, IpubaBunock He 30,
a TOJIbKO 16 HOBBIX 37IeMEHTOB peGepHBIX NMPeobpa3soBaHUIA.

Ecnu B KayecTBe NPUBA3ZKY BLIOPATH BEPLIKMHY ¢, TO OHA onpeaenuT enu [ = 213,
K=203, B=430, G=410, L =501, E = 531, npeobpasyiouirecs no ¢GpopMynam:

C.: K — B=24, G— L=45, E—T=52,
B— K=24, L— G=45, [— E=52;
C: K—1=10, G- B=13, E— L=30,
I— K= 10, B— G=13, L — E=30;
Ca: B—-1=2410, [1—-L=5203, G- E=5430,
I—-B=2410, L-1=5203, E-— G=5430,
G—K=2431, K- E=5210, B—L=5413,
K—G=2431, E—-K=5210, L-—B=5413;
C: G—-1=3024, B-—-E=5410, K—L=5213,
/- G=3024, E—-B=5410, L—K=5213.
Haxkonen, eciiu BepuiMHa d — npuBsi3ka, To uenu J=125, L=105, A=450, H=420,

K =302, D= 352 npeobpa3zyioTcs 1o GhopMmysiam:

Cyp: J—D=13, K— H=34, A—L=41,
D—J=13, H— K= 34, L—A=41;
Cp  J—L=02 A— H=752, D— K=50,
L—J=02, H—A=52, K — D =50;
Cp: A—J=2041, K-J=5031, H-D=3450,
J—A=2041, J-—K=5031, D- H=3450,
H-L=5214, D—-L=1302, K—-A=4352,
L—-H=514 L-D=1302, A-K=4352;
Cou D—-A=4302, H-J=5014, K- L=1352,

A-D=4302, J—-H=5014, L —K=1352.
MBI 1IeKoM paccMoTpenan rpadoByio Tpynity Mpeodpa3oBaHus Lernei TeTpasapa

G,. Ceityac MOXHO ObUI0 Obl HA3HAYUTH CUCTEMY 00PA3YIOLLMX M BBIPA3HUTH YePe3 HUX
BC€ 3JIEMCHTHI G4. Ecim NPpUHATH, YTO

a=01,b=12,¢=03, d=35, f= 14,

TO BCE DJIEMEHTBI IPYTITbl (74 MPEJICTAHYT KaK BCE BO3MOXHBIE CyMMBI 3THX 00pasylo-
LUX, HATIpUMED:

ac =13, bf =24, ad = 0135, bd = 1235, abd = 0235,
acf= 34, abed = 25, acdf = 45, abedf = 1245, ...
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OaHako urciio 06pa3yiolIuX Ha eIMHUILY MeHbLIe Ynca pebep. ITosToMy eCTh CMBICT
OCTaBUTH 3JIEMEHTBI TPYIIN BbIPAXKEHHBIMU HYepe3 pedpa, KOTOpbie HECYT MPSIMOM rpa-
GUYECKUIT CMBIC, M HE NMbITATHCS BBOAUTL OTBACUEHHBIE 3JIEMEHTHI.

B 1abn. 3.1 npuBeaeHb! 3eMEHTH rpynnbl G, 63 TOXAECTBEHHOro U OOpaTHLIX,
KOTOpBIe Npeodbpa3yioT 12 ueneii TeTpasapa apyr B apyra. Lenn oGpasyior cybcTaHuM-
OHHOe MHOXeCTBO: A = 054, B= 034, C =243, D= 253, E= 135, F= 145, G =014,
H=024,1=213,J=125, K=203, L=105. DnemeHTsl xe Taba. 3.1 oOpasyioT onepaim-
OHHOE MHOXECTBO, IIPMYEM KaX/Iblil OlTIepaTop CBsI3bIBAeT OlpeJe/ICHHbIE ITaphl Cy0-
CTAaHIIMOHHbLIX DAeMEHTOB, Hanpumep: 1234 = F— D=145-253= G- K=410-203.

Takum o6paszom, rpyrna npeobpazoBaHus uenei retpasapa G, cocTouT U3 73 311€-
MEHTOB, KY/la BXOIST: TOXXAECTBEHHbII 271eMEHT; 24 3J1eMEHTa THTa Xy, 00pa3ylolIux
xnaccel C) u C,; 24 anemenTa tna pgrs, obpasytoiunx kiacc Cs, 1 6 371eMEHTOB TaKOTO
xe Tumna kiuacca C,. Kpome toro, B 1a6:1. 3.1 He Bouinu eue 6 snemenToB kiacca Cs,
KOTOPBIE CBSI3bIBAIOT LICNH, MPOBEACHHBIC OT UYEThIPEX PA3TUYHBIX BEPLIUH:

15=A—G=D—1, 23=B—H=E—J, 04=C—K=F-L;
U 12 371eMeHTOB KJ1acca C(,, OIMHCBLIBAIOIIHNC TEPEXOAbI MCXKILY B3AUMHO JOTIOJTHAIOIIHU -
MH LHEIMMAMHU TETPpA3ApA.
012345=4—1, 012345=C— L, 012345=F — H,
012345=B—J, 012345=D- G, 012345=F— K

Tabnuua 3.1
No C1 Ne C] 02 03 04 Neo
1 |o1| D |12]|34|45] 1245 1234 1235
2 (02] E|02]|35]|45| 0235 0245 0234 | P
3|72 F |01]|35 34| 0134 0135 0145
4 |03} G |3 |714|24]| 1345 2345 1235
5 |105{H|05|72|{24| G125 0245 0145 | Q
6 |35 1 |03]|712]|14| 0123 0134 0234
7 |24 0 |45 73|03 0345 1345 0145
8 |25 K |[25]|01 |03} 0125 0235 1235 | R
9 |45| L |24|01!13] 07124 1234 0234
A|[73] M|34]05]|25] 0345 2345 0234
B|14| N|14]02|25| 0124 1245 0145 | S
C|3a| 0 |13|02 05] 0123 0135 1235

Boo6ie, 4110 BO3MOXHBIX TTEPEXOA0B MeXY /1 = 12 uersiMu papHo m - (m— 1) +
+ 1=133, Ho B rpynny G, Bouwiu TojbKo 73 anemenTa. CokpalieHue Ha 60 aieMeH-
TOB ITPOU30LWIO 32 CYET CUMMETPHH TETPAadapa.

3OTtU 73 3neMeHTa 00pa3yloT: OJHY NMOATPYITY NIEPBOrO NMOPSAKA, COCTOSIUIYIO U3
OJTHOTO TOXIECTBEHHOTO 2j1IeMeHTa 1 0003HayaeMylo yepe3 (; 12 moarpynn TpeThero
MopsiIKa Tvra {e, xy, xy}, 0603Ha4eHHbIX B Tabn. 3.1 cumBonamu ot 1 no C; 12 noxn-
rpynn 13-ro nopsiaxa, o6o3HayeHHbIX OykBaMu oT D 1o O, u 4 noarpymist 31-ro no-
psiaxa, obo3HaueHHbIX OykBaMu P (Gy,), Q (Gyy), R (Gy,), S (Gy,). Bocemnanuars ane-
MEHTOB M3 ABYX rocjiefHux knaccoB Cs M Cy He BXOOAT HU B OAIHY U3 COOCTBEHHBIX
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ITOATPYII, YUCIIO KOTOPBIX PaBHO 28. Bce Ha3BaHHbIE MOATPYMIIB TETpadApa yrnops-
JOY€EHHI B peurerky S(G,), u3obpaxeHnyo Ha puc. 3.5. Pemierka S(G;) npaBuibHas,
uMeeT 36 yeThlpex3BeHHbIX LCTIeH, MpuBA3aHHbIX K nomocaM S(Gy).

F > M
1 °C
T 0
Puc. 3.5
. a 1 b
IMepeiigem K pacCMOTPEHMIO TPkl TPeoOpa3oBaHMs 3 3
uenedt kyba Iy (puc. 3.6). Ecin B KauecTBe NpUBA3KH 9 7
MIPUHSITEH BEPLIHHY d, TO B 3aBUCUMOCTH OT €€ YAATEHHO-
CTY TIONYYMM yembipe Kaacca sepuwun: xiacc 0 — {a}, o 8 A 7
kinacc 1 — {b, ¢, d}, ximacc 2 — {e, f, gt uxnacc 3 — {h}; u
mpu kaacca pebep: xnacc 1 — {1, 2, 3}, xnacc 2 — {4, 5, 6, g C h
7, 8,9}, xnacec 3 — {A, B, C}. Ilpussaska a onpeaensier 18
peneit. Yacrora nosBiaeHus pebep B UensaxX pacnpeiessi- 4 5 B
€TCA MO TPEM KJIAccaM CJIelyIoIMM o0pa3oM: U1 Kilacca d €
1 oHapaBHa 6, 11g Kiracca 2 — 13 v st knacca 3 — 10, Puc. 3.6

TIpuBeneM CHUCOK Lenei, KOTOpbie PUBA3LIBAIOTCS K BEPILUUHE a!

I: 1= abfcgdeh = 1698458, 4 = adebfegh = 257698C, 7 = acgdebfh = 384576A,
2 = abfcghed = 1698CBS, 5 = adebfhgc = 2576AC8, 8 = acgdehfb = 3845BA6,
3 = adehgcfb = 25BC896, 6 = acghfbed = 38CA675, 9 = abfhedgc = 16AB548,
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II: 10 = abedghfc = 1754CA9, 13 = adgcfheb = 2489AB7, 16 = acfbehgd = 3967BCA4,

11 = abedgcfh = 175489A, 14 = adgcfbeh = 2489678, 17 = acfbedgh = 396754C,

12 = abehfcgd = 17TBA984, 15 = adghebfc = 24CB769, 18 = acfhgdeb = 39AC457.

Cnucok pas6ur Ha aBa uukJia: nepsbiit (I) — ¢ 1 mo 9, Bropoii (II) — ¢ 10 no 18.
BryTpu Kaxa0ro Hukiia rmepexoa oT OAHOH 1LIeTH K APYroi 0CyUIeCTBISIETCS 3aMEHO
onHoro pedbpa. Horoe pebpo MosABASIETCS NYyTEM IPUCOSANHEHMS BOCBMOH (XBOCTO-
BOI1) BepIIIMHBI KAX/I0H LI K TIEpBOil (r0J10BHO), TpeThel niM nsToit. Takum o6-
pas3oM, POMCXOOUT UHEepCUs XBOCTOBOM YaCTH KaXI0i U3 Lereii, T.e. IBa, YEThIpe
WJIM HIECTDH XBOCTOBBIX pebep NpucoeIMHAIOTCS K BHOBb YCTAHOBJIEHHOMY pebpy B 00-
patHoM nopsiake. Tak, mepexon oT Uenu 1 K uenu 2 ocyniecTBAISTCS ITyTeM YAaeHUs
pebpa gd = 4 v BBeieHUeM pebpa gh = C, npu 3TOM YepeJoBaHHKE BEPILIHMH XBOCTOBOM
yacTH uenu (deh) MeHseTCa Ha IIpoTHBOTION0XHOE (hed). Tlepexon ot uenu 2 K tenu 3
OCYILIECTBJISICTCS MYTeM MHBEPCHUM CEMM XBOCTOBLIX BepiuuH (bfcghed) v T.1.; nens 9
IepexXoauT B uerb | nyTeM UHBEpPCUM MATH BEPIIUH (hedgc). AHaIOrMUHasl KapTHHa
HabJII0IaeTCst BO BTOPOM LIMKJIE, Kyaa BKIoueHbl uenu ¢ 10 no 18.

YTtoOBl MOAYYUTH LIENU OT CeMM JIPYTHX BepllinH Kyba (puc. 3.6), 10CTaTOYHO B
AMeLMXCs 18 Lensx Mpou3BecTH 3aMeHy pebep B COOTBETCTBMHU C CEMbIO TIOICTA-
HOBKaMU, KOTOPbIe BMECTe C TOXACCTBCHHOM 00pa3yloT KOMMYTATUBHYKO TPYIIILY,
tina C,Cy:

b= (1752)(36B4)(89AC), ¢ = (1928)(S5C)(TA), d = (1257)(34B6)(8CA9),
e = (15)(27)(3B)(46)(8AY9C), g = (185A)(2C79)(34B6),
f=(1A58)(297C)(36B4), h = (1C)(2A)(3B)(46)(59)(78).

B pesynbrare AeyiCTBUSA IPYIILI TOACTAHOBOK Moay4yuM 18 x 8 = 144 uenu. OgHako
B XyOe MOXHO NPOBECTH TOJABKO 72 pa3MYHbIX UenH. YBOeHHE YUCIA MOXHO IO-
HSITh U3 @HAJTN32 XBOCTOBBIX BEPLUIMH NPUBEACHHKIX Licneil. Ha BoceMHaalaTh rojioB-
HBIX BepuInH xiacca (), T.€. BEPIUUH @, ITIPUXOJNUTCS 10 Y€ThIPE XBOCTOBBIX BEPILIMHBI
Kkiacca 1, T.e. BepllMH b, ¢, d, v lIeCTh BeplIMH A Kitacca 3 (BepUivHHI e, f, gKjacca 2 B
XBOCTax OTCYTCTBY0T). CnenoBareilbHO, BCE BOCEMHAALATD LENel, MPUBSA3aHHBIX K
BEPUIMHE g, TIOBTOPSTCS B cnucke u3 144 neneil, TONbKO TOJIOBHAS BEPIIIMHA g OKa-
KeTCs yXKe B XBOCTe. AHATOTMYHOE YIBOSHUE IPOU30MIET C LEMSAMH, TPUBSI3aHHBIMU
K BEpIIMHE b U T.4.

K3 72 ueneit kyba MOXHO COCTABUTbL OJAWH OOJIBILONI LIKMKJI, OCHOBAHHBINA HA TOM
XK€ CaMOM NMPHUHLIUIIE, YTO 3a710XKEH B MAIbIX LUKJ1aX, 0Opa30BaHHBIX ACBITHIO LEIIsI-
MH. B 72-1iMKJiie B OTIMYME OT 9-LHMKJIOB MHBEPCHH [10,U1€KAT HE TOMHKO XBOCTOBBIE,
HO Y TOJIOBHBIE YaCTH LIeMneil.

1 = 169845B, 19 = 248967B, 37 =396754C, 55 =384576A,
2 =1698CB5, 20 =2489AB7, 38=931754C, 56 =832576A,
3=25BC896, 21 =DBA98421, 39 =457139A, 57 = CA67523,
4 =CB52396, 22 =DBA61248, 40 =45BA931, 58 =76AC423,
5=CB52169, 23 =AB71248, 41 =54CA931, 59 =76AC832,
6 = 896125B, 24 =4217BA9, 42 =39AC457, 60 = 5238CA6,
7 = 89AB521, 25 =4239AB7, 43 =CA93257, 61 =8325BA6,
8 =98CB521, 26 =423967B, 44 = CA93175, 62 = 3845BA6,
9=6125BC8, 27=CB76932, 45=7139AC4, 63 = AB54831,
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10 = 5216AC8, 28 = 67BC832, 46 =T124CA9, 64 =AB71384,

11=521698C, 29 =67BC423, 47 =1754CA9, 65=BA61384,

12 =BC89612, 30=9324CB7, 48 = AC45713, 66 =8316ABS,

13=98CB712, 31 =9317BC4, 49 = AC83175, 67 =6138CBS5,

14 = 89AB712, 32=3967BC4, 50 = AC83257, 68 = 613845B,

15=17BA984, 33 =24CB769, 51 =675238C, 69 = 548316A,

16 = 175489A, 34 = BC42169, 52 =257698C, 70 = 54CA613,

17 = 712489A, 35 = BC42396, 53 = 2576AC8, 71 = 45BA613,

18 =984217B, 36 =769324C, 54 =38CA675, 72=16AB548.

Bosnbuioit 72-111MK1 CHMMETPHUHO YKJIA/IbIBAETCs1 HA TPaHM U pebpa runepkyoda I7,,
pa3BepTKa KOTOPOTo IpUBeIeHA Ha pyc. 3.7, NPy 3TOM KaXJ1asi HeIb CBsI3aHa C YeThl-
PbMsI APYFHMM OTHOLUEHHEM MHBEPCUM XBOCTA WJIH roJ10BbL. [IBa 9-1MKi1a oTBe4aoT
y3naM, pacrioNoXKeHHbIM BOJAU3H IMaMeTPajibHO MPOTUBOIOJIOXKHBIX BEPIIMH IUIIep-
Kyb6a /3,, 0003HaueHHBIX Yepe3 a:

{1-2—-3—-52-53~-54-55-62-72},
{47 — 16 — 15— 20 — 19 — 33 — 32 — 37 — 42}.
IlpuBsske A Kyba [3 COOTBETCTBYIOT T€ XK€ CaMbl€ BEPIUMHBI [7,, 8 Y37IbI ABYX 9-1IUKJIOB
JaCTUYHO MEPEKPhIBAIOTCS C ABYMS MPEIBILYILHMHU LUKIaMU:
{16 — 17 — 18 — 19 — 26 — 36 — 37 — 38 — 39},
{1—6—11—-52—51—-56—55~-69 — 68}.
Ha puc. 3.7, nomuMo BeplIVH a-f, TOMEYEHb] TAKXE BEPLUUHEI b-g, c-e ¥ d-f, BOIu3u
KOTOPBIX paclioylaraloTcst eilie ABeHaIlaTh 9-LMKIIOB, ABaXIbl NNOKPBHIBAIOIIUE BCE
Y3JIbI TUNIEpKYOa /5,.
Ha rpansax I7; MOXHO BbIAEJAHTH UIECTh 8-1IUKJIOB:
{2—-3-8—-9~-5-6—11-12},
{14 —15-20— 21 — 17 — 18 — 23 — 24},
{26 — 27 — 32 - 33 — 29 — 30 — 35 — 36},
{44 —- 45 — 41 — 42 — 47 — 48 — 38 — 39},
{53 — 54 — 59 — 60 — 50 — 51 — 56 — 57},
{65 — 66 — 71 — 72 — 62 — 63 — 68 — 69}.
Pacrniuiem nepBblil U3 HUX KOHKPETHO 4epe3 Leru:
2 =1698CB5, 3 =25BC896, 4 = CB52396, 5 = CB52169,
8 = 98CB521, 9 =6125BCS, 11 = 521698C, 12 = BC89612.

Kak Buaum, §-uuKi1 CBsI3aH OTHOLLEHWEM MHBEPCHU TOJBKO LIECTH TOJIOBHBIX MU
xBocTOBBIX pebep. [Tepexoni 2 — 5=82 1 8 — 11 = B6 conpoBoxaaoTcs 3aMeH oM OJHO-
ro-eAMHCTBEHHOTro pebpa. OgHopedepHble 3aMeHbl XapaKTePHBI Y 171 BCEX OCTAJIBHBIX
MepexoI0B MeXy y3J1aMU rpaHu A runepky6a.

Iy 3—-5=81, 12-5=85 3-11=Bl, 9-11=B9, 9—2=29,
6—-2=2C, 12—-8=65, 6-8=6C, 3—-6=Cl, 9-—12=359,
3-9=91, 3-12=51, 6-9=9C, 6-12=5C, 2-8=62,
2—11=B2, 5—-8=68, 5—11=BS.
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C yueToM 3TOTO CBSI3U I'PaHU A MOT/U OBl Bbi- 13 7
IgAeTh uHave (puc. 3.8). Ta xxe camasi KapTUHAa
Habo1aeTCa Ha IPYTUX TpaHsx runepkyda /s,
Braromapst 3ToMy BO3MOXHBI AISITU- U CEMU3BEH-
HBIE UMKJIBL, HatipuMep: {2 — 3 — 9 — 6 — 12} win

67

2\

s
V==
<\

{2 =3-8—-9—6— 11— 12}, yTo KaxeTcst CTpaH- R
HBIM, TTOCKOABKY HHCAA 5 U 7 He ABISIIOTCS AU~ NN

At it Y
TeJassMu uKciia 72. OfHako nocjie/lHHe BbIITUCaH- \ >

HbIe HAMHU I1ePeXOIbl OTXOAAT OT MPUHLMITA UH-
BEPCHU JIBYX, YETbIpEeX M IUECTHU FOJIOBHBIX WM
XBOCTOBbLIX pedep.

Ecau ocrasarbest B paMKax MpoBO3riallleHHO-
ro TIPUHLMIIA HEPeX0/1a OT OHOM LIETIH K APYTOi,
TO CBSI3M Ha IpaHsix [, cnenyeT oCTaBUTL TAKMMM, Puc. 3.8
KaK OHU Mnokaszansl Ha puc. 3.7. Bnpouewm, 4-, 6-,

8-,9-,12-, 18-, 24-, 36-1HKJIbI, KOTOPBIE MOXHO
BBIIEUTD B (754, TAKKE HE SABAAIOTCS ACAUTEASIMU 72-1IMKIA, TOCKONBKY, HAaIPUMED,
4-umkJios Beero 12 (sMecto 18); oHM pacrioioxeHbl Ha pebpax runepkyba [7,:

{1—-2—-67—68, {4—-5-34-35, {7—8—13— 14},
{10 — 11 — 52 — 53}, {16 — 17 — 46 — 47}, {19 — 20 — 25 — 26},
{22 - 23 — 64 — 65}, {28 — 29 — 58 — 59}, {31 — 32 — 37 — 38},
(40 — 41 — 70 — 71}, {43 — 44 — 49 — 50}, {55 — 56 — 61 — 62}.
B NCPpBOM 4—LII/IKJI€ HMEEM ClIeayIoHe Nepexo/ibl.
— 169845B — 1698CBS5 — 6138CB5 — 613845B —.

AHJIOTMYHBIE OAHOPEOEPHBIE TIEPEXObI XAPAKTEPHBI M 11 OCTANBHBIX 4-1IUKJIOB,
BoseMmem apyroit npumep: [8-1MKIOB MOXHO MPOBECTH TOJILKO ABa (BMecTO 4),

Halpumep:
1-2-3-4-5-6-7-14-24-46—-17—-21—-22-65—-69—55-62-—72}

34

=\
<A
BI‘\~

52 10

u
{43—44—-39—-16—-47—-42-37—-32-33-34-35-36—58~59—-60—61—56—57}.
Besiknit tpeTuii 18-11MK Oy1eT UMETh NEPECEUEHUE C Y3TaMH YXKE€ BBIMMUCAHHBIX LIMK-

JIOB, B YaCTHOCTH:
{8—9—-10-11-12-34-35-36-37-32-33-19-20—-15—-64—-23-18-13)}.
ITpexne yeM paccMaTpUBaTh IPyIy npeobpa3zoBaHuii Lenei Kyda, yCTaHOBUM pe-

OepHBIi cocTas lieneil. [lenu, npuBsizaHHbIE K BeplIMHE a, MOXHO pa3OuTh HA TPH

knacca. Tak, uenb 1 = 169845B, cornacHo pebepHoii knaccudukaiium, COCTOUT U3 pe-

Gep caeaylouux kKinaccoB: 1222223; uens 72 = 16AB548 umeer coctas 1233222 u uens

62 = 3845BA6 — 1222332, D1 TpH Uenu NpUHAJIEXKAT rpaHu Frunepky6ba I5,. Onu

MOTYT CIYXHUTb NPEICTABUTENSIMU COOTBCTCTBYIOIIMX KJIACCOB LEMNei IPYrux OsiTH

rpaHeut —
knacc 4: {1, 55, 52, 37,19, 16} — 1222223;
kiracc B: {72, 54, 3, 42, 33, 15} — 1233222;
knace C. {62, 53, 2, 47, 32, 20} — 1222332.
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Llenu mepBbIX ABYX KJIACCOB CUMMEMPUYHbB, TPETHETO KIIACCA — ACUMMEMPUYHDL.
CHMMETPUYHOCTD LIETU SIBJISICTCS €€ aOCOAMHOL XapaKTEPUCTUKOM; OHA HE 3aBUCUT
OT NpUBS3KU. Ee MOXHO YCTAHOBUTD CEAYIOLIUM OOPa30M: JUISi KaXKIO LeTH, HauM-
Has OT BEPLUMHBI @, COTHEM B/10J1b COOTBETCTBYIOLLIUX pedep peajibHOTO KybHa XeCTKYIO
MPOBOJIOKY, COXPAHSIIONLYIO CBOIO (hopMy. [Ijisi CHAMMETPUYHBIX Lieliel «XBOCT» U «IO-
JIOBa» COOTBETCTBYIOLLEH H30THYTOM NMPOBOJIOKH MOTYT MEHSITHCSI MECTAMHU, T.€. HE3a-
BUCHMO OT TOTO, KAKUM KOHLIOM [IPUKPEIUISITL TPOBOJIOKY K BepLIMHE @: BCETIa MOX-
HO DOOUTHCSI TOro, YTOOBI OHA MpOIlLLJIa 110 HYXXHBIM HaM pebpaM. Ecnu uzornyryio
MPOBOAOKY OT ACHMMETPHYHOI 11eTH MPUKPENUTh «<XBOCTOM» K BEpPILUIWHE &, TO B JIIO-
60M ciryyae, kak Obl €€ HE TIOBOpAa4UBaTh, OHA YKaXeT HOBble pebpa. TakuM obpasom,
3a CUET BpallleHUs1 KyOa [ unu npoBOJIOKM BOKPYT OCH, NPOXOASILIEH Yepe3 BEPITUHY
a, KaXIass CHMMETPUYHas LIeTib [IOPOXIaeT TOJILKO JIBe HOBBIX €N H; aCUMMETPHYHAsA
K€ Lelb JaeT yXe MsiTh HOBBIX LEeMeH.

OcymmecTBUB nepexol ot ueneit knacca C K Uensam kiacca B, Mbl OJy4YuM nepebtii
Kaacc pebepHblx HOOCMAHOBOK:

12=2-3=15-20, 31=62—72=42—47, 23=53 —54=33 - 32.

Bmopoii kaacc nonydaeTcst 61aroaaps CICAYOLIMM NPeodOpa30BaHHUSIM:

§A=1—72=52—53, 6A =37 — 42 = 19-—20,7B:52—3=55—62,
SB=16—-15=37-32,4C=55—-54=1-2, 8C=19~33=16— 47.

B 3T0M KJtacce MOXHO ObL10 Obl OTAENIBHO BbIAEHTD JBa MOAKIIACCA: IEPBbI ONHU-
ChIBaJI Obl MEPEX0abl MEXIY LIENISIMU KJ1acCOB AU B, Apyroit — Mexay HensaIMH KJIacCOB
Au C. Tora BceBO3MOXHBIE NEPEXOAbl MEXIY ITUMU ABYMSI NOAKIACCAMMU TIOPOIVIN
OBl mpemuil Kaacc:

9A 4C =2 — 72, 6A 8C = 33 — 20, 7B 9A =53 — 3,
5SB6A=42-32, 4C7B=62— 54, 8C 5B =15 — 47.

OaHako Mbl He OyaeM pasiuyarh MoJ0GHbIe MOAKJIACChl. BMECTO 3TOTO BBEIEM
KJAacCU(UKALIMIO ITOJCTAHOBOK B 3aBUCUMOCTH OT pebepHolt Kitaccuduxanuu. B ya-
CTHOCTH, BO BTOPOM KJ1aCCe TIOICTAHOBOK MNpPH Nepexofax OT OXHOM nenu K Apyroit
ynansieTcst pedbpo, mpuHaiexailee pedbepHomy kaaccy I, M BBoLUTCs pebpo, MpUHAaI-
nexauiee ikaaccy 2. IToatomy K mpemsemy kaaccy OTHECEM MOACTAHOBKM, TIE UMEIOT
MECTO 3aMeHbl, aHAJIOTHYHBIE JJIST 3TOTO KJ1acca:

9A 8C =37 — 55, TB6A=16—1, 4C 5B =19 — 52.

M3 aTux xe C006pa)K€HMl71 Mbl HE CTAHCM ICJIUTh HA CaMOCTOSITCJIBHBIC ITOJIKI1ACChI
IMOACTAHOBKM Heneepmoco Kiaacca.

124C=1 -3, 127B=2 - 52, 23 9A = 52 — 54,
234C=53-55 317B=55-72, 319A =62 — 1,
126A=15—-19, 125B=16 — 20, 23 5B = 33 — 37,
238C=19—132, 318C=42-16, 31 6A =37 — 47.

Huxe naetcs knaccugpukaims Bcex OCTATBHBIX MEPEX0/I0B MEX/Y HEISIMU, IIPH-
BSI3aHHBIMK K BEPLIHHE @
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Kaace 5
9A 84 =37 - 54, 6A57=1-15, 4C57=19-3,
8C69=55-42, TB69=16-72, 5B84=52-33;

Knacc 6

1257=1-19, 2384 =52-37, 3169=55—16;
Krace 7

69 57 =15 — 72, 5784 =333, 8469=42—54;
Krace 8

215784=33—-2, 325784=32-3, 32 84 69 = 42 — 53,

138469=47 54, 136057=15-62,  216957=20-72,
315784=32-2, 128469=47—53,  236957=20-62;

Kracc 9
126A84=47-52, 128C57=1— 33, 23 5B 69 = 20 — 55,
236A84=52—-42, 318C57=32-1, 31 5B 69 =55 — 15,
T129A57=72-19, 126A57=1-20, 23 7B 84 =3 — 37,
235B84=52-32, 314C69=54—16, 318C69=755—47,
124C69=16-53, 124C57=2-19, 239A 57 =19 — 62,
239A 84 =53 —37, 317B84=37-2, 31 7B 69 = 62 — 16;

Knacc 10

126ASB4C=15—-52, 21 6A7B4C =3 — 16, 23 9A 5B 8C =33 — 55,
329ASB4C =54 - 19, 31 6A7TBSC =42 -1, 139A7B 8C =72 — 37,
21 6A SB8C =33 — 16, 129A 7B 4C = 72 — 52, 32 6A 5B 8C = 42 — 19,
239A7TB4C =3 - 55, 136A5SB8C=15—37, 31 9ATB4C =54 — 1,
219A7B4C=53—1, 126A 5B 8C =47 — 19, 32 9A 7B 4C = 62 — 52,
23 6A SB8C =20 — 37, 139A 7B 4C =2 — 55, 31 6A 5B 8C = 32 — 16;
Kaacc 11
60 7B8C =42 —62=47 — 72, 846ATB=47—2,
57 6A4C = 15— 2 =20 — 3, 69 5B 4C = 20 — 53,
84 OA SB =133 —53=32-54, 579A8C=32—62;
Kaacc 12
6ATBSC=1-47, 6ATB4C=16 -2,  6A 5B 4C =52 — 20,
9A 7B 8C =37 — 62, 9A 5B 8C =55 —32, 9A 5B 4C =19 — 53;
Kaacce 13
T26A4C57=15—3, 216A4C57=20—2, 239A 5B 84 =233 — 54,
32 9A 5B 84 =32 — 53, 31 7B 8C 69 =42 — 72, 13 7B 8C 69 = 47 — 62,
219A8C 57=33—-72, 126ATB84 =47 —3, 326A7TB 84 =423,
23 5B 4C 69 =20 — 54, 13 5B4C 69 = 15 — 54, 31 9A 8C 57 = 32 — 72,
125B4C 69 =15 — 53, 239A 8C 57 =33 — 62, 31 6A 7B 84 =42 — 2;
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Knace 14
127B4C=1-52=172-53, 125B8C =47 — 20,
239A4C=52-55=3-62, 236A8C=20— 32,
319A7B=55—-1=54—-2, 31 6A5B=32-47,
126A5B=16—19=47 - 33, 129A7B=2— 53,
235B8C =19 — 37 =20—42, 237B4C =53 - 62,
316A8C =37 —16=232—15 319A4C =62 -2,
129A4C =72 -3, 126A8C=15-133, 239A7B=3 - 54,
236A5B=33-42, 317B4C=54—-72, 315B8C=42— 15,
126A4C=16—-52, 239A5B=19-55  317B8C=37—1.
Kak BuauM, yepe3 oaHopeOGepHBIe 3aMEHBI, KOTOpbIe (DMTypUPOBATH B IBYX Iep-
BOHAyaJbHbIX 9-LIMKIIax, BbIpaxaloTcsi Bce MHOropebepHble MOJACTAHOBKHU JaHHOI
nonarpynnel. Tabn. 3.2 npeacrasaseT coboi TabIKLLY COXKEHUS HALIUX YKPYITHEHHBIX

KJIACCOB.
Tabnuua 3.2

+1 1 2 3 4 3 6 7 8 9 10 11 12 13 14
N — 4 14 2 9 — 8 7.8 5.9 10,12 13 10 (11,13} 3,14
21 4 3 2,5, 12 L4 137,11 9 5 9 6 81’413’ 13,14 | 5,123, 11| 9,10 | 4,9, 10
31 14 §2,5, 12} — 9,10 2,12 14 11 13 4,9.10 | 4,9 17, 11[2,5]/8.13 [1,6,14
3,6,7,8, 3,11 13, /5,8, 9,] 2,4,9,
41 2 1,14 | 9,10 14 6,8 13| 59| 9 {50913 , 10 ’
11,13, 14] 13, 14 ’ 14 110,12 10,12
5) 9 (3,7, 11] 2,12 | 6.8, 13 o 4 2 4 1, 14 13,141 2 3 14,101 9,10
6 — 9 14 5,9 4 - = o 2,4 10,12 — 1 10 — 3,14
718 b} 11 9 2 — | = 1 4 10 3 - 14 13
817.8 9 13 5.9.13 4 o 1 1 2,4 10,121 14 | 10 [3,4,14] 11,13
6, 8, 3,6,7.8, 3, 11, 2,4,5,9,
1, 14 4 2,4 1 4
9159 13,14 4,9, 10 113,140 b 2, 4 , .3, 14 13,14 4,10} 14 |2, 4, 10 10,12
3,11 3,11 1,6 1,6,] 2,4 2,4
3 . 13,14 |10, 12 10, 12 P P4, P .
1ofo. 1A 13, 141 4.9 13,14 10 13, 14 7.8 ? 8 5.9 5.9
iy 13 1512 7,11 9, 10 2 - 3 14 4,10 4,9 3 2 11,14 | 8,13
12] 10 | 3,11 2,5 13, 14 3 10 | — 10 14 1,6,81 2 — 4 4,9
5.8,9 2,4, 7,8,
— 3,4,14] 2,4, 10 < L1410 4 11,3, 14
13111, 13 9,10 { & 13 10,12 4,10 14 {3, 4, 5.9 1 3,1 .13
2,4,9 2,4,59,| 2,4 7,8 1,3
1 1041 U 10 14 n, 137 277 0 1314 T >
43 14145, 6. 14 10, 12 s 3 1 ’ 10, 12 5.9 5 9 11,131 6,14

PaHee Mbl yXe TOBOPHIIN, YTO JUISl a/UINTUBHbBIX TPYTII BHITTOJHAIOTCSA OUEBUIHBIE
paBeHcTBa. ecmua+b=c,Toa+ c=bu b+ c=a. Ecnu 310 ycnoBue cripaBeLsIMBO JUIs1
OTAEIBHBIX MOJCTAHOBOK, TO OHO OYAET CIPaBeIMBLIM U JUTS LIEJIBIX K1acCoB. B yact-
HOCTH, €CJIM TIPH CIOXEHMH MOACTAHOBOK BTOPOrO M MSATOrC KJIACCOB MOJYYAIOTCS
MOACTAHOBKU TPETHETO, CEABMOTO U ONWHHALUATOTO KJIACCOB, T.€. €CMU B OTHOHMICHUH
KJIaCCOB MMEET MeCTO paBeHcTBO: 2+ 5=3,7, 11, To kiyracc 5 0643aTe/IbHO OKaXeTCsI
BO BTOPOW CTPOKE HA nepeceuyeHusax 3-ro, 7-ro U 11-ro cTondloB; a MOCKOABKY
Tabj1. 3.2 CHMMETPHYHAsI, TO KJacc 2 HYXHO UCKATh B TISITOM CTPOKE Ha Fiepecede HUSIX
STHUX Xe Tpex cToa6108. TakuM obpa3zoMm, Kaxaas KIeTouKa TabarLibl HeCeT ABOIHYIO
“HpOpMaLMIO: BO-TIePBBIX, OHA YKA3BIBAET, B KAKUE KJIACCHI MTOMAJat0T pe3yIbTUPYIO-
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L{ME MOACTAHOBKM; BO-BTOPbIX, OHA YKA3bIBAET, IJle HYXXHO UCKAThb IIOJCTAHOBKY HC~
XoAHbIX cjaraemsix. ITo3ToMy, KOria 3aio/iHeHa IepBasi CTPOKa, Mbl UMeeM MHQOp-
MaHHWIO He TOJILKO O NEPBOM CTOJI0UE, HO MOXEM IMPOCTaBHTh MEPBBIT KJ1acc N0 Beeil
Tabnuite cnoxeHust. [1pyu 3anoirHeHUU BTOPOJ CTPOKH MBI

a
y3HaeM, B KaKMX KJIETKAaX HYXHO MPOCTaBUTb 2 U T.A.
MyabTUNJIMKATUBHAS Tpylna CUMMETPHM OKTasapa
(puc. 3.9) Ta xe, yto ¥ Ky6a. [TosTomy y31st [7, MOXHO MO~
d

TILITATHCA YIO0XKHUThL HAa pera W I'PaHHU OKTA3/Jpa, U Hao060-

pot, OOJBLLION LMK U3 LieNel OKTa3apa MOXKHO YJIOXHTD
Ha KyOe.

Pebpamu oxrtasapa onpenensitorcs 120 nsaTu3BeHHBIX 5
Leneu, 4YTo 3HAYUTEIBHO O0IbLIE YHUCAA CEMU3BEHHBIX Lie-
nei Ky6a. 310 OOBSICHSIETCSI TEM, UTO B BEPUIMHAX Ky6a co-
f

eMHAIOTCA TPU pebpa, a B BEPLUIMHAX OKTA3APA — YeTbIpe:
YeM BBILIE CMeneHb CBA3U KaXIOW BEpIIMHBI CO BCEMH
OCTAIbHBIMU BEPUIMHAMU, TeM OOJIbllIE KOJMYECTBO Lie-
Ten.

ITpuBeaeM MOAHYIO MYJIbTUIUIMKATUBHYIO FPYNNY BpallleHWs OKTasxpa (CM.
Tabn. 2.54, cronbeu O(6)):

Puc. 3.9

(bede), (af)(be)(cd), (aeb)(cd)), (aed)(bfc),
(bedc), (af)(bec)(de), (abe)(cfd), (ade)(bcf),
(abfd), (ae)(bd)(cf), (acd)(bfe), (af)(ce),
(adfb), (ad)(bf)(ce), (adc)(bef), (a)(bd),
(acfe), (ac)(bd)(ef), (acb)(dfe), (bd)(ce),
(aefc), (ab)(ce)(df), (abc)(def), e.

IeiicTBys1 aTOJ rpyrmon Ha 6-, 12- 1 aBa 8-11Mkia U3 temeld okTasapa —
6-uuki: {defbca, edfbca, bfdeca, bfdeac, bfcaed, fbcaedy,
8-uuwn; {abcfed, abcfde, aedfch , aedfbc, acbfde, acbfed, adefch, adefch},
8-uukn: {abfede, abfede, aedcfb, aedcbf, aefbed, aefdch, abcdfe, abedef};

12-umka: {adcbfe, adcbef, adfebc, acbefd, acbedf, acfdeb,
abedfc, abedcf, abfcde,aedcsb, aedchf, aefbed),

Mbl TTOJIYYUM TOCTATOUHYIO UH(DOPMALIUIO JUIS1 COCTaB- a

Jlenus Gonbnioro 120-umkna, KOTOPbIA 3aTeM MOXHO

MONBITATHCS YJI0XHUTb Ha pebpa 1 rpaHu KyDa Uik OKTa- 4 0

afpa. 6 5
Jo cuX Mop Mbl pacCMaTpUBAIM CUMMETPUYHEBIE e b

rpadgni. Ho no6oit HecumMeTpuuHbiid rpad Tak WM

WUHave SIBIsieTCsl oArpagoM noHOro BLICOKOCUMMET-

puyHoro rpaga. EnvHCTBeHHBIM HEyI10OCTBOM TPYIT-

[OBOrO aHain3a rpadoB sIBNSETCA OLICTPO BO3PACTAIO-

LUIUH C pOCTOM YHMCJ/Ia BEPLIMH HOPSAOK Ipynmbl. Tak, A

CyOCTaHUMOHHBIM MHOXECTBOM JUIsl al/IMTUBHOM d 2 c

rpynnsl Gs mojaHoro rpada /5, n306paxeHHOro Ha

puc. 3.10, cayxat 60 yeTolpex3BeHHbIX LEITei:

Puc. 3.10
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1=0123
2=0193
3 =0839
4 = 0829
5=0792
6 = 0732
7 =4321
8 =4381
9 =4918
10 = 4928

ITepBhnie 24 1eny NpUXOAATCS Ha NPUBA3KY d. OTHOCHUTENbHO 3TOMN NPUBSI3KH CY-
HiecTByeT aBa kJiacca pebep {0, 4, 5,6} u {1, 2, 3,7, 8, 9}. Cnenosate1bHO, MOXHO BbI-
JaeanuTh 11 yKpyIrmHeHHbIX KJIACCOB, 1O KOTOPBIM PACKIAAbIBAIOTCS 37EMEHTbI 110-

rpymsl Gs, —
Kaacce I

40=7—1=10— 4,

50=18 -3=15-06, 71=6 —1
60=20—-2=23-75, 81=3-2
54=14-8=16 — 11, 91 =18 - 14=23 -24, 93 =
64=21—-9=24 - 12, 82=8—7=22-123, 78 =
65=19 - 13=22—-17; 92=2-1

Knacce 3.
4017=7 -6, 5439 =14 -9, 4029 =7 - 2,
4073 =12 -1, 5491 = 18 — 8, 4082 =8 — 1,
40 87 = 10 — 5, 5479 =16 —~ 10, 4023 =10 — 3,
4079 =11 — 4, 5492 = 17 — 11, 4012=9 — 4,
5081 =18 — 2, 6493 =21 — 8§, 5032 =18 — 4,
5071 =15 -1, 6438 =20 - 9, 5039 =15 -5,
5019 =14 — 3, 6473 =24 -7, 5073 =17 — 3,
5012=13 -6, 6432 =19 — 12, 5083 =16 — 6,
6018 = 20 — 3, 6512 =19 — 15, 6092 =20 -1,
6083 =21 — 2, 6523 =24 — 13, 6079 =19 — 2,
6078 = 23 — 4, 6592 =22 — 16, 6093 =23 — 6,
6082 =22 — 5, 6528 =23 — 17, 6019 =24 — 5,

Knacce 4.
408173 =11 — 1, 549237 =18 — 11,  402819=7 — 3,
407918 = 12 — 4, 541932 = 14 — 10, 408321 =10 - 2,
409387 = 10 — 6, 547391 =17 - 8§, 403912 =8 — 4,
403917 =7 - 5, 547129 =16 - 9, 408293 =9 -1,
501287 = 14 — 6, 643297 =20 — 12, 503879 =15 -4,
508192 = 18 — 1, 643879 =19 - 9, 502973 = 16 — 3,
501879 =13 - 3, 648392 =21 - 7, 508237 = 18 — 5,
507921 =15 — 2, 642873 =24 — 8, 508392 =17 —~ 6,
601289 =21 — 5, 659123 =23 — 13, 609371=23 -1,
608371 = 22 — 2, 659283 =22 — 15, 601297 =20 — 6,
603218 = 20 — 4, 652819=24 - 17, 602379 =24 - 2,
607328 =23 — 3, 651238 = 19 — 16, 603912 =19 — 5,

11=4782 21 =6819
12=4712 22 =16879
13=5173 23 =6297
14=5183 24 =6217
15=15237  25=1264
16 = 5287 26 = 1946
17=5978 27 =1563
18 =5938 28 =1543
19 = 6371 29 = 0432
20 = 6391 30 = 0492

21=10-9=15— 13,

31=0629 41

=7956 51 =5083

32=0639 42=7365 52=5073
33=0593 43=1043 53 =5687

34=0523 44

=1063 54 =15478

35=8254 45=1746  55=2104
36 =8345 46=1864 56 =2507
37=8659 47=2607 57=6019
38 =8649 48 =2804 58 =6517
39=7452 49=9408 59=8154
40=7462 50=9706 60 = 8059.

Knace 2

23=

4-5=24-19,

=22-21, 73=12-7=17— 18,
=11-12, 83=16—15=21—120,

9—-8=5-6,
5—4=13- 14,

=17 - 16, 79 =11 —-10= 19 20;

5482 =14 — 7,

5478 = 13 — 8,

5481 =16 — 12,

5438 = 15 — 11,

6471=22 -9,

6418 = 24 — 11,

6491 =23 — 12,

6412 =21 — 10,

6578 = 19 — 14,

6597 =20 — 13,

6518 =22 — 18,

6517 =21 — 17;
547183 =16 — 7,
547821 = 15 — 8,

543287 = 14 — 12,
541832 =13 — 11,
647819 = 24 — 10,
641297 = 21 — 11,

647128 =23 — 9,
648291 = 22 —12,
651978 = 19 — 18,
653817 =20 — 17,
659371 =22 — 14,
659783 = 21 — 13;
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_ K/m_cc_5:
5471=15-7=17-9, 5432=18-10=13—-12, 6492=20~7=22—-11, 6478=23-10=19-8,
5082=14—-1=17-5, 5079=16-4=13-2, 6073=24-1=22-3, 6012=21-4=19-6,
4019=8—-3=12—-5, 4083=11-6=9-2, 6518=20—-18=24-16, 6593=23—-15=21—-14;
Kanace 6:
4013=9—-3=12—-6, 5472=13-7=17-—10, 4089=8-2=11-5, 5431=18-9=15-12,
5072=13—1=17-4, 6498=23—11=20—8, 5089=14—-2=16—5, 6472=22—-10=19-7,
6013=21-3=24—6, 6513=24—-15=21—-18, 6072=22—-4=19—-1, 6598=23—-16=20—14;

Krace 7
401782=9—~5=8—6, 501932=13~5=14—4, 548192=17-12=18-7,
402973=12—2=11-3,  507183=16—1=17-2, 547938 =13 ~9=15—10,
607819=19—3=24—4,  649371=22—8=23—7, 659712=20—15=21—16,
608392=22—6=21—1,  643812=19~11=20—10,  657328=23—18=24—14;
Kaace &
408193 =10 — 1, 401839=7 — 4, 502978 =153, 509287 = 18 — 6,

601237 =20 — 5, 601237 =23 —2,  541237=14—11, 541237 =16 — 8,

642978 =24 — 9, 642978 =21 — 12, 658193 = 22 — 13, 658193 =19 — 17,

Kaace 9
40217983 =11~2, 54217983 =159, 40217983=8—5,  54217983=13— 10,
40217983=9—6, 54217983=18—12,  40217983=12—3, 54217983=17—-7,
50217983=16~ 2, 64217983=23 -8, 50217983=14—5, 64217983=19- 10,
50217983 =134, 64217983=20—11,  50217983=17—1, 64217983=22-7,
60217983=22~1, 65217983=23—14,  60217983=24—3, 65217983=21- 15,
60217983 =19~ 4, 65217983=20—16,  60217983=21—6, 65217983=24—18;

Kaace 10

7129=6-2=11-9, 7328=12-8=5 -3, 8123=4-2=16 — 13,
9371 =5-1=17~-14, 9281=3—-1=24-22, 9783=21-19=4-6,
8293=9-7=17—-15 9187=18-13=10-12, 9321 =10 -8=23 - 19,
8371 =22-~20=11~7, 2178 =15—-14=23 - 21, 9237 =18 — 16 = 20 — 24;

Knace 11
9381=4—-1=17—-13=22—-19=10-7, 7123=5-2=11-8=16-14=23-20,
7928 =12-9=15-18=24-21=6 — 3.

Ta6:n. 3.3 apisgeTca TaGIMLEN CHOXEHUS BBITMCAHHBIX 3[€Ch YKPYITHEHHBIX KJIac-
coB noarpyntel Gs,.

Vianum vz Hatero rpacda (puc 3.10) pebpo 9; Beien 3a 3TUM MCUYe3HYT Lenu 2, 3, 4,
5,9,10,17,18, 20, 21, 22, 23 u ot noarpynnsl Gs, OCTaHeTCs NOArPynna, onpeaeise-
masg uensmu {1,6,7,8,11,12,13, 14, 15, 16, 19, 24}. BeinuieM Bce OATPYIIIH TPyH-
el G,

{1, 2}, {13, 14}, {1,7}, {8, 14}, {22,23}, {13,15}, {20,21}, ({10, 11},

{3, 4}, {15, 16}, {2, 20}, {9, 21}, {16, 17}, {19,24}, {7,12}, {8, 9},

{5, 6}, {17, 18}, {3, 18}, {11, 16}, {15,23}, {7,20}, {6, 11}, {1, 14},

{7, 8}, {19, 20}, {4, 10}, {12, 24}, {16, 24}, ({10,18}, {9,17}, {2, 13},

{9, 10}, {21, 22}, {5, 23}, {13, 19}, {14, 18}, {2, 3}, {4, 5}, {1, 6},

{11, 12}, {23,24}, {6,15}, {17,22}, {5,12}, {3, 22}, {8, 19}, {4,21};
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Tabnuua 3.3

{1,6,7, 12},
{1,7,8, 14},
{1,2,7, 20},
{1, 2, 3, 4},
{1, 2, 5, 6},
{2, 3, 14, 18},

{3, 4, 5, 6},

{4, 5, 16, 17},
{4, 5, 22, 23},
{4, 5, 10, 11},
{4, 9, 10, 21},
{5, 6, 15, 23},

17,8, 11, 12},
(8,9, 20, 21},
(8,9, 14, 18},
(8, 13, 14, 19},
(9,17, 21, 22},
(9, 10, 11, 12},

(13, 14, 17, 18},
{14, 18, 20, 21},
{15, 16, 17, 18},
{16, 17, 22, 23},
{19, 20, 23, 24},
{19, 20, 21, 22},

{2, 3, 20, 21},
{2, 3, 8, 94,
{2, 13, 19, 20},

{1,2, 3, 4,20, 21},
{1,2,5,6,7, 12},
(1,2, 3,4, 14, 18},
{1, 2,3, 4,5, 6},
{1,2,5,6, 13, 15},
{1,6,7,12, 19, 24),
{1,6,7,12, 13, 15},
{1,6,7,8, 11, 12},
{1, 6, 13, 14, 15, 16},
{1, 6,13, 15, 19, 24},
{2,3,8,9, 14, 18},
{2,3,8,9, 20, 21},
{2, 3, 14, 18, 20, 21},
{2, 3, 19, 20, 21, 22},

{1,2,3,4,7,8,9, 10},
{1,2,3,4, 14, 18, 20, 21},
{1,2,5,6,7, 12, 13, 15},

(5, 12, 23, 24},
(6, 11, 15, 16},
(7,12, 19, 24},

{10, 11, 22, 23},
{10, 11, 16, 17},
(11, 12, 16, 24},

(21, 22, 23, 24);

13, 14, 17, 18},
.5, 6,10, 11},

.5, 6,22, 23},

9,10, 11, 12},
.10, 11, 22, 23},
, 16, 17, 22, 23},
L 21,22, 23, 24},
, 10, 11, 16, 17},

’39
s
9, 10, 20, 21},
11, 12, 19, 24},
8.9, 10, 14, 18},
7,8, 9,10, 11, 12},

(7,12, 13, 15, 19, 24},
{7, 12, 19, 20, 23, 24},
{2,3,8,9, 13, 14, 17, 18},
{2,3,8,9, 14, 18, 20, 21},
{2,3,8,9,19,20, 21, 22},

4
5
5

, 5
5
8
8

(8,9, 13, 14, 17, 18},
(8,9, 14, 18, 20, 21},

(8,9, 19, 20, 21, 22},

{9, 10, 11, 12, 16, 17},

{10, 11, 13, 14, 15, 16},
{10, 11, 16, 17, 22, 23},
{13, 14, 15, 16, 17, 18},
{13, 15, 19, 20, 23, 24},
(13, 14, 15, 16, 19, 24},
{15, 16, 17, 18, 22, 23},
{16, 17, 21, 22, 23, 24},
{19, 20, 21, 22, 23, 24};

{4, 5, 16, 17, 21, 22, 23, 24},
{7, 8,9, 10, 14, 18, 20, 21},
{7, 8, 11, 12, 13, 14, 15, 16},

11 2 3 4 5 6 7 8§81 9 0[N
= 3 2.5 7,10 3 6 TR 4 |8
2 3 10 1.4.6.7 13589 46 1351 39 | 4| 47 | 2.11 110
312.5(1.4,6,7| 4.6,7.10 2.3.5.9, 11]1,4.6.102, 3.5 2, 3.8.9]7. 104, 7. 10]3.5.8.9] 4
417,1003,5.8.92.3.5.9, 11| 4,6,7.10 | 2.3.8.94,7, 10 I’f(’)é’ 2,502,3,51,4,6,7 3
ST 3 1 46 | 14610 2.3.8.9 7 23 | 5.1l 41410 39 |7
6] 6 1 3.5 2.3.5 | 4.7.10 | 2.3 L | 410 |9 8111 47 19
74 | 3.9 | 2.5.8.9 | 1.4.6.10 5.1l 410 7 3123 [ 46 |5
5] 11 4 7.0 25 4 9 P 3 11
9l 9 [ 4.7 | 47.10 | 235 | 410 |81l 23 |6 1 3.5 16
0] 4 | 211 | 3.5.8.9 | 1.467 | 3.9 | 47 46 131 3.5 1012
1] 8 10 4 3 7 9 5 16 ) |-

2,19,20), {5,23.24}, (1,2.20), {5, 6.23), {3,17,18), (3,4, 18},

{5,6,15), {6, 15, 16), {3,4,10), {49,105, {1,2,7),  {1,7,8)},

(17, 18,22}, {17,21,22), {13,19,20}, {13, 14, 19}, {9, 21,22}, {9, 10, 21},

(12, 23,24}, {11, 12,24}, (11,15, 16}, {8, 13, 14}, {11, 12, 16}, {7, 8, 14}:

(1,6,13,15),  {3,17, 18, 221, {7, 12, 13, 15}, {13, 15, 19, 24},

(1,6, 19,24}, {3, 4, 10, 18}, (7. 8.9, 10}, (13, 14, 15, 16},
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{1,2,5,6,19, 20, 23, 24;,

13,4,5,6,15,16. 17, 18}, {7, 12, 13, 15, 19, 20, 23, 24},
{1,6,7,12,13,15,19, 24}, {3,4,5, 6,
{4,5,9
5,1

10, 11, 22, 23}, {9, 10, 11, 12, 21, 22, 23, 24},
0, 11, 12, 16, 17}, {10, 11, 15, 16, 17, 18, 22, 23},
0, 11, 16, 17, 22, 23},{13, 14, 17, 18, 19, 20, 21, 22};

, 6

, 6
{1,6,7,8,11, 12, 19, 24}, , 1
{1, 6,13, 14, 15, 16, 19, 24}, {4,

{1,2,3,4,7,8,9, 10, 14, 18}, {3,4,5,6,10, 11, 15, 16, 17, 18},
{1,2,3,4,7,8,9, 10, 20, 21}, {3, 4,5,6,15,16, 17, 18, 22, 23},
{1,2,5,6,7,12,19, 20, 23, 24}, {4,5,9,10, 11, 12, 21, 22, 23, 24},
{1,2,5,6, 13, 15, 19, 20, 23, 24}, {7, 8, 11, 12, 13, 14, 15, 16, 19, 24},
{1,6,7,8, 11,12, 13, 14, 15, 16}, {8, 9,13, 14, 17, 18, 19, 20, 21, 22},

{2, 3,13, 14, 17, 18, 19, 20, 21, 22}, {9, 10, 11, 12, 16, 17, 21, 22, 23, 24};

{1,2,3,4,5,6,7,8,9, 10, I1, 12}, {2, 3,8,9,13, 14,17, 18, 19, 20, 21, 22},

{1,2,3,4,5,6,13,14, 15,16, 17, 18}, 3,4, 5,6, 10, 11, 15, 16, 17, 18, 22, 23},
2,3,4,5,6,19,20,21,22,23,24}, {4,5.9,10, 11, 12, 16, 17, 21, 22, 23, 24},
2,3,4,7,8,9, 10, 14, 18, 20, 21}, {7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18},

2,5,6,7,12,13, 15,19, 20, 23, 24}, ({7,8,9, 10, 11, 12, 19, 20, 21, 22, 23, 24},

6,7,8,1

{

{

3

, 1, 12, 13, 14, 15, 16, 19, 24}, {13,14,15,16,17,18,19, 20, 21, 22, 23, 24};

1,2,3,4,5,6,7,8,5, 10, 11, 12, 13, 14, 15, 16, 17, 18},
1,2,3,4,5,6,7,8,9, 10, 11, 12, 19, 20, 21, 22, 23, 24},
{1,2,3,4,5,6,13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24},
{7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24}.

B 1859 1. cop BunbsM ['aMuibTOH, 3HAMEHUTHIN MP-
JAHACKUI MaTeMaTHK, AABUIMH MUDPY TECOPHIO KOMIl-
JIEKCHOTI'O YMC/1a U KBaTEPHUOHA, TIPEIJIOKUIT IETCKYIO
TOJJOBOJIOMKY, B KOTOPO# Npeaiaraloch COBEPUIHUTD
«KpyrocseTHoe mnyTteinectsye» no 20 ropogam, pacro-
JIOXEHHbIM B PA3/IMUHbIX YACTsX 3eMHOTO Liapa. Kax-
Nbif TOPOA COSIMHSICS I0POTaMU C TPEMst COCEAHUMHU
TaK, YTO ROPOXKHas ceTb 0Opa3oBbuirana 30 pebep noae-
Kasapa, B BEpPIIMHAX KOTOPOro HAXOJAMIHCH FOpOJiA 4,
b, ..., t(prc. 3. 11). O6s13aTeNbHBIM YCIOBUEM ABJISUIOCH
TpeOOBaHUE: KAX/AbIH ropoll, 32 HCKIIOUEHUEM MEPBO-
0, MOXHO TIOCETHTb JUUIb OAUH pa3s.

Ecim nyTewmecTBre HauaTh U3 ropo/a a, TO NMOCJe - Puc. 3.1
HUMH [OJKHBL ObITh TOPOAA b, e uiu A, HHAYe Mbl HE
CMOXEM BEPHYTbCS B NepBOHAYaIbHELA IYHKT a. HenocpedcmeenHoe ucucaenue mo-
Ka3bIBAET, UTO YMCJIO TAKUX 3aMKHYThIX MAPIIPYTOB paBHO 60.

MoxHo noTpetoBaTh NOCEUIeHUSI BCEX TOPO/IOB CTPOTO 10 OAHOMY pasy, BKJIoJas
U MEPRBBIH, T.€. AOIYCKAETCI OKOHYAHUE ITyTEeIECTBUS B J1000M ropoie (HanpuMep,
NPeANoIaraeTcs, 4TO B HaYadbHBIM IYHKT MOXHO OyaeT BepHYThCs caMojieToM). Tor-
Ja oblIee YMCIIO LEMHBIX MAPLIPYTOB yBeauuutes 1o 162. B ta6. 3.4 nepeynciensl
BCE OTH LIeTH, [IPUYEM B CIIEHHAIbHO OPraHU30BaHHON TTOCNeA0BaTENBHOCTH.

[TpunHLMIT oprauM3alviy Lenei ans fonekasipa BEIOpaH TOT Xe, YTO U paHee Ul
Ky6a, T.e. ApuHLUn UHBEPCUU XB0CM O8O RoCiedogamenbHocmu eéepuiun. OIHOpeOepHas
3aMeHa kacaetcsi 1,4, 7, 10, 13 wnu 16 pebpa. Takum ob6paszom, nosrydaetcs 11 1imkiios
no 15 ueneit B KaXnoM, 3a UCKIOUEHUEM TPEX MOCJIEAHUX, [i¢ HACUUThIBaeTCs o 14
LeTei.

L]
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PaccmarpuBas a6, 3.4, MOXHO 3aMETHTb, UTO HHY OJIMH U3 IPEMIOXKEHHBIX 10-
POXHBIX MAPUIPYTOB He 3aKaHUMBAETCS B NYHKTax ¢, d, f, g, i ¥ j. B nyHKTe ¢ 3aKaHYu-
BAIOTCSI TOMBLKO 6 MapLUPYTOB, B IYHKTAX H1, p W § — 110 8 1151 KAXKIOro AyHKTA, B/, k, n,
0,q,r—nol2usb, e i— no20. D10 NPOUCXOAUT TIOTOMY, UTO JUISI AOAEKAIPA CY-
LIECTBYET MsATh KJACCOB BePHIMH U CeMb KJ1accoB pebep, KoTopble B Tab. 3.5 koauye-
CTBEHHO pa3HeceHbl 1o 11 nukiam.

B cronbue S tabn. 3. 4 ykazanHa CMUMMETpPHS LIeNH, KOTOpast AJis1 IoAeKadipa omnpe-
JEeJIIeTcs TaK XKe, Kak ¥ s Kyba. Obiiee yucno ueneli zoaekasapa paBHo IPOU3Beac-
HU10 162 x 10 = 1620. [Toarpynna G,,, cocrout u3 162 x 161 + 1 = 26 083 nepexoos
MEXAY LeTSIMU, IIPUBA3aHHBIMU K BepIInHe a. B rpynme xe G,y HACUUTHIBACTCS MOY-
TH B CTO pa3 OOJIbLIIE [1epPeXOI0B.

FaMuMIBTOHOBA 33/1a4a O MYyTCLICCTBEHHUKE HEPeAKO npeodpa3yeTcs B 33Aady o
KOMMHUBOsixKepe. KoMMUBOsIXep — He Mpa3iHO NyTelleCTBY IO TYPHCT, a J1EN0BOM
YeJIOBEK, OrPaHUYCHHbIM BPEMEHHBIMM, AeHEXHbIMM WJIM KAKUMU-JIM00 IPYTHUMH pe-
cypcaMi. ITycTb kaxnoe u3 pedep cHabXeHO YUCI0BOH XapaKTEPUCTUKOMN: 3TO MOXET
OBITb KUJIOMETPAX, BpeMsi Ha AOPOTY WM CTOMMOCTH OuteTa. TakuM 06pa3oM, yeitoB-
HbIE XapaKTePUCTUKU pedep naayT YHCIoBO# psia oT 1 1o 30, 371eMeHThl KOTOPOro Mo-
IyT OBbITb pacrpeieeHbl MEXAY pedpaMu 10/leKadpa KaK yroidHo, B YaCTHOCTH, B
Tabn. 3.5 naeTcs TpU BapuaHTa pacrpeieiesus peGepHbIX XapakTepucTuk — A, Bu C.

Ta6bnuua 3.4

Ne [amuiibTOHOBbI yerim | S A sA | 5B C
Lnxn 1
1 abcikjihgfednmisrqpo S | - Ag | 342 | 247 | 302
2 abclkjihgfednopgrstm a | - A7 | 349 | 240 | 299
3 abclmisrqpondefghijk s | ~A; | 338 | 250 | 302
4 abcimiskjihgfednopqr S | = Ay | 341 248 | 307
5 abclmiskjirgpondefgh a Aq 321 268 | 318
6 ahgfednopqriikstmlichb a | -~ A | 320 | 269 | 313
7 ahgtednopqrijbcimtsk a A7 338 | 251 312
8 ahgfednopqrijbelkstm 5 Ag 348 | 241 309
9 ahgfednmiskicbjirqgpo g | - Ag | 341 | 248 | 312
10 ahgfopaqrijbclkstmnde a Az 319 | 270 | 301
11 aeanmiskichjirgpofgh a Aqy 318 | 271 | 302
12 aednmisklcbjihgfopqr a A7 338 | 251 291
13 aednmtsrqpofghijbclk a Ato 336 | 253 | 286
14 aednmisrqgpofghijkich a Ao 318 | 271 287
15 abclkjihgfopgrstmnde a A1 320 | 269 | 291
Linkn 2
16 aednofghijbclmitpqgrsk s A7 331 | 258 | 300
17 aednofghijbclksrqptm a Atg 341 248 | 297
18 aednmlipqrsklcbjihgfo s Ag 334 | 241 | 300
19 aednmiporghijbclksrq S Az 333 | 242 | 312
20 aednmipofqgqrskicbjih a - Az | 309 | 266 | 323
21 ahjjbclksrqgfoptmnde a A1g 310 | 265 | 322
22 ahijbclksrggfednmipo a | -~ A | 332 | 243 1 333
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npodonxcenue maba. 3.4

Ne ramuibToHo8sI yeri | 8 A A | 2B | £C
23 ahijbciksrqgfednoptm S | - A;7 | 339 | 250 | 330
24 ahiybelmtpondefgqrsk a A2 329 | 260 | 333
25 ahijksrqgfednoptmlich a - Aq 311 278 | 334
26 abcimitpondefgqrskjih a | — a3 312 | 277 | 339
27 abcimipondefghijksrq a - Ag 336 | 253 | 328
28 abcimipqrskjihgfedno a | — Ay | 337 | 252 | 316
29 abcimipqrskjihgfonde a - Ay | 315 | 274 | 305
30 aednorlghijksrqptmich a | —Aaqp | 313 | 276 | 301
Linkn 3
31 ahgqrijbcdefoptskimn s Aqg 325 | 264 | 299
32 ahgqrijbcdefonmikstp a Ajg | 330 | 259 | 294
33 ahgqptskimnofedcbjir s A7 | 324 | 265 | 281
34 ahgqptsrijbedefonmik S A1 322 | 267 | 276
35 ahgqpltsrijkimnofedcb a - Ay | 304 | 285 | 277
36 abcdefonmikjirstpqgh a A4 305 | 284 | 282
37 abedefonmikjihggptsr a | - A9 | 325 | 264 | 271
38 abcdefonmlikjihgqrsip S | - Ajg | 331 | 258 | 284
39 abcdefoptsrqghijkimn a Ayg 326 | 263 | 289
40 abcdnmikjihgqrstpofe a - A, | 305 | 284 | 295
41 aefoptsrqghijkimndcb a | —Ap | 303 | 286 | 291
42 aefoptsrqghijbcdnmik a - A7 | 321 | 268 | 290
43 aefoptskimndcbiihgqr a | - Ay | 323 | 266 | 295
44 aefopitskimndcbjirqgh a - A3 | 803 | 286 i 306
45 ahggqrijbcanmikstpofe a | — A | 304 | 285 | 305
Linkn 4
46 ahirqgfedcbikstponmli S | — Ay | 323 | 266 | 326
47 ahirqgfedcbjkimnopts a | — Ay | 330 | 259 | 320
48 ahirstvonmlikjbcdefgq 5 - Ag 320 | 269 | 316
49 ahirstpqgredcbjkimno s | - 8 | 821 268 | 304
50 ahirstpqgfonmikjbcde a Az 299 | 290 | 293
51 aedcbikimnorfgqptsrih a | - A3 | 298 | 291 294
52 aedcbikimnofghirstpq a Aoy 322 | 267 | 283
53 aedcbjkimnofghirgpts s Aop 332 | 257 | 287
54 aedchjkstpqrihgfonml! a | —Ais | 325 | 264 | 293
55 aedclmnofghirgptskjb a Ao 304 | 285 | 281
56 abjkstpgribgfonmicde a Ag 306 | 283 | 285
57 abjkstpqrihgfedecimno a Ag | 328 | 261 | 296
58 abfkstponmicdefghirg a Aja 327 | 262 | 308
59 abfkstponmlicdefqgqrih a Ay 303 | 286 | 319
60 ahirqgredcimnoptskjb a A1 302 | 287 | 314
Lnrr 5
61 aefondcbjihggptmiksr s | - A | 322 | 267 | 299
62 aefondcbjihgqrskimip a | ~Aig | 328 | 261 | 312
63 aefoptmiksrqghijbcdn s - Ag | 323 | 266 | 317
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npodoancenue maba. 3.4

Ne [amuisToHoBbl e | S A; A | B | =C
64 aefoptmndcbjihgqrskl S | - Ais | 325 | 264 | 316
65 | aefoptmndclksrqghijb | a An 304 | 285 | 304
66 abyjihgqrskicdnmipofe a | - Ayq | 306 | 283 | 308
67 abjihgqrskicdefoptmn a Aqg 327 | 264 | 302
68 abjihgqrskicdefonmip S A1g 332 | 257 | 297
69 abjihggptmnofedciksr a | — Ay | 326 | 263 | 284
70 abjirsklcdefonmipqgh a Aq 306 | 283 | 295
71 ahgaqptmnofedclksrijb a Ais 305 | 284 | 290
72 ahgqgptmnofedcbjirsk! a Ag 326 | 263 | 302
73 ahgqpitmiksrijbcdefon a Aa 324 | 265 | 303
74 ahgqptmiksrifbcdnofe a Az 303 | 286 | 309
75 aefondcbjirskimtpggh a A1y 302 | 287 | 310
Lk 6
76 abjkicdefghirstmnopq s Aoy 331 | 258 | 298
77 abjklcdefghirgponmts a Ao 341 | 248 | 302
78 abjkstmnopqrihgfedcl S Ag 334 | 255 | 308
79 abjkstmicdefghirgpon s A1g 332 | 257 | 309
80 abjkstmicdnopgqrihgfe a - A | 311 | 278 | 315
81 aefghirqpondcimiskjb a B1s 309 | 280 | 311
82 aerghirqoondcbjkstml & | — Ay | 330 | 259 | 323
83 aefghirgqpondcbjkimts s | —Apy | 337 | 252 | 317
84 aefghirstmikjbcdnopq a Aq3 327 | 262 | 313
85 aefgqpondcbjkimisrih a | - A3 | 303 | 286 | 324
86 ahirstmikjbcadnopqgfe a4 | - A4 | 304 { 285 | 323
87 ahirstmikjbcdefgqgpon a - Ag | 325 | 264 | 317
88 ahirstmnopqgfedchjkl a | — Mg | 327 | 262 | 316
89 ahirstmnopqgfedclkjb a - Aq 306 | 283 | 304
90 abjklcdefggponmisrih a | - Az | 307 | 282 | 309
Lukn 7
91 ahgredclkstmnopqrijb a Ais 335 | 254 | 304
92 ahgfedcbjirgpoonmtskl a Aoo 356 | 233 | 316
93 ahgredcbjirqponmilkst S | = Ay | 348 | 241 312
94 ahgredcbjirgptskimno a | — Ay | 350 | 239 | 304
a5 ahgfonmikstpqrijbcde 5 Az 328 | 261 293
96 aedcbyjirgptskimnofgh a Aty 327 | 262 | 294
97 aedcbyhgfonmikstpgr a Aog 347 | 242 | 283
98 aedcbyjihgfonmiksrqpt s -~ hoo | 341 | 248 | 300
99 aedchjihgfonmipqrskl a | - A;5 | 349 | 240 | 304
100 | aedclksrqptmnofqhijb 5 Ao 328 | 261 | 292
101 abjihgfonmipqrskicde a Ao 330 | 259 | 296
102 abjihgfedciksrqptmnmo a Aoz 352 | 237 | 307
103 abjihgfedciksrqponmt s | - A | 850 | 239 | 315
104 atyihgfedclkstmnopqgr a | - A;; | 356 | 233 | 298
105 abjirqponmtskicdefgh s Aq 336 | 253 | 309
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npodoaxcerue mabn. 3.4

Ne [ amMubToHOBE! e | S A; A 8 | C
Lk 8
106 ahjbcdnoptmiksrqgfe a | — Mg | 324 | 265 | 344
107 ahijbcderfgqrskimipon a | — A5 | 345 | 244 | 338
108 ahijbcdefqqrskimnopt s Aot 339 | 250 | 333
109 | ahjbedefgqrstponmik a Ao 343 | 241 | 311
110 | ahijkimnopitsrqgfedch s - Ay 325 | 264 | 312
111 abcdergqrsiponmikjih a | - A;3 | 326 | 263 | 317
112 abcdefghijkimnoptsrq a | — Ay | 350 | 239 | 306
113 abcoefghikimnopgqrst s Aos 349 | 240 | 302
114 abcaefghifkimtsrgpon a Aqg 355 | 234 | 307
| 115 | abednopgqrstmikjihgfe S | — A, | 334 | 255 | 313
116 aefghijkimtsrgpondch a | - Ap | 332 | 257 | 309
117 aerghijbecdnopqrstmik a | -~ Apy | 350 | 239 | 308
118 aefghijpbcanopqrskimt s Aoy 346 | 243 | 330
119 aefghijbcdnoptmlksrq a Ai3 347 | 242 | 334
120 | aefgqrskimtpondcbjih S | - Ay | 823 | 266 | 345
Linkn 9
121 ahgqpofednmisrijkich a | ~A;p | 295 | 294 | 285
122 ahgqpofednmisrifbelk a ~ A7 | 313 | 276 | 284
123 | ahggpofednmtskichjir S . ~ Mg | 315 274 | 289
124 ahgqrijbclkstmndefop 5 Ag 321 | 268 | 302
125 ahgqrijbclkstpofednm a | ~ Az | 319 ) 270 1 291
126 ahgqrijbcimndefoptsk a Aq2 309 | 280 | 294
127 | ahgaqrijkstpofednmich s - Ay 291 298 | 295
128 abclmndefoptskiirqgh a Aj 292 | 297 | 300
129 abcimndefopiskjihgqr a Ay 312 | 277 | 289
130 abcimndefoptsrqghijk s A7 310 | 279 | 284
131 abclkjihggrstpofednm s - Aq | 320 | 269 | 281
132 abclkjihggrstmndefop a Aqg 322 | 267 | 292
133 abcikjihggpofednmisr a | -~ a1 816 | 273 | 279
134 | abclkjirstmndefopggh s At 296 | 293 | 290
Luxn 10
135 ahirskibcimtpqggfonde a A 285 | 304 | 315
136 ahirskjbcimipggfedno a i Ag 307 | 282 | 326
137 | ahirskjbcimitpondefgg | s | Ay | 306 | 283 | 338
138 ahirqglednoptmlcbiks 5 ~As | 316 | 273 | 342
139 ahirqgfednoptskjbcilm a Alg 315 | 274 | 319
140 ahirggfednmichbjkstpo a | ~ Ay | 308 | 281 | 322
141 ahirggfoptskjbclmnde s Az 286 | 303 | 311
| 142 aednmichjkstpofgqrih | a | — A3 | 285 | 304 | 312
143 aednmicbiksipofghirq | a - A | 309 | 280 | 301
144 aednmlichjkstpqrihgfo 5 | ~ A | 310 | 279 | 289
145 aednofghirqotskjbelm s As 317 | 272 | 286

259



npodoancenue maba. 3.4

Ne lamnabToHo8b!I e | S A SA | 3B | BC
146 aednofghirqptmlicbjks a | — Ay | 318 | 271 | 309
147 aeanofghirskfbclmipq a A1z 308 | 281 305
148 aednofgqpitmlicbjksrifi S — Ag 284 | 305 | 316
Lnkn 17
149 aefopqghirstmndclkjb a As 284 | 305 | 283
150 aefopqghirstmndcbjkl a Ag 305 | 284 | 295
151 aefopqghirstmikjbcdn s A1g 303 | 286 | 296
152 aefondcbjkimisrihgqp S - Ag | 308 | 281 | 291
153 aefondcbjkimitpqghirs a Agg 307 | 282 | 303
154 aefondcbjksrihgqgptm/ a | — Ay | 300 | 289 | 309
155 | aefondcimipqghirskjb 5 Ao 279 | 310 | 297
156 abjksrihgqptmicdnofe a | — A4 | 281 | 308 | 30t
157 abfksringqptmlcdefon a - Ag | 302 | 287 | 295
158 abjksrihggptmnofedc/ S | — Ay | 304 | 285 | 294
159 abjkicdefonmtpqqhirs $ Ag 311 278 | 288
160 abjkicdefonmitsrihgqp a 'l - MAg | 312 | 277 | 276
161 abjklcdefopqghirstmn a Mg 307 | 282 | 281
162 | abjklcdnmtsrihgqpofe s | — A, | 286 | 303 | 287

B nuteparype, Hanpumep, K.-JI. iopbe «CHCTEMBI HCKYCCTBEHHOT'O MHTEJLJIEKTa»
(M.: Mup, 1991, ¢. 278—289), MOXHO HaliTH OMUCAHUS AJIFTOPUTMOB ITOMCKa MapUIpy-
Ta ¢ MUHUMATbHOH CyMMOit peGepHbLIX XapaKTEPUCTHUK. BTH AITOPUTMBI, KAK ITPaBU-
JIO, HE YUUTBIBAIOT K1acCHUPUKALIUIO pedep, a 3HAUUT U MAPIIPYTOB, C MON0A02UHECKOl
TOYUKU 3pEHHST; OTITUMU3ALIMSI BEIETCSI TOALKO 110 MempuyecKum XapaKTepUCTUKaM pe-
O6ep. Mexay tem, Taba. 3.5 (cronbeur N) nokas3biBaeT, YTO YHUCTO TOTIOJOrUYECKUI
BKJ1az pebep B raMUIbTOHOBBI MapilIpyThl BeCbMa paszandeH. HanpuMep, yactoTa mmo-
SIBJIEHUS! B TAMHJIBTOHOBOM LieNH pebpa be Ha 30 MPoLeHTOB IPEBLIIIAET YACTOTY IO~
SIBJICHHUS, Ka3aJloch Obl, TOUHO TaKoro xe pedpa cl. Bce pebpa B 1ogeKasape paBHO-
TPaBHbI, €CITH HE CYINECTBYET TpUBsI3KK. HOo Kak TONbKO NOABASICTCS TIPUBIA3Ka (Ha-
YaJIo NyTeWeCTBUS MIM HeKUI LEHTp YNnpaBleHUss CHMMETPUYHOM CUCTEMOM THma
JIOJIEKA2/Ipa), TOTYAC TIOSIBJISIETCS HepaBHONpPaBKe MeXIy CBS3siMU. Bennunna atoro
HepaBHOTMpaBusl, €1Ba 3aMeTHas As pebep knaccoB C;, Cg U C;, CTAHOBUTCS BECbMa
owyTHMOi [uts pebep kiaccos Cy, ¢y, Cy u Cs.

IpeamonoXuM, Mbl sIBJISIEMCS HE KOMMMBOSIXEPAMH U HE NyTeLIeCTBEHHUKAMM, a
TIPOEKTHPOBILIMKAMHU HEKOW CTPYKTYpPbl TUMA AOJAEKadApa, B KOTOPOH MCIIONb3YeTCs
paHxxupoBaHHas 1o 30 rpajzanmsM cuctemMa cBsizei. B 3aBUCUMOCTH OT MCXOOHOIO
pacripenenerusi pebepHbIX xapakTepucTuk (Tabna. 3.5, cronbust 4, Bun C), Mbl GyaeM
HMMETH M COBEPUIEHHO Pa3NMUHbIe CUCTEMBI pacnipeieSieHUsi CYMMapHBIX XapaKTepu-
CTHK YA, 2B u 3 C (tabn. 3.4), KoTopblie Ha3bIBalOTCA daunamu. Pacnipenenenus A v B
JATOT COOTBETCTBEHHO MAKCUMAAbHbIE U MUHUMAAbHbIe JUTHHBI OTHOCHTEBHO @ceil Co-
BOKYITHOCTY [aMMJIBTOHOBBIX Liglel; pacrpeneseiue C — IPOMEXYTOYHOE.
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Tabnwua 3.5

Gl |l 1] 213 a4]s5i6|718]o9lw|1n|N|al|lB]|C
ab | 6 | 4 |5 456|515 7! 07 |54]|3|28]8
Cilae |4 6 415 |6 | 515 | 5107 |7 |5]1]3]4
ah | 5 |5 | 6 |1 6144|5517 7! 0|54]|2]2]3
be 151515 9] 8 ! 781514141 5 [125]30] 1 ]18
5/ | 7 | 9 8 15,15/ 15| 15| 8 | 5 | 14|14 [125]|25| 6 | 13
Clesr| 151151 9 15| 7 | 8 | 15| 8 |14 | 14! 5 | 125129 2 | 11
ef | 9 | 7 |15 8 [15]/15] 8 | 15] 14| 5 |14 [125]|27| 4 |12
hg 115 ] 8 1151 7 | 15| 9 |15 8 |14, 5 1 14[125]|28)| 3 | 9
hi | 8 [ 151 7 (151 9 1518 15| 5 14 14]125]|27| 5 |10
cd | 0 | 0 | 15]15]15 | 15|15 15| 0 | 0 |14]|104]10]21| 5
Ci| fg | 15115 0115 015115 15| 0 14| 0 [104]11]|20] 16

j |15 15 [ 15| 0 | 15| 0 [ 15 15|14 0 | 0 |104[12 [ 19| 2
o 1515106 7|8 01414l 9959 ]22]68

7
on {15151 6l o0 |8 7o | 7 |14]14] 9|95 8 23|17
Cilgglo | 7 158 1506|017 |14]9 14]9 |4 27|20
fo | 6 |8 115 7 |15 0|7 0l14]9 14]9 |5 261
k| 8 1 6 7 11510 15| 01 7|9 14l14|95]7 |24]14
ir | 7101 8 15,6 15| 7] 09 |14,14|09 |6]25]21
rg |15 115110101 7 1 7 |15;15] 9| 910 ]|112]|24|7 |28
Cslon | 7 10 7 | 15110l15]15]15] 0] 9] o 112]2] 9|2
4 110 7 1517 151101151 15f 9 | 0 | 9 | 11223 8 |23
pg |15, 6 | 5| 9| 8115|1516 |5 | 7 | 14|105]18]13]15
po |15 9 1 8 6 | 5 15| 6 115]14| 7 | 5 1105|1714 |27
Gl sk | 9 151 6| 8 115| 5 (15|67 (145 1105|116 1529
sr | 6 (1519 5 15!/ 8|6 15| 7 |5 14|105]14] 17|24
m | 5|8 15|15, 6| 9|6 155 14,7 |105]|13]|18]26
mn{ 8 | 5 (15|15, 9 | 6 |15 6 |14 5 | 7 1105|1516 | 25
tim |15 |15 0 0 15,15/ 9] 9 | 7 | 7 | 141106211030

G| 0 1516 (15 1151 0 9 9 7 14| 7 1106 19|12 | 19
ts 15 0 15 | 15 0 15 9 9 14 | 7 7 |106]20)11 ] 7
Cymma: | 285 | 285 | 285 | 285 | 285 | 285 | 285 | 285 | 266 | 266 | 266 | 3078 | 465 | 465 | 465

st npuBsI3Ky a cyiiectsyeT 27 ojHopeOepHbIX 3aMEH A;, pacrnajaroluxcs Ha 6
wraccos (1adn. 3.6). s A; BbUTOAHSAIOTCS CHAgIYIOLINEe PABSHCTBA!

DA =A A +A; =0, D A=Ay +A5+Ag =0,

C C, _
DA AN =0, YA ADA =0, YA DA =0
(o} G C(‘ G C, G
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Tabnuua 3.6

C; A Lxy—xz | A B C C; A | xy—xz | A B C
Ay 1 ah -ab| -1 1 ;-5 | Ag [ sim —nof -7 7 3
C A, |ab — ae 2 | -2 4 | Ay | tk=/m | 10 |-10| - 3
Ay L ae —ah | — 1 1 1 Cs | Apglton—-—op| 5 | -5]-5
Ay | D —tm | -2 2 -1 Al | gp —qgr| — 6 6 |- 13
G As | tm =I5 1 - 1] 23 | Ao | ks — K | -7 1 7 6
Ag s ~— o 1 -1 1-12 Aoy rq - rs 10 (- 10} 4
A7 | sr—sk | -2 2 -5 Ao |l —mt]| -8 8 4
Cs Ag [ po —pgi -1 1 12 Aoy | po—pt | —21 2 8
Ag \ml—mn| -2 2 1 Cs | Aoy | P — pg 1 -1 4
Aig | fe—fo | 22 |-22] 11 | Ay [mt-mn| 6 | -6 5
Ay o r | 20 (- 20— 11 | Agg | S-St | -61 6 17
Co | Ap | jk—jb |- 18] 18 1 Ay | St—sk | 4 | -4 -22
A |l gg —gh |- 24| 24 11
Ay | an —de - 21| 21 6
A | b —c/ | 21 |- 21 12

PeGepible pasHOCTU A; HO3BOJSIIOT CYLIECTBEHHO COKPATHTD YUCJI0 ONIEpauMii ipH
HaxOXIACHUU IJIMH, TIOCKOJbKY KAXAad TI0C/AeAYIomas Uelb B IIHKIE OTAHYAeTCst OT
MpeAbLAYIICH Ha KAKYI0-TO O/IHY U3 27 BejinuuH A, CJie10BaTeIbHO, HEOOXOAMMO pac-
cymTath 11 ueneit ana sapuanTta £ C, npecTasniouMX UMKIBL, U CTOALKO Xe IS 24,
JUISL BapyuaHTa £ B 1JivHA MoXeT ObITh yXK¢ BBIUMCIEHHA U3 (HOPMYJIbI:

19 30
IB+EA=589=31x19=> i+ > i=190+399,
i=l Q=12
rae yrciia 190 u 399 orBeuaror caMoil KOpOTKOM U CaMOM ATUHHOM LeNu, KOTOpbIE TO-
JIBKO M BO3MOXHHBI.

CyMMBI Beex JUIMH TaMHILTOHOBBIX LETEH 110 MAKCUMATBHOMY (22A4), MUHUMATb-
HOMY (ZZ B) 1 npoMexXyTouHoMy (25 C) BaApUAHTAM pacnpeleieHus paBHbI CAEIYIO-
ILKM BETUUMHAM:

IXA = 51939, TEB=35747, ZE(C=46229,

YTO COCTABMSACT BECHMA 3AMETHYTO DA3HU LY MEXK/TY BADUAHTAMU PACTIPENEICHUS OTHUX
U rex ke Benun. OTMETHM TaKXKe, YTO MaKCcHManbHas (MUHUMAaIbHAs) JuThHa B 356
(233) yCIOBHBIX EIMHULIbI TTPUXOAWTCSE HA TAMUJILTOHOBBE HENH TTOX HoMepaMu 92 u
104. MuHUManbHOE 3HAUCHUE VIS TPOMEKYTOUHOTO BApHAHTA pactipeie/IeHUsl paBHO
271 (uenb 37), a makcumanbHoe — 345 (uens 120).

TaxuM 06pa3oM, Mbl IPOAEMOHCTPUPOBAI O H U3 BOZMOXHBIX TOJXOA0B K rpa-
haM. DTy TeMy MBI HAYAIH C PACCMOTPEHUA LEeNei; Jasee MOXHO OBLIO Obl mepexo-
AUTH K aHau3y jJepesben. OnHAKO Haila 3a1ava COCTOMT B TOM, YTOObI JaTh Goaee
HIMPOKYIO KAPTHHY CYLIECTBYIOUIMX METOIOB, U151 4eI0 B CJICAYIOLUEM MOAPA3IeIe Mbl
BBEJEM HOBbLIE MOHITHS.

3.2. Buasl rpadgos. Ilyru u KOHTYpBI B rpage
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Ha puc 3.12 n306paxeHo MHOXECTBO TOUEK V' 1 MHOXECTBO AMHUIN F, COSNUHSIOLLIUX
3TU TOUKH, KOTOpbIE BCE BMecTe 0Opa3yioT epag . Ecau JIuHUY UMEIOT CTPEJIKU, TO
rpac Ha3bIBACTCS OPUEHIMUPOBAHHLIM WIIH opepagom [y (puc. 3.13). BHyTpeHHNX pa3iun-
Yhii Mexily 'y [}, ropasno MeHblLLe, 4eM Mexy rpadoM, U300paKatolMM HPAGUAbHYIO
peutemKy W3 OATPYIN A8 KaKoM-HuGyab rpynnel, Hanpumep, S(D,) (puc. 2.18), u
rpadyoM, U300PAKAIOUIMM CUABHO HENPABUAbHYIO MeTapellieTKy M (puc. 2.26). Buem-
Hss Mopdonorus rpada (co crpenkaMu uu 03 HUX) UrpaeT Nogy MHEHHYIO POJib, Ma-
TeMAaTUYeCKasl Xe¢ CYLUIHOCTb TMpPEeACTaBACHHOro rpadoM oObeKTa BCETAA OCTAeTCs
rae-To 3a paMKaMi pucynka. MzobpaxeHue rpaga B G0JbIIMHCTBE CJIy4aeB SIBISAETCA
NMpoeKUMe il WU TEHBIO 3TOI CYLIHOCTH M CAaMOCTOATEILHOTO 3HaYe HUsl He uMmeeT. Oa-
HaKo Mopdonorus pacrnoyioXkCHHUs TOUEK U IMHUI TeM He MeHee MOA1AeTCsl oNpene-
JICHHOW MaTeMaTHUYeCKOM KacCH(PUKALIMH U OTTUCAHWI0. DTUM Mbl HAMEPEHbI 3aHATh-
Cs1 B 3TOM U NOC/EIYIOLIeM 1Toapasaciax.

1// 2‘
Vv O/
1

Puc. 3.12 Puc. 3.13

JuHuu B rpace I'3iaech W aaiiee OvieM HasbiBaTh pebpamu, a OPUEHTUPOBAHHEIE
Jnuu B oprpade I — dyeamu. O Bepuninax 1 pedpax (ayrax) roBopsT, YTO OHH UHYU~
denmubl, 2CAM BepUIMHA MPUHAZACKUT pedpy (ayre); eCM BepLIMHA HEe MHUMACHTHA
HUKAKOMY pebpy (Ayre), TO OHa HasbiBACTCH wzoauposanHou (vy). I1yTb Ha3biBaercs
RPOCHIBIM, CCIIM HUKaKast Jyra Wik petpo He BCTpevaeTcd B HeM aBaxapl. [1yTe Ha3bl-
BACTCS 3MeMmemaphbiM, €CIIM HUKAKAasl BCPIIMHA B HEM HE BCTpEUaeTCst JIBaX/bI.

11— 2T0 3aMKHYTHIA MYTh B HEOPUEHTUPOBAHHOM rpade. Konmyp — 3T0 Opu-
eHTHPOBAHHBIK UMK B oprpade. TTowusirust npocToThl U 371eMEHTaPHOCTH pacnpo-
CTPaAHSIIOTCS Ha LIUKABE M KOHTYPLI, KOHTYD MW LKKJIL, KOTOPBIH COAEPXUT BCE pedpa
HAM yru rpada, HasmBaeTes sireposts. MOXIHO 110Ka3aTh, YTO cea3anHbl oprpad
(T.e. BE3 M30JMPOBAHHDLIX QPAarMEHTOB) COACPXKMUT IHIEPOB KOHTYP TOL/IAa ¥ TOJBKO
TOTAQ, KOTIa /L8l KKIOM BEPUIMHBL YMCIO BXOAMLIUX IYT PABHO YUCITY BBIXOASIIHUX;
CBSA3ANHBIA HEOPHEHTUPOBAHHBIN I'PAQ) COAEPXKUT IHJIePOB LM KJI TOTA M TOJBKO TOT-
[1a, Korja CTeneHb KaXKA0H Bepilinibl Ye1Ha, CIneneHbio 6epultibl HA3bIBAENCA YUCAO
uHyudernmubix eli pedep. TTpocmoil nyiie, Komopsii nPoxXooum 4epes 6ce eeputunsl epaga,
Hazvieaemes eamurbmonogeim. Ecau ¢ npocmom epacpe ¢ n eepuunamu cmenens Kaxcooil
BEPUILHbL He MeHbUte n/2, TO TaKol rpady 06s3aTeibHO OyaeT raMMnbTOHOBEIM. OJTHaKo
JIErKO TTOCTPOHTD FAMUIBTOHOB Tpad), ¥ KOTOPOro CTelieHb BEPLIMHBI MEHBILE #/2,
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Ipadst I n [, MOXHO NPEACTABUTH B aHaduTUueckoi ¢opme nubo mampuyei
cmexcrhocmu A, 1ubo mampuyeds unyudenmuocmu B. Ins nauiero KOHKpeTHOro Heopu-
eHTHpOoBaHHOTO rpada I Matpuila A U B BBIMAANT CleAYIOLUM 00pa30M:

Vi Vy V3 Vg Vs Vi Vy V3 Vg Vs
0100 0y 1100 e
0[(0192

1020 1]|» 0110 1le
AMY=|0 2 0 0 1|vs, B(I)= 3
0100 1leg

0000 0|y

01 10 10w 001 0 1les

s {0000 0)e

Marpuia CMeXHOCTH 1 HEOPHEHTHUPOBAHHOIO rpada Bceraa cMMMETPHYHA.
@urypupyioras B Helf 2 MoxXeT ObITh B HEKOTOPKIX Cilydasix 3ameHeHa Ha 1. B Matpu-
[le THUUAEHTHOCTH CyMMa eIMHULL 110 CTOJI0LAM YKa3bIBAET Ha CTENIEHb BEPIIMHEI V;.
Hepenko pacronozxeHue BepiliiH U pebep B 3TOM MATpULIC MEHSIOT MECTAMM (TpaHC-
noHupyior). Tak, 11s Haulero KOHKpeTHOro oprpaga /; MaTpuiiel A M B BEIVISIAST Cy-
IIECTBEHHO MHAYe:

V) vy V3 Vg Vs € ey ey e, €5 €
0100 0\ (1.0 0 0 0 Oyy
0010 1w 11 -1 1 0 0w
AT)=10 1 0 0 0wy, BUIy=|0 -1 1 0 -1 0|v.
0000 0|v, 0 0 0 0 0 0w,
0010 t)vs 0 0 0 -1 1 0)vs

B obinem ciyuae MaTpMLa CMEXHOCTH JJISI OpHEHTHpOBaHHOTrO rpada yxe He 6yner
CUMMETPHYHOM. B MaTpHile MHLUIEHTHOCTH CTABUTCA 1, €CIM Ayra UCXOIUT U3 Bep-
LIMHBI, U —1, €CJIU 1yra 3aXOJUT B Hee.

Yucso ayr B iyt MUHUMAILHOW JUTMHBI OT BEPLUMHBIL V; 10 V; HA3bIBAETCS PACCTOSI-
HueM H(v;, v;). ECiin MexIty 5TMMHU BePUIMHAMU HE CYLIECTBYET HUKAKOTO IYTH, TO pac-
CTOSIHUEe NPUHUMAETCS 32 HECKOHEeYHOoe:!

Ky, V) = .
Hnst mo6oit BepIUHHBI v; MOXKHO OTIPEENUTH CPEIHEE OTKJIIOHEHHE OT LIeHTpa Ipa-

¢a:
D(v; ):—I»Zr(v_,-,v),

m ey

rae m — yucao ayr B rpade [, v — npoberaet BepUIMHLI V
rpaca I
Bepiuina vy, JUist KOTOPO 3Ta CyMMa OKaXeTCsl MUHUMAJTb-
HOWM, Ha3bIRaeTcs LIeHTpoM rpacda . B ponu LeHTpa MOryt
BBICTYIATb HECKOILKO BEPILIMH.

Y106bl MePeCcUYUTaTh BO3ZMOXHBIC MYTH ITMHBI F, pac-
CMOTPHM pPa3jiMyHble CTeITeHU KOHKPETHON MaTpHIIBI
cMexHoctd. ITycts nan oprpad 1y (puc. 3.14).

5

Puc. 3.14
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001000) 021221
111010 201 221
1010001 121031 2
AT =10 0y p o [R50 43 00 3
l000101 132302
100010 112130

O61uee yrcno ayr m=12; matpuua R= i, ) OTpaxXaeT pacCTOSIHUE MEXKY BEPLLIMHAMY,;
Ha ee OCHOBE PACCUMTBIBAEM BCe BO3MOXHbBIe oTKIoHeHus: D(1) = D(2)= D(6)=2/3 —
HeHTp rpacda [, KOTOpBIit COCTOUT U3 TPeX BEPUWUH !, 2 U 6; OCTa/IbHbIE OTKIIOHEHH S
PaBHBI:

D(3) =3/4, D) =13/12, DGS)=11/12.

Cama MaTpHUa cMexHOCTH A([})) 1aeT YMeiIo nyTteil, JUIMHA KOTOPbIX paBHA €UHU-
ue. Ksagpat Matpuibl CMEXHOCTH AT, n) Jaet 4Mciao nyTed, JJIMHAa KOTOPBIX PaBHA
1ByM ayram. Ky6 mMatpuus A°(/ o) JAcT UMCII0 NyTei B TPH AYTH U T.L. B wacTHOCTH, Ha
fepecedYeHu 2-10 CToIdua U 3-e¥ CTPOKH MAaTPULLbI A (1) crout 3. 1O O3Hayaer,
YTO M3 BEPIIMHbI 3 B BEPIIMHY 2 UMEETCst TPY NYTH, a U3 BEpUIMHB! 2 B BEpIIMHY 3 Cy-
HIECTBYET YK€ UETLIpe NyTH B TPH AYIH:

(121110\ |/114023
121110! 114023
2 112071 1] 3,0 234122
AN = -
(0)100000" A([0)001001’
001001 121110
o 2012 L342220
’576342\| 6 8 18 2 9 12
S 76342 6 8 18 2 9 12
) 469255 5 10 14 19 5 11 10
ANT) = (L) =
(")121110’A(E’)|114023’
11402 5 7 6 3 4 2
22904 7 1116 13 7 9 4

BremneM nousitue o6 o3naxenHol MaTpule cMexXHOCTH A(1;)), B KOTOPOH BMECTO
eIUHMLL BBICTABIISIIOTCS COOTBETCTBYIOIINE BepIUWHBL. Bcnomoeamenvhas MaTpula
A (1) nonydaerca us A(1,) myrem oTOpacbiBaHUs NEPBOTO CUMBOM4 B O3HAYEHHBIX Iy~
rax. Marpuua A(/;;) HyxXHa s MTOJYIEHUS COOTBETCTBYIOILEH CTENIEHH MaTpPULIbL
A(ly). Tak,

AT x AT = 4Ly, ATy x AL = AL, ..
O3nadeHHas MaTpuLa 4", o CPABHEHUIO ¢ MaTpULieit A", MOMMMO YKCIia ITyTel, yKa-
3BIBAET eIe M BePLUMHbBI, Yyepes KOTOPhIe 3TH yTH nponeraiot. Ha anaronanu MmaTpu-
1161 A" OYIYT YKA3aHbI BCCBO3MOXKHBIE KOHTYPbI, IUTMHA KOTOpbIX pasHa 1,2, 3 u T.10. ay-
ram. HemoBropstioniyecst BEepUInHbl JUis OTISNBHBIX YTEH YKAXKYT Ha 34eMeHMAapHbie
myTH. Tak KaK B HaieMm rpade [}, MMeeTCsi IeCTh BEPLUUH, TO 2IEMEHTAPHBIX IyTEH,
JUTMHA KOTOPBIX PABHSUTACH Gbl LIECTH AyTraM, BooOLie Ob1Th He MoxeT. OTClola MaKCH-
MajibHAas1 CTEMCHb O3HAYCHHOW MATPUIILI LIS onpeuenexms{ BCEX 2aMUNLINOHOBLIX NY-
meiil NOJXHA OBITH PABHA ITATH. B Hatuem rpade !, Kak Ha TO YKa3bIBAeT Marpuua
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AS(I"O), TOJIKO TPHM FAMUJIBTOHOBBIX MyTH: 326451, 451623 v 235164, Ha auaronaau
matpuiibl A (1) CTOMT OIMH U TOT XXe camunbmorog koumyp 1326451, KoTopeiii BCIKHiA
pa3 HaAYMHAETCS C HOBOI BEpILIMHEIL.

0 0 13 0 0 16
0 0 23 0 0 26
0 32 33 0 35
0 0 0 0 45
51 0 0 0 O
61 62 0 64 O

A(lp) =

—_—— 0 O o D
N OO OO
OO O W W W
S O thhh © O
S O OO AN

A(Iy) = A(Ty) x A(Ty) = |

9 gz 1616
13511332 {233 IR
""""""""""""""""" 26131 L
2616
2323 2335
235112332 19623, O i 2645 332
_______________________ 2333 AT
DU TN A
3 - 3232 : : :
A(Iy) = | 335113533 3323 396, 3235 3516 |
261 36313033 3335 3326

..............................................................

16232 16133 6164 6135 o
6261 (0162 16233 16124 6235

TIpu osiy4eHH CeAYIOUIMX CTeNeHeH 03HAYEHHBIX MATPHUIL 6YIEM OCTaBSITh TOJIBKO
T€ TIYTH U KOHTYPHI, KOTOPbIE SIBJISTIOTCS FTAMHUILTOHOBBIMM:

16451 | | | 16235
13261 0 : 0 13254 16235 0

0 i35162132613 135164 132645 0
o (4132 g 0 45164 0 ; o |

..................................................................................

Ay =

.................................................................................

62351 0 ,64513: 0 0
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162351 0 0 0 132645 0
0 235162 264513 235164 O 0
s .y 326451 0 351623 0 0 0
Ao) = 0 451623 0 0 0 451326’
0 0 0 513264 516235 0
0 645132 0 0 0 623516
1326451 0 0 0 0 0
0 2645132 0 0 0 0
6,7y _| O 0 3264513 0 0 0
ALy) = 0 0 0 4513264 O 0
0 0 0 0 5132645 0
0 0 0 0 0 6451326

3agaguMcs BONPOCOM: Kakoe yucio rpacdos (N) BO3MOXHO Ha # BEPIHMHAX U m

pebpax? Tak, wisi n =4 MOXHO BblYep-
™Tbh N= 11 NpUHIMIHATBHO pa3inya-
fowmxcst rpacdos (puc. 3.15).
BriuepueHHas cuctema rpagos Ha-
XOHNUTCSL B OTHOLUEHUH JOMOJHEHMUS.

[onoanenuem rpada I’ apasercs rpad §
I'’, XoTopbii JOTONHAET UCXOOHBbIN !
rpag 1o mogHoro. MaTtpuua CMeXHo- |

CTH JONOJHUTEIbHOro rpada Haxo-
JMTCs 1o ¢opmMmyiie:

ATy =J — A(D),

mOm—1m2m3m4m5m6

......................................................................

...........................................................

Puc. 3.15

roe J — MaTpruua CMCXHOCTH ITOJTHOTO rpad)a, cocTosIada NOJHOCThIO U3 CAHHULL, 3a

HCKIIOYCHUEM JIEMECHTOB JHATOHAIH.

HpBarpadac m=2 HaxosATCs B OTHOIIEHH W JONIOJHEHUS C AByMd rpacdaMu, MMe10-

VMM m =4 u 1.0. B 12a61. 3.7, rae npuBeieHbl KOJTUYeCTBa rpadoB ¢ # BEPLIMHAMY U
m pedpaMHi, HETPYIHO 3aMETUTh, YTO B TIPe/Ie1ax OHOIO CTOIG1a BO3paCTaIoLIas Mo-
CNIeJ0OBaTEIbHOCTh €0 UKCEN, TOCTUrasi MAaKCMMYMa, B TOYHOCTH IOBTOPSET €ro yObI-

BAIOILYIO NOCJICAOBATEIILHOCTD.

AHanornyHas CHMMETPUS B3AUMHOTO JONIOJIHCHUA UMECT MECTO U 1A oprpad)OB

(tabn. 3.8). Ha puc. 3.16 uzobpaxensi
BCEBO3MOXKHBIE BapUalluy oprpaQ)OB
Ha TpeX BepLIMHAaXx.

JIio6Goi rpad obnamaer HEKOTOPLI-
MM cBOMcTBaMU cumMeTpuu. I'pad u

€r0 JOTIOJIHEHUE BCETIa UMEIOT OfHY U §
Ty Xe Irpynny cuMMeTpuu. B yacTHO-
CTH, TIOIHBIHA rpad U ero JOTIOJHEHUE !

-— MycTol rpa¢ Ha » BepIIUHAX oOna-
Jal0T CUMMETPUYEeCKO Tpynmno# §,.

MN3BectHo, uTO, HaNpUMep, BTpynne S; |

COIEPXKHUTCS MOATPYTINa S3, T.€. [pynra
CUMMeETpUM TpeyrojbHuka. Ha puc.

m=0 m=1 m=2 m=3 m=4 m=5 m=6

......................................................................

......................................................................

Puc. 3.16
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3.15 wist m = 6 u3o6pakeHo aBa rpaca (TpeyroapHoit GOpPMBI B3SIT B paMKY) KakK pa3
JUIST TOTO, YTOOBI IIPOAEMOHCTPUPOBATh 3TO CBOWCTBO MOJHOTO rpada Ha YeThipex
BEPILIUHAX.

Tabnuua 3.7 Ta6nuua 3.8
m\nlti 2131 41516 7 | 8 m\n] 1 2 3 4
0 101 1 1 1 1 1 1 1 0 1 1 1 1
1 HERE 1 1 1 1 1 1 - 1 1 1
2 -l -1t 21212 2 2 2 - 1 4 | 5
3 - 11 31415 5 5 3 - - 4 |13
4 -l -] -12 18619 10 11 4 - - 4 |27
5 -l - 116 1151 21 24 5 - - 1 | 38
6 -l -] - 116 (21 41 56 6 - - 1148
7 -l -] - - | 4 124! 65 115 7 - - -1 38
8 - - - 2 1241 97 221 8 - - - |27
9 - - 1121 ] 181 402 9 - - -1 13
10 {-1-1-1- 1115 | 148 663 10 - - - 5
11 -1 - | - - -1 9 148 980 11 - - - 1
12 1-1-1-1- - 1.5 ] 131 1312 12 - - - 1
18 | -] -1 - = St 2 97 1557 N 1 3 | 16 1218
14 | -1 -1 - - - 11 65 1646
15 -1 - | - - - 1 41 1557
N 11l 2] al11]34]15601044]12 344

I'pad ¢ MeHBLIMM YHUCIIOM pebep, YeM Y NMOJHOro rpada, UMeeT B KAYeCTBe CBoeH
IPYIIbI CHMMETPHH KaKylo-HUOY b noarpymiy rpynnel S,. HanpuMep, rpynna npu-
BeaeHHOro Ha puc. 3.15 rpada ¢ uuciaom pedep, paBHBIM 71 = 5, COCTOUT U3 YETBIpEX
3JIEMEHTOB; €CU BEepPLIMHbI Tpada npoHyMepoBaTh COOTBETCTBYIOLIMM 00pa3oM, TO
€ro Ipymnrna BeIipasuTes nojactaHoBkamu: a=(02), b=(13), ¢=(02)(13) u e=(0). Mexny
TEM, KaK HaM U3BECTHO, TPYyMNIa CUMMETPHH nojHoro rpada (m = 6) S, cocTout u3
24-x 351eMEHTOB (MOACTAHOBKHU CM. B Tada. 2.54).

J1o60ii rpad nMeeT Uit cedst TOXISCTBEHHYIO TOACTAHOBKY. [103TOMY ero rpymmna
CUMMETPHUU MMEET 0 KpaifHed Mepe OAMH DJIeMEHT CUMMETPUHU. [11st HAXOXAEHMS
rpynisl G, KoTopast MOPOXKIAETCS CHMMETPUYHBIM Ipadom I, UCITONB3YIOTCS TOACTA-
HopoyHble 0,1-maTpuubl. Eciiv rpad I onpeaensercs maTpulieit cmexHoctu A(1), o
ero rpynna cumMmerpuu G onpeaenasieTcst TeMU NoACTaHOBOYHbIMH 0, 1 -MaTpHuLiamMu
M(G), XoTOpBle KOMMYTUPYIOT ¢ MaTpulieid cMexHocTu A(J):

A x M(G) = M(G) x A(D).
Tax, U1 TONLKO YTO MPUBEASHHOTO B KadecTRe ipuMeparpadacn=4, m=>5(puc. 3.15)
1 moacTaHoBKoi ¢ = (02)(13) umeem:

0101300610y (0010}01 01y (0101
10110001_(00011011_1110
010 1(fL 0060 {1 0O0O0[J010T1] {0101
11100100/ {0001 L 10/ (1011

Ecnu VXK€ HAHACHO KaKOe-TO KOJMYECTBO ITOJICTAHOBOK, TO HX NpUHUMAIOT 3a 06-
pasyruiue epynnst U NbITA0TCSH HaHUTH OCTAIbHbIC SIEMEHTHI CUMMCTpPHHU. HpPI 3TOM
YYUTBIBAKOT TOT d)aKT, YTO CUMMETPHSI UCXOOHOIo U JIOITOTHHUTEABHOIO K HEMY rpacba
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onHa u ta xe. KommyraunoHiioe orHoure- 1 4
Hue O0OBIKHOBEHHO BBLICTYNACT B POJIM NPO-
BEPOUYHOIO. 1 9

IlycTb paH JAOBONBLHO CJHOXHBINR UCXO1-
Huli rpacd I no Hemy HaxoauM dojee npo-
CTOM JOTIONHUTE/IbHLIA rpad ' (puc. 3.17). 7 3
3areM OTBICKMBAEM HECKOJAbKO OHEBHHDIX
TPAHCMO3ULIMI; NMEPEeMHOXKAH UX MEXAY CO- 5
0o, onpeaesieM NMOJAHYIO TPYIINY CHMMET-
puu ucxonHoro rpacga /. B KoHue no KoMmy- 8
TALMOHHOMY COOTHOLIEHUIO MTPOBEPSEM
CTIPABEIUTUBOCTb OJTHOM U3 HAWAEHHbIX MO/~
CTaHOBOK.

e= (1), b=@37), d=(17)(23)(48), g=(1723)(48),
a=(12), c= (12X37), f=(13)(27)(48), h = (1327)(48).

Puc. 3.17

A(D) M(d) M(d) A(D
(01111010(00000010 00000010011 11010
1O 1 1 101 0/001 00000 (00100000101 11010
1100101 1101000000 101 0000O0O0HI 1001011
11001 10 1[j0000000T (000000011 001 101]_
I 1 L1001 1000010006 1000010001 1110011
10001000 100000100 (000600100/j0001000:1
ft1 1010011 0000006/ (100000001 1101001
L00111110L00010000 00010000001 11110

P11 01 001
11001 011
L0t 11010
B O T S T O
Tt o000y
60010001
0Lt 11010
P11 001101

Ecau Bee pepliuHbl rpada MMEIOT 0IMHAKOBYIO CTETIEHb, TO TAKOH rpad Ha3bIBACT-
cs1 peeyaapubim. Perynsipblil rpad, Kak NpaBHiao, UMeeT 0ojiee BBICOKYIO CTEIEHD
CUMMETPUH, UEM HEPETY/ISIPHbIIA, HO BCETa MEHBUIYIO, UeM Y ITOJIHOTO, NOCTPOSHHO-
o Ha TeX XKe caMbIX BepiurHax. s peryasipHoro rpada I'MaTpHLIbl CMEXHOCTH Y MH-
UMICHTHOCTH CBI3aHbl COOTHOIUCHHUEM!

A(T) = BXI')y x B(I'") — dv)E,
re E — eAMHUYHAS MaTpULa, d(v) — CTereHb BEPWUUHBI v peryisipHoro rpada [,

BHI') — TpaHCIIOHUPOBaHHAs MATpULIA MHUMAEHTHOCTH B(T).

CxoxyIo ¢ 310i1 (hopmytoit umeet pebephbrii rpad. I'pad I, HazpiaeTcst pebepHbiM,
ec/IM B KaYeCTBE BepUIMH €ro BuiOpaHbl peGpa ucxoaHoro rpada I ¢ m pebpamMu u 1
BEPLUMHAMH, UMEIOLLEro MaTPHULYy UHLKAeHTHOCTH B(/'). B 3TOM cnyyae MaTpuua
CMEXHOCTH pebepHoro rpata HaxoAUTCs o dopmyie:

A(T,) = B(T') x BXI') — 2E.
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BaxHo noayepKHyTb, 4T0 MCXOAHDBIA rpa I'iusi ocTpoeHust pebepHoro [, Heobs-
3aTEeNBHO HOJDKEH ObIThb peryasipHbiM. Ho eciau I'Bce e peryjisipHblit, TO U peOepHbIi
I, Toxe Oyner peryasapubiM. B o6uiem cayyae, eciiu pebpo e; B rpade I orpaHu4eHo
BEPUINHAMM V; U Vy, CTENEHD KOTOPBIX paBHa d(v;) u d(V,), TO CTEMEHD BEPLUMHDI ¢; B
pebepHoM rpade 7, onpenenurcs Gopmyoit:

Yucno pebep B pebeprom rpade I » BOOLICM, & HE TOJIBKO PETY/ISIPHOM Cliydae, onpene-
JISIETCS CJIeAYIOLINUM BhIpaXkKeHHEM:

m' =—1—Z":d2(v[ )-m :lid(e,- ).
274 275

T ) I, ITycrn nau perynsipusiit rpad I (puc. 3.18).
Ero marpuueit MHUMACHTHOCTH siBNsieTca B(F),
6 2 34 36 KOTOPYIO Mbl IPUMEM B CBOEM PacyeTe 3a UCXOJI~
14 Hy10. I1o BLIMMCAHHBIM BbllIE (hOpMYJIaM HAX0-
0 16 aum AN m A(T), a Takxe d(e) =4 u m'= 18,
5 3 45 56
4 N
25
Puc. 3.18
1 23 456
1000 0)12 11110000
1 001 00|14 1 0001 010
1 0000T1]16 (01()101) 100001 01
011t 00 023 ]010[0‘ 1 00011100
B(ry=01 001 025, AU/)={0 1 01 0 11 AL,)={1 001 00011
0011 00)34 ]0]01()} ororootri1o0
001 00 1(36 01 01 01} 0o0ot1t1 01 001
00011 0[45 010011 001
00001 1)5 001010110
I I'pacd Ha3bIBACTCSI HAGCKUM (MAAHAPHBIM), €CTH €F0 MOXHO YJIO-

KHUTb Ha TUIOCKOCTH Tak, YToOb! ero pebpa HUTIe HE MepeceKallich,
KpoMe Kak B BepiunHax. IMeeTcst 1Ba OCHOBHBIX HEILTAHAPHLIX Tpa-

dba — I5 u I} 3, n3006paxenue KOTOPbIX AAHO Ha puc. 3.19.
O06a rpada [ n I3 3 ABASIOTCS PETYIISPHBIMM, HO TOCHIEAHMNIM OT-
HOCUTCS €LIE M K TAK HA3bIBAEMOMY d8Y004bHOMY, KOTOPBLI OIpeie-
I, JISIeTCSI 31IeCh KaKk MHOro3HayHoe OTOOpaXKeHUue Tpex BEpXHHUX BEp-
IIUH Ha TPU HUXHHE BePUIMHBI, Wik HaobopoT. B obuieM ciayyae B
NBYJOABHOM rpade I, uncio BepliMH B 000UX PSIIaX MOXET OBITH JII0-

ObIM.

Tunepepagh — 310 Takoe 06061UICHKE MTpocTero rpada, koraa ped-
paMH MOTYT ObIThb HE TOJILKO JIByX3JIEMEHTHBIE, HO M JIIOOBIE TOAMHO-
Puc. 3.19  xecrpa BepminH. ITycTh KOHKPETHO 33/1aHbi [[Ba MHOXeCTBa: V= {v,,
V3, ..., Vg} — MHOXEC1BO BepUIMH, E={e, e,, ..., &} — MHOXECTBO pe-
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6ep. Toraa 3a runeprpad H(V, E) MOXKHO NPUHSTH, HAIPUMED, CIEAYIOLLEE CEMENCT-
BO TIOIMHOXECTB!

H(V, E) = {e|, e, e;, €y, €5, ¢} =

= {{V], vy, V3}, {Vz, Vi4s Vs, ‘76}’ {Vﬁa Ve, VB}~ {V3! VS}’ {Vg}, {VG}}'

JhoGomy runeprpacdy H(V, E) MOXHO OCTaBHUTL B COOTBETCTBUE 08ydoabHbli rpad
I'y(H) (puc. 3.20).

B oco6biii TH rpadoB BbIAESAIOTCS AePEBbS. Jepe6o — 3TO CBsI3aHHBIH rpad, He
UMEIOIUA LIMKJIOB, TAK KaK JIIOObIC IBE €0 BepHIMHDLI COSAMHEHbBI HPOCMbIM TIYTEM.
Yucno pebep B HEM BCETa HA eAMHMIY MEHDBILE YKCiia ero BepluuH (m=n — 1). Ha
puc. 3.21 u306pakeHbl Bce 6 JepeBbes, KOTOPhIE MOTYT ObITh MMOCTPOEHB! HA LIECTH

D s - Y
> /L

H(V,E) I'(H)

Pwc. 3.20 Puc. 3.21

KonuuecTso AepeBbeB PE3KO YBEANUIUTCS, €CJIM BEPLUMHbI KAK-HUOYIb TOMETUTD.
Hucsio nomeuentbix 0epesbes M TUCIO APYIMX BUA0B IpadoB 1ipuBeaeHo 8 Tabi. 3.9.

Ta6bnuua 3.9

Buabl rpados ni 11213 4 5 6
HepeBbs 141 1 2 3 6
omeyeHHble AepeBLn 1 113 16 125 1296
MpocTble rpads! 11214 11 34 156
CeazadHbie NpocTole rpadb! 1 1 2 6 21 112
3nneposb! NpocThie rpadn 110 11 1 4 8
aMUNbLTOHOBLL NROCTLIE rpadb! 11011 3 8 48
[MpocTeie _NaHapHbie rpadb 11112 6 20 105
MNpocTtble_oprpadbl 113116 218 | 9608 | 1540944
CeaszanHble NpOocThie _oprpadbt 112 1131 199 19364 | 1439822

Y1005l MPON3BECTU MACHTHUDUKAIIMIO IEPEBLEB PA3TMYHON KOHDUTYpanuy, mpo-
U3BOMAT YIIOPAJ0dYe HUE BEPLIUH 1O KopHeBoMy npusHaky. CyTb 3TOH npoueaypbl co-
cTouT B crneayloiem. M3 nepesa T ynansiorcst BCe KOHIEBble RePILIMHBI BMECTE ¢ HH-
LUAECHTHBIME UM peOpaMu, T.e. BEPUIMHBI CTeIIeH’, paBHOM equaNLe. Tak 1moxyyaer-
¢s1 HoBoe niepeio 7). 3aTeM u3 T BHOBD YAaIs0TCs BCe KOHLEBbIE BEPLIWHBI; IOyYya-
eTcst aepeso T,. Dra npoleypa noBTopsieTCs 10 TEX Mop, MoKa HCXo/1Hoe fnepeBo T He
COKpaTUTCS 10 €IWHCTBEHHOM BEpLIMHbI, KOTOpas U Ha3biBaeTCs KOpHeM aepesa 7.
Ecnu B pesynbrare yaajieHUs] KOHLEBBIX BEPILMH OCTaNOCh IBE BEPLINHBI, COSIUHEH-
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Hble peOpoM, TO 3a KOpEHb ACPEBA IIPUHUMAETCS 100ad U3 3TUX BepiunH. Kaxaon
BepLUIMHE MPUTTUCBLIBAETCA BEC, T.€. UMCI0, COOTBETCTBYIOIEeE O0LIEMY KOJIUYECTBY
BepIUIHH NoepesbeB. Bepuintibl, CMeXHBIC ¢ KOpHeM aepesa T, paccMaTpUBalOTCs
KaK KOpHH nojyiepesbeB. [Ipu TakoM npeacTaBielinid KOpHEBOE JEPEBO OMHO3HAYHO
OTIpeAETSIETCS YIOPSAA0YCHHOW MOCE10BATEILHOCTBIO BECOB €r0 BEpPLUIUH, B KOTOPOU
Ha MEPBOM MECTE CTOUT BEC KOPHS BCETO JEPEBa,
& 33TCM CJE/YIOT COOTBETCTBYIOLIUE TTOCTEN0BA-
TENILHOCTH [UTA MOJIEPEBLEB B MOPSIIKE BO3pac-
TaHUs BECOBBIX XapakTepUCTHK MX KopHeil. Ha
puc. 3.22 B KauecTBe NpUMepa MIPUBEACHO 1€PEBO
BMECTE ¢ BECAMM €ro BEepIIVH, KOTOPbI€ YA0OHO
3aMKUCaTh B CJCAYIOUIEM TTOPSIKE:

Puc. 3.22 7(10,4, 1,2, 1,5, 1,3, 1, 1).

3.3. Mopdoaorus rpaga

Pasnoxenne rpada Ha ero 6a3HMCHbBIC COCTAB/ISIOLIME TPOBEAEM Ha KOHKPETHOM NPU-

Mmepe. [Tyctb OyseT 3aaaH NpoOCTOM CBA3aHHbI M1aHapHBIH Tpad [, B KOTOPOM IIPOHY-

MepoBaHbl Bce ero pebpa (puc. 3.23). CriaoluHbIMUK JIMHUSIMU BbIIEAEH OCTOB rpada.

r Ocmosom (WU NOKPbIGAIOUUM depesoM) Ha3bIBAETCs

15 ﬁ’ 10 moboe aepeso rpada I, TOKpbIBaIOIIEE BCE €r0 BEPLUM-

Hbl. Pe6pa, He BolealTNEe B OCTOB, HAa3bIBAIOTCA Xopoa-

mu. CUMBOJIMIECKUM MPEACTABICHUEM OCTOBA SBJSCT~

sl CAeNYIOUIAs TOCAEA0BATEIbHOCTH BECOBBIX XapaKTe-
puctuk: 7(9,1,2,1,5,1,3, 1, 1).

Hpexiie Bcero Halaem panr (k) U LHKIOMaTHUYECKOe
yuceno (/) nautero rpaca I. Paue onpenensieTcs YUCIOM
pebep MOKpLIBAIOUIETO AEPeBa, a yukioMamudeckoe
YiCa0 — HE BOUICAITMMU B ACPeBO pebpaMu; CIenoBa-
Teapho: m=k + /=8 + 7 =15 — obuiee yuciyo pedep B
rpace I.

Puc. 3.23 Buiaennm B rpade I'6a3ucHbIe LIMKIbI M pa3pe3sl. Bo
BCSIKUM Oa3ucHbid Yuka OOMXKHA BXOAWUTDH TOJIBKO OJHA
xopaa. Tak, uukn c¢= (1, 3, 7) spasiercsa 6a3sHCHbIM, 2 1pyroi uuki ¢ = (1, 3, 5, 10) yxe
He Oymer TakoBbiM. Paspezom (Ui cewenuem) rpada I B obuieM ciaydae Ha3bIBAETCS
MHMHUMAIbHOE MHOXECTBO pebep, yaajieHHe KOTOPHIX JienaeT rpacdy HeCBSI3AHHBIM.
MHOXKeCTBO pa3pe30B, OTBeUaoUX ocToBy rpada T(/), Ha3biBaeTcs Ga3MCHBIM MHO-
KECTBOM paspeson. Kaxavlit 6asuckbili paspe3 COASPXKUT TOUHO OJHO pedpo OCTOBa
T(); Bce ocTtanbHbIe pebGpa Takoro paspesa 6yayT xopaamu. s Hanlero ciaydas 6a-
3UCHBIM ABJIsiETCH, Hanpumep, paspes s= (2, 5, 10), Ho He s’ = (2, 4, 6, 8). BasucHsle
pa3pes3bl U MKJIBL yIOOHO MPEACTABISITE MATpULLaMU. YHCII0 CTPOK B Mampuie paspe-
306 (S) paBHO YUCy 6a3UCHBIX pa3pe3oB (k), a YUCTO CTOJOLOB — O0LIeMy YHCTY pe-
Oep (m); TiputyeM ecu pebdpo y4acTBYET B JAHHOM DPa3pes3e, TO B COOTBETCTBYIOILEH
MO3ULIMY BBICTABJISIETCS SAMHHIIA, B TPOTHBHOM clyvyae — Holb. PazMepHOCTE Mam-
puybt yuxaoe (C) paBHa [ x m; Hyld U eIMHULBI B HEH BBICTABIISIIOTCS TOYHO TaK Xe,
KaK U B MaTpuUeE S, HO YK€ OTHOCHTENHHO Ga3UCHBIX LIMKJIOB!
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0L o001 000010 00 0)
001 011100000000 (8})}}})?888888888
000000001 1 00001 10 01 0001060000000
S§=[00000000001 0101 c_l} 00670001 0000000
000000000001100}* i 1 0100001106000 0
1000001 10100000 0006000000601 1100
000111010100000J 1000000060101 00711
000000000000 0T1 1 .

ITyreM nieperpynnupoBKU CTOAGLOB MATPHLb S 1 C MOXKHO IMTPUBECTH K cucmema-
muyecKomy sudy:

§'=(Eal Gy ) € =(Hyl £p2);

1 00000001 0001 00 :
010000001 110000  [(H1 0000101000000
0010000000001 0l 101 0001000010000

§/ =000 1000000000 1| " _ig60001 10660061000
0001 000000001 0 ol oo0i 1006000100
00000100001 1 100 A SO S I S
LOO()OOOIO]IOIIOUJ '001100010000001
00000001 0000001 \

IIpu nepeMHOXEeHUEM MaTpUlL yoexaeMco, 4To
§'x C*=0, Gp=H*y, Hy=G0%,
3/1eCh 3BE3/I0YKA 03HAYAET TPAHCITOHWPOBAHUE, 8 YMHOXEHME POU3BOAUTCS 110 mod
(2). MaTtpuusbl paspe3oB (S) 1 uukios (C') B3AHMHO OPTOrOHANbHBI.
Marpuua viHiyaeHTHocTa B(1) yTeM TuHEeHHON KOMOMHALIMU TOIBKO CTPOK MO-
KeT ObITh CBEeJIeHA K MATPULIC Pa3pe3oB .S, MpH 3TOM BbBICBOOOX/IAETCSt OXHA HY/1eBast
CTpoKa:

ft oo ooot 1 100001 0}1
‘01001(;000100000}2
00000000001 0GC1 013
i()()lollloooooooot«t
B(D=1000000060110000T1:5,
11()1100000000000'6
01 010101 000¢00¢0O0]7
000000000011 01 0|8
000000000001 1 60J9
(01 001 0000100000 2
loo1 01 1100000000 4
0000000011 00001 5
0000001 0001 01 01 3
S=000000000001 1 00 9
F 000001 1 061 060000 1+3+5+8+9
0001 1101 01 00000 1+3+4+5+6+8+9
0 0000000000001 1| 3+8+9
00000006000 000O0O0)1+2+3+4+5+6+7+8=9

Crpoku matpuiibl B(I') npoHyMepoBaHbl Kak €civ Ob! OBLTM IPOHYMEPOBAaHBI CO-
OTBETCTBYOLLME BeplHb rpaca I (puc. 3.23). CripaBa oT MAaTpULB! S MOKAa3aHa JIn-
HelHas KoMOMHAUMS CTPOK (CYyMMHMpOBaHHUe HpoU3BoauTes 1o mod (2)).

I'pady I orBevaeT 15-KOMMOHEHTHDLIH BEKTOD:

y=(, L LLLLLLILILLILLLD.
Besiknii BeXTOp MOXKET OLITH IpeCTaBICH 1nHe HHOMW KoMOuHannen 6a3uCHbIX BEKTO-

poB. ClIe10BaTe/IbHO, U HALIl BEKTOP ¥ MOXET ObITh NIPe/ICTaRNIeH 0a3UCHBIMY pa3pe3a-
MU 1 BHKAIaMK. YToObl OlIpe/enTh, Yepe3 KaKue UMEeHHO Pa3pe3sl Y UMKITBI BbIpaXa-

273



€TCH Halll BEKTOP Y, HEOOXOMMMO BBIUMCIUTD HEKOTOPYIO COBOKYTTHOCTh onpedeaume-
neit Tpama. CHavana 3anuuieM ucxoounsie onpenenutenu I'pama s pa3pe3oB (g) u
LHMKJIOB (A) B OOLLEM BUIE:

S1t S - Sk Cyy €y - Cy

N N ... S C c .. C
g= 21 22 2k , h = 21 22 2

Sk] Sk2 e Sk C” Cra ... Cy

DaeMeHTbI onpesenutenedt I'pama g u h CHMMETPHYHBL, T.€. §;= Sj;, C;= C;;, X TIPEACTAB-
JITIOT CO60# craysipHble Npou3BeaeHus] Mo mod (2) 6a3rCcHBIX BEKTOPOB COOTBETCTBY-
IOWUX UHIEKCOB. basucHble BEKTOPBI pa3pe30B 6epyTCs KaK CTPOKH MATpULLLL .5, a Ha-
3UCHBIMM BEKTOPAMH LIMKNOB SABASIOTCS CTpOKW MaTpuusl C. it Hauiero mpuMepa

CKAJIAPHBIC TPOU3BCIACHUS TIDUHUMAIOT CIICAYIOIHUE 3HAYCHNSA!

$;=55=(010010000100000)(0100100001000060) =
=0+1+0+0+1+0+0+0+0+1+0+0+0+0+0=1,
S1;=855%=(010010000100000)(001011100000000)=
=0+0+0+0+0+14+0+0+0+0+0+0+0+06+0=1, ...
Ci5=0C45=(100100010000000)(110100001100000)=
=14+0+0+1+0+0+0+0+0+0+0+0+0+0+0=0, ...

ITocne atux BbIUMCIEHUA uUcxodubie onpenendreny ['paMa npuMyT ciemyomui
BMI:

11100100
0011000

10000100
0111100

10110111
001 11001 bEbid00
g= , h=1{1 11100 0L

00010000
01101 01

11100000
0000011
00100010 0000110

00110000

Hanee anroput™ BulYUCIICHWT CTPOUTCS ClieayIOIMM o6pa3oM. JluaroHans orpe-
JIETIUTEIISE g TIOOYEPEIHO CTaBAT HA MECTO MEPBOM €ro CTPOKH, MoJTy4yasi TakuM obpa-
30M HPOU3GOOHbI OTIPEALTUTEIND g, 3aTEM Ha MECTO BTOPOH, I10J1y4as g, U T.I. IO TeX
1op, MOKa He MOiy4aT gg. AHAJIOTMYHO HAXOAAT BCE CEMB ITPOM3BOAHBIX OTIPEAEIUTE-
JIeH 111 UMKJIOB:

10110010 11100100
10000100 10110010
10110111 10110111
00111001 001 11001
g‘_0001oooo_l’gz‘oooxoooo"l’
11100000 11100000
0010001 0 0010001 0
00110000 00110000
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0111110 0011000
0111100 0111100
1111100 L1 11100
A=l 111 00 0f=0, , =11 11100 0/=1
01101 01 01101 01
000001 1 0000011
0000110 0111110

OnpelenuTeNN BEIYUCSIOTCS 0ObIYHBIM 00pa3oM, Ho 1o mod (2). B utore nonyunm:

&=1,5=1,5=0,8=0,g=1,g=1,g=1,8=0;
h1=0, h2= 1,h3= 1,h4= 1, h5=0, h6:01 h7= 1
3HayeHus TIPOU3BOOHBIX OHDCIICIIMTCIIGﬁ HUIparoT poib KOBQ)Q)I/IL[I/ICHTOB JIUHEN-
HOro pal3joKeHUs BEKTOpa y 1o 6a3UCHbBIM BEKTOpPAM pa3pe30B K LIMKIOB!:

V=851 T &t Tt &Sy, Ye=hept eyt ey, =ty
BasucHbie KOMAIOHEHTHI C OTJIMYHBIM OT HYJI KOOG(MULMEHTOM yY4acTBYIOT B 06pa3o-
BaHUU BEKTOpa y:

y,=111110000101100
¥ .=000001111010011
y=111111111111111.

IMonpo6no:
5i=010010000100000
55=001011100000000
55=000000000001100
s5¢=100000110100000
57=000111010100000
c=001101000000000
c;=101000100000000
c=100100010000000
¢=000000001010011
y=111111111111111.
Hiuxe (puc. 3.24) npusenensl napa rpacdos (I u I,) BMecTe C BHIYUCTEHHBIMU pe-
3yJIbTaTaMU Pa3JIOXKeHUs MX 110 0A3NCHBIM pa3pe3aM M UUKIaM (y; U v;).

Puc. 3.24
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s;=100000100010011
$5=010000001010010
53=001000011000000
54=000100010001000
s5=00001010000100
5=000001100001001
s7=000000000111010

sg=0000000000001 11
c;=001100010000000
cp=011000001000000
c3=000111000101000
c=110000000100110

=10 10000000110
01 0010010010
s53=00 10000000000
s54=000001000000000
5s=000000110010100
56=000000001000000
s7=000000000110010
sg=000000000000001
cq=111000000000000
¢;=010000110000000
€3=100000100001100

Y= LIITITLLLIIIELL,

¢=100011000000101
yy=t1tirtirlrtrrieteid,
Ha puc. 3.25 uzoGpaxensl ellie ABA MPOCTHIX CBA3aHHbIX [IaHapHbIX Tpada [ u I
Ha 15 pebpax, BHEIIHE HHUEM HE OT/IHUAIOUIMXCSA OT CBOHX OPEAIICCTBEHHUKOB, HO
KOTOpbIE, OHAKO, YXe He
MOTYT OBITh PA3JIOXEHBI B
noJje yuceya no mod (2) no
CBOMM 0a3UCHBIM paspe-
3aM ¥ nukiaam. Bece ux
onpeaenurenu ['pama, Bbl-
YUCAEHHBIE 110 HU3JIOXEH-
HO¥ BBILIIE METOIHKE, OKa-
3bIBAIOTCS PaBHBIMM HYJIIO.
C TOYKH 3pEeHUs TPATULIU-
OHHOIt NUHEWHON anred-
Pbl, 3TO CBUICTENLCTBYET O
Puc. 3.25 HAJIMYHK TMHEXHON 3aBu-
CUMOCTH MEXIY BEKTOpa-
Mu. TeMm He Menec pasnoxeHue rpadon 5 u [, o UX BbiAe1eHHbIM 0a3MCHBIM KOMIIO-
HEHTAM TEOPETUYECKH BO3MOXHO, CCAM UCIOIL30BATh, CKAXKEM, onepaluy no mod
(3), mod (4) vau BooOILe Oe3 MOIYIS, IPU KOTOPbLIX TIOSIBATCS OTIIMYHbIE OT HYJIsd
olpeaeTHTeIH.
3aech OBHAPYKHMBACTCS OCHOBHONH U3LSIH B TeOMeTPHYECKONM MHTePIIpeTaluM «OU-
HAPHOTO» pasjioxeHus rpada Ha 6asictbie pa3pe3bl U LAKILL. Je10 B TOM, YTO TpaK-
ToBKY 1 1 0 KaK «BXOXIEHUE» UK «HEBXOXICHHE» pedpa B IMHEHHOE Pa3JIOXEHHE,
HYXHO IOMNOJIHUTD €ILE OJHUM CONCPKAHMEM: GCAKOe HedyemHoe exoxcoeHue pebpa
oznayaem 1, ayemnoe — 0. l'padel I3 u [, ormuatotesi ot [ u I, Tem, 4TO 1epsast mapa
rpacos MoaxaeTCst UMEHHO SUHAPHOMY DA3I0KECHHUIO, & BTOPAsi apa -— HET, HO pa3iio-
KeHUE AT HUX Kak TaKoBoe, BOOOLIE TOROPST, HE UCKAIOUEHO.
Eie oauu Bonpoc, KOTopkli 3/1eCh BOZHUKACT: KAKOBO 0O0LICEe YMCJIO BO3MOXHBIX
OCTOBOB?
OHO pacCUUTBLIBACTCS € MOMOLLDIO ONIPEACIUTCIS PA3MepHOCTH (1 — 1) x (n — 1),
Ha IMaroHAIM KOTOPOTO BBICTAB/ISIONCS CTEIICHU # — | BEpUIUH (OTCYTCTBOBATH MO-
KT JII00ast U3 1 BEPIUMH), a4 HEAMArOHANbHbBIE DJIEMEHTDI i MOTYT ObITh BUAA: 0 (ecnu
BEPLUMHDI { U j MeKy coboit He cBsi3atbl), — | (€C/u / 1 j CBSi3aHbl OMHOM CBS3BIO), — 2
(ecnu [ ¥ j CBSI3AHBI ABYMSL CBSI3SIMM) U T.11.
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Yacto pedpa cHab)eHBl KAKOU-1UMO0 BECOBOH XaPAKTEPUCTUKOW, U MOKPLIBAIO-
mee AepeBo TpebyeTcs BLIOPATD U3 ORMUMAL6HBIX COOOPAXKECHUA: MUHUMAJIBHOIO UK
MAaKCHUMAaJILHOIO Beca MOKPLIBAIOILEro Aepesa. [isi HaXox/IeHUs!, HApUMeEp, 0cimoga
MUHUMAAbHOO 8eca NOCTYNAI0T cleayoinM 0bpasoM. U3 Bcex npeliioxkeHHbix pedep
BBIOUPAIOT pedpo ¢ HAMMEHbLIIUM BECOM. 3aTeM Ha KaxIOM CHeAyIolleM iiiare u3
OCTABUIETOCS YMUCJIa pACCMATPHBACTCS HauMelibliee 1o secy pedpo. Eciau oHo He 006-
pa3yeT LIMKI4a ¢ paHee BLIOpaHHbIMK BCTBAMU rpada, To BBoAUTCA B ocToB. [locTpoe-
HMe nipekpalliaeTcs nociae n — 1 wara. Bee octosul rpados I, I, 15, I3, I, BbiOpaHbl
KaK pa3 [0 3TOMY &ITOPUTMY, TPH HTOM HOMep pedpa IpHHUMAJICS 3a €T0 BeC.

[ToxpeiBatoiuee nepeBo rpada I'HyKHO OTIMIATL OT ero pebepHoro nokpuitus. Pe-
Beprbim noxpsimuesm rpada [V, F) Ha3pIBaCTCs TaKOE NoAMHOXecTBO £'U3 E, KOTOpoe
MHUUAEHTHO BCEMY MHOXECTBY BepiiuH V. Hapsiiy ¢ pebepHbIM NOKPBITHEM, BBOIST
TTOHSITHE HE3aBMCUMOTO TMOAMHOXeCTBA pebep: moaMHoXecTBO £ 13 E nonapHo He-
CMEXHBIX pebep HasbIBaeTCsl itezagucumbist (MWK napocovemanuem). AHAIOTMYHAA
mapa MoHSTHI cyuiecTByeT ansi BepiunH. [loimHoxecTBo Bepumu V' rpaga I(V, E)
HA3bIBACTCS HE3aBMCUMbBIM, €C/IM HMKAKMEe [IBe BEPIUMHBI U3 3TOTO MHOXECTBa HE
cMexHbl. Ecan noaMHoxecTBo Bepuimtl V' u3 V — He3aBUCUMO, TO TTOPOXAEHHBIH
3TUMU BepurMHaMu noarpad (V7 0) sisnsercs nycmbim. YNOMSHEM TIOITYTHO, AHTU-
IIOJOM HE3ABUCUMOTO MHOXKECTBA SIBJISICTCS NOHATHE Kauku. [ToTMHOXeCTBO BEpLIUH
Ha3bIBaeTCst KJIMKOI, eCiiun JIo0bIe ABe BXO/sI1IME B HCTO BEPUIMHBI CMEXHBI, T.€. KOT-
J1a TIOPOXJAeMbIN 3TUM TTOAMHOKeCTBOM noarpad Oyvaet noansim. U nociennee no-
HATHE B 9TOM PSAY: MOJAMHOXECTBO BEPIIHH V" Ha3bIBACTCA 8epllUHHbIM HOKPBIMUEM,
eclIM MHOXecTBO V" nokphiBaeT Bce pebpa £ rpada I

OnTHManbHbie 3HAYEH U BBEJICHHbIX XapAKTePUCTUK 0003HAYNM CIIe YoM 00-
pasom:

0y — MAKCUMAabHOE YMCIIO He3aBUCUMBbIX BEpUIMH,

By — MUHHMATbHOE BEPLIMHHOE ITOKPLITHE,

0y — MaKCHUMaJTbHOE YMCIIO HE3aBHCUMBIX pebep,

B, — MHHUMaNbHOE peGepHoe TOKPBITHE.
st mroboro rpada [ BbITIONHAETCS yC/IOBHE!

oy +By=o, + B, = A
ABynonbHblie rpadbl BLUIEAAIOTCS CPEeIM NPOUUX TEM, YTO JUISI HUX BBIITOJHAETCS NO-
TTONTHUTEJILHOE YCAOBHUE!

ay = B, oy = Py
ITostomy iuts [y UMeeT MECTO paclIMpeHHOE YCI0BHE:

ag+ o =0y + By =ay+ o, =0+ P =n
Kpome Toro, HezaBucumMoe MHOXeCTs0 pedep rpada I HaxooUTCa BO B3aUMHO OTHO-
3HAYHOM COOTBETCTBUH C HE3ABHCHMBIM MHOXECTBOM BeplLMH pebepHoro rpada 1},,
rioaToMy o (1) = ag(1).

Tenepb paccMOTPUM KOHKPETHBIH ABYA0AbHBIH rpad T, M300paxeHHBIH Ha

puc. 3.26. Pa1oM ¢ HUM MOCTPOUM COOTBETCTBYIOLINI emy pebepHblit rpad I, s

noctpoenusi [y(V, E) cnavana 6biin HailacHo o0iuee yucno pebep B [, a 3aTeM MaTpH-
1Ha CMEXHOCTH:

TV, E) = {ey, e;, €3, e} = {{vi, va. vs}, {1}, {va, v, val, {vas Vil
m= (/)G + 1P +32+ 22+ 22+ 27+ 1P+ 32+ 1%~ 9= 12,
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B cooTBeTCTBUY ¢ ONpeieIeHEM COCTaBUM MSITh MAKCUMAaIbHBIX NAapOCOYeTaHUH
¢ yuciom o,(f;) = 4

1)ep — vy ey, e3 = V3, eq — vy
2)e —vs, e — vy, e3 — vs, eq — vy,
3) ey —vs, ey vy, ey - ¥, €4 — V4,
4) e — vs, e — vy, e — ¥y, ey — Va4,
Se — v, ey — vy, ey — vy, €4 — W)
Nmeercst yeThipe MUHUMAUTBHBIX pebepHbIx NOKpLITHs ¢ uuciaoMm B(1) = 5:
1) ep — v, 3 — vy, ey — 1y, ey — vy, eq — Vy,
2) ey —vs, ey a3V, €4 Vp €q 7T V4,
3) eg—vs, ey, ey — V3, ey = Vg, e — vy
4) e —vs, ey — vy, ey — vy, eq — V4, €4 — Vy.

Kaxjaoe H3 3TUx HETBIPECX MOKPLITH i onpeiiensaercs MUHUMAJIbHBIM YAC/IOM €JIMHUAIL,
KOTOPLIC ITOKPLIBAIOT BCC CTPOKH M CcTONA0B MATPpHUIIbl MHIMACHTHOCTH (3T1/‘I ITOKPBI-
BalOUME ¢AMHUIIbI 3aMCHECHbI Ha 3BE310UYKIL ).

(1 * 00y 71 % 00 (1 *+ 00y (1 » 00
00 = 1 001 =1 10071 x| |00 =
00 * 0, 100+ 0, (000 ]00=0]
101*‘101*|10*11*011
x 000/ («x 000/ {000 [x0009)

MHOXeCTBO HEe3aBUCHMbIX BEPIIHH Brpadie [, 0TBEYacT MHOXECTBY HE3aBUCHMBIX

pebep B rpade [, orcrona a (1)) = ay(/)) =4
{1, 3, 7,95 {1, 4,5 7}, {1, 3,6, 8, {1, 3,5, 7}, {1, 3, 5, 8}.

Hiisi pebeproro rpadpa I, MOXKHO YKa3aTh U TPU MAKCHMAJIbHBIX KIUKK: {2, 3,4}, {4,
8,91 n {5, 6,9}. HakoHel, BbIHMILIEM MUHUMA/IbHBIC MHOKECTBA BEPIIMHHBIX IIOKPbI-
THii Juist rpacda [, KOTOpbIE 110YUAI0TCAH KaK H0I10JIHEHM S K MAKCUMaJIbHbIM MHOXeE-

g J
CTBAM HE3aBHMCHUMBbIX BEPLIHH!

{2,4,5,6,8),{2,3.6,8,9,{2,4,5,7,9},{2,4,6,8,9}, (2,4,6,7, 9}.
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st morcka NOAMHOXECTBA HE3aBUCHMbIX BEPILIMH U BEPLUMHHBIX NTOKPBITH ITO-
TB3YIOTCH Memodom Oyaeevix dynkyui. C 5TOH uenblo 3anviem rpag I, B 6ynesoi
KOHBIOHKTHBHOI HopMasibHOM (hopme (KHD), ripu 370M CaM CUMBOJI KOH'BIOHKLIMHU
OITyCTUM:

AL)=2v D2vH2vHOvHOvHOvVOEIVET v ) x

x (7T v 6)(5v06)(4v8)4v3I).

ITonb3ysCh TOABKO 3aKOHAMU MOTAOUIEHHUS —

av (ab)=a, alav b)=a,
nepepe/eM Hatily OyeBy pyHkunio 1) B MUHUMAILHYIO INIBIOHKTHBHYO HOPMaIb-
Hy1o popmy (ZIHD). Ha nipakTuke ynoOHO MCoMb30BaTh 3aKOH bl ITOTJIOMEHHS HE TI0-
¢Jie TOJIHOTO PACKPBITUS CKODOK, 4 B TIPOLIECCE MX OCAE/10BATEILHOTO MepeMHOXe-
HUS;

ALY = (2 v 134)(9 v 4568)(7 v 68)(3 v 6)(4 v 38) =

= (29 v 24568 v 1349 v 1345686)(457 v 467 v 468 v 368 v 3578) =

=24579 v 24679 24689 23689 v 24568+ 235789 v 134579 v 134679 v 134689 v 134568.
TonuepKHYTBIE KOHBIOHKTbI 00PA3YIOT U3BECTHBIE HAM IMSITh MUHUMAJIBHBIX BEPILIMH-
HBIX TOKPLITHIL. X JOTIONHE HUSIMU SIBJISIIOTC S MAKCUMATbHbIE MHOXECTBA HE3ABUCH -
MBbIX BEPUIUH.

Y1061 MPOBEPUTH MPABHALHOCTL HAXOX/CHMS BCCX BEPLUMHHBIX [TOKPLITUH, He-
00X0IMMO BOCIIOIb30OBATLCS NPUHUUNOM 060HCMBEHHOCHIH, KOTOPBIN IeHCTBYET B paM-
Kax noruku byast. s oToro pesyiabsTupytoulee sbipakeHue 3anuniem 8 KH® u ¢ no-
MOILBIO TOTO XK€ 3aKOHA MOr1oweHus npuseaeM ero x JH®:

/'(Fp):(2\/4\/5\/7\/9)(2v4v7v9) Llv3ivdvSvev8) =
=21v23v24v94v95v96vI98 v T8 v T6v 56 v48 v 43,
B KOHBIOHKTAX 2TOH JM3BLIOHKTHBHOM (hOpMbI TETKO y3HAIOTCA pebpa UCXOAHOTO Ipa-
¢ba I}, Ciie/10PaTeIbHO, MUHUMATBHBIC HOKPBITHSH ObUIM HAMEHbI BEPHO.

CHosa BepHeMcsl K HalleMy HCXOAHOMY AByAoabHOMY rpady I'y(V, E) n BBeleM B
0BOPOT HOBOE BAXXHOE MOHATHE — TpaHcBepcanb. Tparncaepcansio (Wn cucmemoii pas-
AUMHBIX Rpedcmasumenell) Ha3blBaeTcs noaMHoxectso 7 u3 V, cocrosiiee U3 3eMeH-
TOB V; IO OAHOMY M3 KaXIIOr0 NOAMHOXECTBA ;. B HallleM KOHKPETHOM cliyae —

[‘d(lc E) = {(;’[, 823 e_'h 674} = {{Vla V4., VS}) {Vl}s {VZ: V}, V4}3 {V29 V4}}
MOXXHO BBILCIUTDL YETHIPC TPAHCBEPCATH!

Ty={ vy, vy, v gl Ty ={ vy, va, v, vsh, Ty={ vy, v, vy, vsh, Ty ={ vy, vy, vy, vs)
B oripeaeneHHOM cmblciie HaM TOBe310 C ABYA0JALHBIM Tpadom [ fIcHO, 4TO
TpaHcBePCAIb CYIUIECCTBYST TONLKO B TOM Clyuae, eciu s 00bIX &k 91EMEHTOB N0~
MHOXECTB ¢; MX OO be/IMBCHIE COAEPAKHUT 110 Melbluelt Mepe k nementos. Hanpumep,
B CeMelicTre —

{e). ey, 3, €4 es) = {{v), »}, {v, i, vy, b v, v, vl (v, v, 1, st
HEBO3IMOXKHO HAWTH NATh PA3IMUHBIX 2JI€MEHTOB V; 110 OIHOMY U3 KaX10TO €, I09TOMY

JAHHOE CeMEMCTBO He MMeeT HU OJTHOU TparcBepcain. 3aecs oGbeIMHEHHE YEThIpeX
MHOXECTB COACPKUT TOJNBKO TPH MIEMEHTA:

e e \eyu e, = {v, vy, 3k
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Taxue cemeiicTBa, C TOYKHU 3peHHsA 00pPa30BaHUA CHCTEMbI PA3UYHBIX ITPEACTABUTE-
JIeH, BBITIAHAOT U3 aHAJIMU3A.

TpanHcBepcany 06MaNAI0T OIHUM 3aMedaTe/ILbHLIM cBoiicTBOM: ectu T T'— mo-
Oble J1Be TpaHCBEpCcau ceMeicTBa £ v v — 2)1eMeHT M3 T, TO CYUIECTBYET 2JIEMEHT V' U3
T'rakoit, uro (T — v) U v'= T" — Toxe TpaHCBepcab. Hanpumep, juis Haiiero rpaga
I'(V, E), Bo3sMeMm B Kauectse 1= 15, T'= T, u v=v;. Torna B T, HaligeTcq deMeHT
v'=y, Takoi, yto (73 — ) w v, = T3

TouyHo TakuM xe cBOACTBOM 00ManaloT ocmogs rpados. [TokppIBalolKE 1epEBDs
BBITIOTHSIIOT POJIb TPAHCBEpCcaiei, i1oToMy 4To eciin T'v T'— nio6bie 1B OCTOBA U e —
HeKOTopoe pebpo U3 octoBa T, TO B ocToBe T MOXHO HaWTH Takoe pedpo ¢, KOTopoe
JIACT HOBBIN ocTOB: T"= (T~ ¢) e’ 3HAUNUT, MOXHO TOBOPHUTH HE TOJIBKO O BePUILHHbIX
TPAHCBEPCATIAX, HO U O pefepHbix, YTO yXKe NpearnosaraeT HaTu4He HeKOTOpOoU dgoili-
CMBEHHOCHIU.

HyXHO 3aMeTHUTh, YTO MOHSITHE TPAHCBEPCAIM JOCTATOYHO OCHOBONOJATAIONIEe
JUTST BCeH AMCKpeTHOH MaTeMarnku. C HMM MLI BCTpeUYalucCh B JIOTMKE, CYIECTBYET
OHO B KOMOMHATOPHUKE U JIMHelHOoH anrebpe. YTo Kacaetrcsi nocneaHeit o61acTu 3Ha-
HUSI, YKA3aHHOE CBOMCTRO AeMOHCTPUPYETCA cieaytoleit GopMyTUpOBKO: eciu Vi
V' — nBa Gazuca OAHOIO M TOTO KE BEKTOPHOTO IMPOCTPAHCTBA U v — BeKTOp U3 V, 10
Haljgercsa 6asucHblit BekTop v'us V', uro (V—v)uv'= V", rue V" — Hoas cucrema Ga-
3MCHBIX BEKTOPOB.

Tpancsepcanb NO3BOJSIET BBECTH HOBOE IOHSATHE B TEOPHUIO rpadoB — MaTPOUL.
Mampoudom M(T, C) rpaca HasbIBaeTCsl cMCTEMa, COCTOSALLAS U3 JIByX KOMIIOHEHTOB:
B IIEPBYIO KOMITOHEHTY BXOJHT BCSI COBOKYITHOCTb 0cmogog T, T.e. COBOKYIHOCTB IO/ -
MHOXECTB, B KAXKA0€ U3 KOTOPLIX BXOAWT MaKCHMATbHOE YMCIIO, pABHOE PaHry k, He-
3A8UCUMBIX INEMEHmMO8, BTOPAsi COBOKYIMHOCTL C cocTaBiacHa U3 | gueeuHbiX 4UKA08,
[IPEACTABJISHOLIMX CODOM MUHKMAa bHbIE TIOIMHOXECTBA 3a8UcUMbIX IaeMermos. LIuk-
JJOMaTHYeCcKoe Hucs1o / onpeaenseTcs AMO0 KOAMYIECTBOM XOPA, T.€. YUCJIOM pebep, He
BOILUEALIKX B OCTOB, JIMO0 UMCIOM BHYTPEHHUX 00acTel (sueeK) miaHapHoro rpada,
KOTOPbIE TAK XK€, KaK U XOpabl, 00pa3yloT 6a3HCcHYI0 CUCTEMY LIHKIIOB.

Martpoun M MOXeT UMETH 1BOWCTBEHHBIN K cebe MaTpoua M ¥, 1uist KOTOPOTO PaHT
k* = [, a uukIoMaTHuyecKoe uucao I* = k. JdpoiictBeHHOMY Marpouny M* orseuaer
nBoicTBeHHBIN Tpad ¥, npuyenm [ *-pebpo rpada I * coorBeTCTBYET i-pebpy rpada I,
TIO3TOMY KOJIMUECTBO pebep B 00oux rpacdax oguHakoBoe, m = m*. CkazaHHOE Mosic-
HUM Ha KOHKPETHOM TNpUMepe.

Ilycts man rpad ['Ha wectu pebpax (puc. 3.27): rpad I'* HaseiBaeTcs dgolicmeeH-
roim K rpady I, ecam BeKTopbl 6a3ncHbBIX paspesos rpada I'* ciyxar BeKTopaMu 6a-
3UCHBIX LMKA0B rpada I'v HaobopoT. MeTonuKa nocTpoeHUst ABOMCTBEHHOTO rpada
TI0KAa3aHa Ha 3TOM e PUCYHKE YepHBbIMU KPYXXKaMU 1 MYHKTUPHBIMHU JIMHUSIMH. Ta-
KUM o6pa3soM, rpad [* uMeeT CTONBKO Xe pebep, CKoAbKo U rpad I, YUC/Io BEPLUIXH
rpaa [* paBHO uHuciy obiacTeil, Ha KOTOphIe JC/AUT MJIOCKOCTh CBOMMU pedpaMu
rpad I, npuyeM UMeeTcsl COOTRETCTBME: LUK {1, 2, 3} rpacda I'oTrBeuaeT pa3pesy {1*,
2* 3*}rpadpa I'*, unki {3, 4, 5} orBevaer paspesy {3*, 4*, 5*}, paspe3 {6} oTBeUaeT LUK~
ny {6*}, paspes {1, 2} orBevaet unkiy {1*, 2*}, paspes {4, 5} orBeuaer uukiy {4*, 5*},
HaKoHell, paspes {2, 3, 5} oTBeuaeT UUKIV{2*, 3%, 5%}
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Puc. 3.27

YKCI0 MOKPHIBAOLIMX JepeBbes ucxoaHoro rpada I' u aBoicTBeHHOTO ¥, Kak
PAacCKa3blBaNOCh BBILIE, HAXOAUTCS TIYTEM BbIYMCIEHMS OMPEIETUTENCH:

3 -1 -10
2 10 . |4 2]
D=1y 2 s o~% P *Lz 34"8'
10 0 0 1

CrenoBatebHO, B Marpouae M rpada IumeeTcs 8 TpaHCBepcalleil; NEpeuncInM HX:
T] = {1- 23 4,1 6}~ T?, = {1; 21 5’ 6}5 T3 = {]5 33 4’ 6}7 T4: {15 35 5) 6})
TS = {13 47 57 6}5 T6 = {21 3; 49 6}5 T7 = {2’ 35 5’ 6}1 T8 = {2a 47 57 6}
B MaTpous M BXOAAT TAKXKE /1Ba SUEEUHBIX LIMKJIA MUHUMAaJIbHON JUTMHBI
C,=1{1,2,3In C,=1{3,4,5)}.
3aBUCUMOCTD pebep B stueed HbIX LIMKJIaX M HE3aBUCUMOCTb UX B OCTOBaX CBA3AHBI C
JIMHENHON 33aBUCUMOCTDBIO MM HE3aBUCUMOCTLIO COOTBETCTBYIOLIUX CTONOLOB MaT-
pULIb MHUMAeHTHOCTH B([). B yactHocTh, croabusi {1, 2, 4,63},{1,2,5,6} uT.1. HE3a-
BHCUMBI, a cronbubl {1, 2, 3} n {3, 4, 5} 3aBucuMbl. 3aBUCUMOCTb CTOJIOLOB O3HAYALT,
YTO KaXIbIM M3 HUX MOXKET ObITb BbIPAaXKEH Hepes3 ABd JPYIUX:

1 01100 1
110000 ]

1(0\ (1 1 0
0| |1 0| |o] |o
BD=!o 1 1 01 0] Jol+|[1|{=I1], [1i+]|0]=}1}
0001 11 0l 100 |0 o] |1 1
000001, Lo Lo lo Lo o) o

Matpoun M* ot aBorcTBeHHOIo rpaga [™* 06paszoBaH CjiefyIOLIMMU TPaHCBEpCca-
JISIMU:

T*={1,3, Tr={1,4, T = {1, 5}, T* =12, 3},
T ={2,4}, T ={2,5} ;¥ =1{3, 4}, Tg* = {3, 5}

HMeeTcs ueThipe SueeyHbIX UMK, KOTOPbIE OXBATHIBAIOT COOTBETCTBYIOILUE 3TIEMEH-
TapHble 00J1aCTH!

Cl* = {6}: CZ* = {]a 2}, C3* = {4, 5}7 C4* = {1’ 33 4}
Kpowme Toro,
k=1%=4,1=k*=2k +1=k*+1*=6.
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OcTaHOBUMCSt HECKOIBLKO NoApoOHee Ha ABOMCTBeHHOCTH rpadoB. [Tpn usyueHun
FPYIH MBI Y3HaW O MSITH NPABWIBHBIX MHOTOrpaHHUKaXxX (NEPBOE YUCIO B KPYIJIBIX
CKOOKaxX 03Ha4yaeT KOJIMYEeCTBO rpaHel, BTOpoe — YMC/I0 CTOPOH KaXIOU rpaHu): TeT-
pasap (4, 3), xy6 (6, 4), oxrasap (8, 4), nogekazup (12, 5), nkocasap (20, 3). Mexny
3TUMHM MHOTOTPAHHUKAMU CYLLIECTBYET O80HCMBEHHOCHb, €CITH Y GIHOTO U3 3THX MHO-
rorpaHHHUKOB COEJMHUTH OTPE3KAMHU
NPSIMBIX UEHTPbI FPaHei, UMEIOINX 06-
mee pedbpo, TO HOMYHUTCS APYroil MHO-
rorpaHHUK. JIBOMCTBEHHBIMH IPYT K
Apyry OyayT: Ky0 — OKTasip, A0AeKasap
— MKOCA3p, NAeBbIi TeTpasAp — Ipa-
BbIH TeTpalap (C TOUKM 3pEHUSI CHMMET-
puM, BepHee ObUI0 Obl TOBOPHUTH HE O
NSTH, 8 O WECTH MPABUIBHBIX I'€OMET-
puyeckux Ttenax). Ecay peGpa aTux
MHOTOTpaHHUKOB CIIpOE€IMPOBaTh Ha
ILI0CKOCTh, TO TEOMETpHYECKas ABORCT-
BEHHOCTb NEePEXOAUT B IBOACTBEHHOCTh
rpachos. Ha puc. 3.28 nokazana asoiict-
BEHHOCTD /ISl TETPA3APOB U KyO — OK-
Ta’apa.

JJ1s IpOM3BOJIBHEBIX MHOTOTP2HHHUKOB (1He 00513aTeIbHO IMPaBUJIBHBIX) C 7 BEPILK-
HaMH, JIeXKalIUMH Ha cepe, m pedpaMu U fTpaHIMH BbITICIHAETCS PaBEHCTBO Diine-
pa:n—m+ =2, HanpuMep, s Ky6a umeem: § — 12 + 6 = 2. Mexay ToukamMu Gecko-
HEYHOU NNIOCKOCTYU U TOUKAMU Cheprl KOHEWHOTO Painyca CyLIeCTBYET B3AMMHO OJ-
HO3HauHOe cooTBeTcTBUE. [lo3TOMY muaHapHbii Fpad npoenupyercs Ha chepy B
BUJIE BBITYKJIOTO MHOTOrpaHHIKa. Yyciio rpaHeit MHOrorpaHHUKa BCer/ia Ha e IUHUILY
OonbuIe HMKIOMATHYECKOTO YHCIa COOTBETCTBYIOIErO Tpada, T.e. f=/+ 1, TaK Kak
IOMHMO SYEEUHbiX UMKJIOB, OUEPYMBAIOIUMX BCE «BUIUMbIE» TPAHU, BCETra MIPUCYT-
CTBYET OKaUMJSIOIUMU LMK (cymMa o mod (2) Bcex sideevuHbIX LHKJIOB), KOTOPBI
OYEPUMBAET «HEBUAMMYIO» HaM IpaHb MHOTOIPAHHUKA, MPeACTaBAeHHOro rpadom.
PaHr rpaca Ha e1uHMILy MEHBLIE Y1Caa BepuinH, T.e. k=n — 1. HakoHel, HAMOMHUM
U3BECTHOE PABEHCTBO: M=k -+ 1. 13 5THX Tpex paBCHCTB BLITEKAET 10KA3aTeJIbCTBO HC~
THHHOCTU TOXAeCTBa Ditnepa:

n—mtf=n—(m-1+H+{+1)=2.

Teneps rnaBublid BuIBOA. EcaM B MHOTOrpaHHMKE ITPOBECTH MPOCTPAHCTBEHHYIO
JHUArOHaIb, TO B rpade Ha UIOCKOCTH NOSIBUTCS «HEeIJIaHapHOe» pedpo, paBeHCTBO
Diinepa HAPYIITHTCS, 2 BMECTE C HMM H BCe OCTa/IbHBIE PABEHCTBA, B TOM MHCIe Ga3uc-
Hoe: m = k + [, BLINOJHUMOE JUTst Jitoboro Marpouna. Iostomy Ha nenaranaprom epagpe
Heab3sl HOCMPOUING MAmpoud.

B OTHOILICHUH MOCTPOEHUS ABOCHCTBEHHbIX rPadhOB CYILECTBYET HEKOTOPAST HEOH-
HO3HaYHoCTb. Ha puc. 3.29 uzobpaxeH oantx 1 1ot ke rpad I, HO ¢ 1ByMSI pa3nu4HbI-
MU yKaadkamu BepittuH ¥ pebep /| 1 [5. B 3aBUCHMOCTH OT YKJIAAKM OYAyT MOTyYaThes
U pasnuyHbic ABOUCTBeHHbIC rpadp! — /™ u [,*. B yactHoCTH, B rpade 11* umeercs
BEPIUMHBI IUECTOH H HCTBEPTOH cTeneHH, a 8 rpade /,* BMECTO HUX AB€ BCPLUMHBI [14-
Toit crenenu. Jannelit dhakr napyuaer rnagHoe CBOHCTBO rpadhoB — UX HE3ABUCH-

Puc. 3.28
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MOCTb OT YKJIAIKK BEPLUIUH 1 pebep. PaHee roBopuiIoch, 4To rpac ONHO3HAYHO XapaK-
TEPU3YETCH MAaTPULIAMM MHLIMICHTHOCTH, KyJa He 3a1o0XxeHa MHgpopManms o6 ykian-
Ke 3JIeMEHTOB rpada Ha II0CKOCTH. JABOICTBEHHBIN Xe rpad), 0Ka3bIBAeTCs, 3aBUCUT
OT 3TOli HeCyLIeCTBEHHOM AeTajli: MaTpHIbl MHIIMAEHTHOCTH Wid rpados I* u I)*
pasanyaloTCs:

—_—y o =

1101 1
11100
B(rl*)zooooo
001 11

OnHAaKO, eC/iM Mbl TOACYUTAEM YUCIIO FTOKPBIBAIOIUX JI€PEBLEB U1 060MX rpadoB
I* u 0*, TO OHO OKAXETCs OJIMHAKOBLIM:
1 2,

3 -1 -1 -1 0
-1 3 0 -1 0
DIrpy=D(I)=\-1 0 3 o -1]=30,
-1 -1 0 2 0
0 0 -1 0 2
3 -1 0 3410
DYy ={-1 4 -11=30, DU\*)=|-1 5 -2{=30.
0 -1 3 0 -2 3

OauHAKOBLIMU GYAYT, 110 CYTH, H MaTpPOUIbI, TaK KAK OCTOBBI Y HUX IOJHOCTHIO

COBMAAIOT:

M) = M(Iy) M) = M(1y")

T,={1,2,5,6,7}, T, *={1*, 3% 6%},

T,=41,2,56,8 ura Ty*={I* 4% 6" utn
BuenHee pasznuuue HaOI0AacTCS JIMILD B LMKnyeckod yactu. Tak, wia M(1) cpen-
HsIs siyeeuHast o6nacTb BuipaxaeTcs unkaoM C={1,2,4,5,7, 8}, a anst M(I') cpenHsas
0bnacTh BohlpaxaeTcs yxe uukioMm C'= {3, 4, 5,7, 8}. AHaOoru4HbIE Pa3INIUA MOTYT
BO3HMKHYTb W B ABOHCcTBEHHBIX MaTponaax M(/, *) v M(I;*). Onnako,ecnu Cyu C, siB-
JISTIOTCS ABYM ST CMEXXHDBIM ST4EEYHLIMM LIMK/IAMU 1 LICTIb pebep e; SIBNeTCs A1 HUX 00-
1eit, To pe3yabTUpyIoti ik Cy, nosyuMBIIMACS kak oobenneHne (Cyu G) —e;=
= Cy, MOXeT yuacTBoBaTh B MHOXecTBe C Matpouna M(T, C) BMecTo 0OHOTIO U3 siueed-
HbIX LM KJIOB. [TyTreM moaoGHbix o0bean He HUIt Mbl MOXKEM 3aMEHMTD BCE A4eeHHble LINK-
JIbl Ha X0pdogble, MOIyHa0ILUECs] OT XOPJ1 OAHOIO U3 NMOKPBIBAIOILMX AepeBbeB. TakuM
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00pazoM, JUIsI MaTpouIa HMKInHecKas yacTsb C onipeiesieHa HCOAHO3HAYHO; UTO Xe Ka-
caetcsi MHOXeCcTBa 0cToBOB T, TO OHO CTPOro HEM3MEHHO, KaKoBa Gbl HI ObL1a YKAaAKa
ucxomHoro rpada I, v HazwiBacTest 6azoit matpouaa M(T, C).

Tewm He MeHee yanoOHast yknaaka rpada MoXeT CbirpaTh NPUHLUUITMANIBHO BAXHYIO
pOJIb B pa3pelleHUU NpUKIanHbIX 3anayd. I1peanoaoxmuM, HaM 3alaH CAOXHEIN Opr-
pad Ij (puc. 3.30) ¢ pa3nmyHbIMH BECOBBIMY XapaKTepUCTUKAMU YT, HAIPUMeED, UX
IUTUHOM, U TpeOyeTCst HAaWTH MUHUMATBHBIH ITYyTh MEXIY ABYMS 3apaHee 3alaHHbLIMU

BepuIMHaMU. SIcHo, yTo 6e3 cepbe3HOro

% 1 5 «a@HATOMUPOBAHUsI» 31eCh He OOOUTUCE.

OuHaKo oTBeUEMCS TOKa OT BECOBBIX

XapakTePUCTUK AYT U 3alMeMCs YUCTO

MopdooThyecKUM aHaIU30M oprpada

Iy. Tlpexzae 4yeM MPUCTYNUTb K HEMY,
BBelleM B 000pPOT HOBBIE MTOHSITHSI.

OnHa U3 OCHOBHBIX 3a/1a4, KOTODbIE
peuIaroTcs 1Mo MopdoI0ruyecKoMy aHa-
JU3Y OPUEeHTHPOBAHHBIX rpadoB, 3TO
pa3bueHne BepUIMH Ha HelepeceKkalo-
LIUECS] KAACChl IKBUBANEHMHOCMU U NO-
psdia. C OTHOLICHUSIMM SKBUBAJIEHTHO-
CTH Y NOPSIKA Mbl CTAJIKUBAIUCH B T€O-

Y 8 puu rpymn. OKa3plBaeTCs, 3TH OTHOLIE-
10 9 HHSI BCTpE4almTcsd U B TeopuM Tpados.
Puc. 3.30 CHauaya pacCMOTPUM BOIIPOC pa3bue-

HUS BEPIINH [}y Ha KJIacChl 9KBUBAJIEHT-

HOCTH WIH CUABHO CBA3AHHbIE NOO2pagbl.

Beenem onepatop G, KOTOPbIA yKa3bIBaeT HA CBSA3L BEPIIHMHBI { C PYTUMU BepllIH-

Hamu rpada [},. Bynem paznuyats ase rpynmnn G-onepamopog: npamozo neicteus G'(i)

u o6pamnozo G~"(i). Oneparop G 1(i) YKa3blBa€T Ha T€ BEPUIUHBI, B KOTOPBIE MOXHO

MONacTh HENOCPEACTBEHHO U3 BEPLUMHEI I; 00paTHBINA OEpaTOp G_](i) YKa3blBaeT Ha

COBOKYITHOCTb BEPUIMH, U3 KOTOPbIX MOXHO NOMNACTh B BepuIHHYy i. CteneHu G-orie-
pPaTOPOR OMpPEncasIoTC OOBIYHBIM 006PA3OM:

GGy =i, G*()=GUG)), G = GGG, ...
HernocpenctBeHno no puc. 3.30 HaxoauM pe3yabpTaT ACHCTBUsL G-oreparopa Ha
BeplIMHb 1 1 2:
(=1, G'(1)=6,13; GX(1)=17,12, 14; G*(1) =8, 16, 10, 1;
G'(1)=6,13, 11, 8, 12, 9; G N1)=5,14;  G2(1)=23, 4, 13;
G'2)=2; G'(2)=11,13,15; G7'(2)=3, 15, wnTn.
JUnst Beskoit BepiiHbl { oprpada [, MoXHO orpenesuTh npsamoe G (i) n o6pammuoe

G (i) mpansumusnboie 3amvikanus. OHU OTIPENENsIIOTCS Uepe3 ofseduHerue BCEX CTeTIe-
Helt G-omepaTopa, COOTBETCTBEHHO, MOJOXHNTENbHbIX U OTPUIIATCABHBIX:

G ()= G'(Hu Gl u G GO ,
G (H=GC"Hu G HuGHHuG3hHu...

284



CMBICTI IIPSIMOTO TPAH3UTUBHOIO 3aMBIKaHHst G (i) COCTOMT BTOM, YTO OHO YKa3bIBaeT
MHOXECTBO BepUIMH oprpada [}, 6 Komopbie MOXHO NMOMNACTb U3 BepIUMHBI i. O6paTHOe
TPaH3UTUBHOE 3aMbikatue G (i) yKasblBaeT Ha Te BepPLIUHbI [, U3 KOMOpbix MOXHO
110NacTh B BEPIMHY /. B 000ouX c/iyuasix UIMHA IyTH IO YUCIY YT HE OrpaHU4YMBACTCs.
Iepeceuenue IpAMOTO ¥ 0OPATHOTO TPAHZMTHBHBIX 3aMbIKAHHU I onpeaessieT noarpadg
CUAbHO CEA3AHHBIX 8EPUILN VT KAGCC IKGUBAICHIMHOCM U BEPLUUHDI I
C()=G () G ().
CMBICII CHJIbHOM CBA3M 3aKI1I0YeH B docmuxcumocmu 11000 BepLIMHDI U3 110601 Bep-
IIMHBL AaHHOTO Khacca. CaMa BepluvHa / HaspiBaeTcs npedcmasumenem kaacca C(i). B
KayecTBe NpeACTaBHUTe/s KJ1acca PKBUBAIEHTHLIX BEPIIWH, €CTECTBEHHO, MOXET Bbl-
cTynarb J1100as BEpUIMHA 9TOTO KJ1acca.
Hns Haniero KoHKperHoro oprpada [, umeem:

G'()=1,6,7,8,9,10, 11,12, 13, 14, 16;
G (1)=1,2,3.4,5 13, 14, 15.

CJICIIOB%ITGJII)HO, MEePBbIN KNACC CUJILHO CBA3AHHBIX BEPIUHH 06pa3OBaH TPEMA BEPLIN-
HaM¥:

C(H=G" (G (1)=1,13, 14,

Bepmimna 2 monanaet BO BTOPOM KJIACC 3KBUBAJIEHTHOCTH, [1€ TOMHMO IIPEICTaBUTCIS
TIPUCYTCTBYET ellle OHa BepulMHa — 15-as:

G (2)=2,11,15 G (2)=2,3,15; Cy2)=2,15.
Bcero nojo6Has npoueaypa mo3BoJsgeT HAiTH BOCEMb HENEPECEKAIOIIUXCsI KJIACCOB

SKBUBAEHTHOCTH. [lepeyucium ux 0e3s

YKa3aHHUsI BEPIUIMH-TIpEACTABUTENE !
C=113,14; C,=2,15;
C;=3;, (=45
C;=6,7,9,16; C.=10,12;
G, =8, Cy=11.

Teneps oprpad I, pacnayics Ha CWib-
HO CBsI3aHHbIC NOArpacdbl, KOTOPLIE 110/~
YUHEHBD! OmMHOWeHUI0o  nopadKa
(puc. 3.31). Ho npexe yeM NpUCTYNIHTL
K M3YyYEHUIO K.1aCC06 NOpsoKa, ONUIIEM
METO/1 HAXOXAEHUS KJIACCOB DKBUBAICH-
THOCTH TIPY TIOMOLIN MATPULILI CMEXKHO-
cti. OHa O3BOJUT OMUCAHHBIH MpoLece
ANTOPUTMU3UPOBATH TaK, YTOOLI ITOMCK
9KBHUBAJICHTHBIX KJIACCOB MOXHO ObLIO
OCYLIECTBUTH Ha KomIisloTepe. Crupasa
ot Matpuubl A(l,)) pasMeuleH cronbdel
NPSIMOro TPAH3UTUBHOrO 3aMbIKAHUS,
NMOCTPOEHHOTO A BeplInHb 1, T.¢.
G7(1), a mox Heii crpoka G (1).
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Ecam i= 1, TO B KJIETKY CTOAOUA IPOTUB HTOM BEPILIMHBI CTABUM HYJIEBYIO CTEIICHb.
B kieTky ¢1o161ua HATPOTUB BEPIIMHLL 6 CTABMM TIEPBYIO CTEMEHb, TAK KaK IS [Tep-
BOM BEPUIMHbI COOTBETCTBYIOLIAS ¢ CTPOKA CO/AepXUT 1 Ha no3unnu 6. M3 3THx Xe
coobpaxenuit | craum Ha |3 Mecte cronbua G (1). ITockobKy CTPOKa 6 MATPULIBI
A(I) conepxuT | B n03uLMK 7, TO HATIPOTUB BEPUIVHBI 7 CTaBUM cTeneHb 2. Bmecte
€O CTPOKOI1 6 paccMaTpuBaeTcs crpoka 13; 3aech yKe ABe eMWHNALBL Ha o3uLusax 12 1
14; cnegoBaTenbHO, B ¢TOI01E G +( 1} Ha 3THX MECTax TOXKe MOSIBJSIOTCS 2. BTO 03Ha-
qaeT, 4T KpaTyailliee pacCTosiHue OT BepiliHbl | B Bepuindpl 7, 12 1 14 paBHO a1BYM
ayram. Crpokun 7, 12 n 14 conepxar | Hamectax 8, 16, 10 u 1. VI3 aTHX ueThIpex Yucen
nocseaHee oTOpachlBaeTcsl, MOCKOAbKY U3 BEpIUIMHBI 1 MBI Hayajlu CBOE ABUKEHMUE,
COOTBETCTBYIOW A eil xieTouKa 3anaTa (. OcranbHbie TPY YXCIA YKAXKYT MeCTa, Kyia
BHICTaBJsIeTCst cTerneb 3. [anee, s ctpokax 8, 10 M 16 e AMHULLI PACTOIOXKEHB Ha §, 9,
11 1 12 mecre; uncia 8 u 12 urnopupyem, a Ha 9 u 11 mecrax cron6ua G (1) BelcTaB-
nsiem 4. Hakonelr, B ctpokax 9 v 11 Mbl He HAXOJMM HOBBIX O3ULIM I, 3HAYUT OCTANIb-
Hble BepuIMHbl oprpada [ 13 BepuiuHbl 1 HegocTHXUMBL. [TpsiMoe TpaH3UTHUBHOE 3a-
MblkaHie G (1) obpasosano sepuruHamu {1, 6, 7, 8,9, 10, 11, 12, 13, 14, 16}, xak u
JOJIKHO ObLIO HOJNYUMTHCS. B MycThiX KaeTKax croa6ua G (1) BbICTaB/sIeM CHMBOJbI

«*

»,

AHAJIOTHYHbBIM 00pa30M ACHCTBYEM B OTHOLICHHU 0OPATHOIO TPAH3UTUBHOIO 3a-
MBIKaHMs G (1), TOALKO BMECTO CTPOK OYACM pacCMaTPUBATD YKe CTOJI01bl MATPUIIbI
cmexxHocTH A([y). TToayyarowmecs amneaa B ctpoke noj Marpuuei G~ (1) sisastiores
crereHaMu G-oriepatopa, KOTOPbIE YKa3biBAIOT COOTBETCTBYIOLIME ITTUHbBL ITyTeH A0
sepiuuHel 1. [ocre npoaenanHol Mpoueaypol v Hac MOJy4aeTcs U3BECTHBIH Habop
BepuiuH: {1, 2, 3,4, 5, 13, 14, 15} ¢ pasIMUHbIMM CTENIEHAMM JOCTUXXUMOCTH BEPLIN-
Hbl 1. Yaoanss w3 matpuusl A(/}) obutte ans G (Hnu G (1) BepuinHel, T.€. 1, 13, 14,
nepexoauM K matpuiie A' (/). B Heit BbIOMpaeM Npoy3BOAbHYIO BEPLIMHY; ITCTh €10
Oymer BepluuHa 2. 3aTeM UENMKOM MOBTOPSISM Ty X MPOUEAYPY, YTO M HAA MATPHUIIEH
A(l}). Tak MBI HAXOAUM NIPSIMOE U OOPATHOE TPAH3UTUBHDIC 3AMbIKAHWA I BEPLIM-
HBI 2, KOTOPbIE DLUIH HAMH YXe BbillHcaHbl. B HOBOH Matpuue cmexHoctu 4 (1) no
cpaBHeHH10 ¢ A (/) oTcyTCTBY10T rTo3utinK 2 ¢ 15. O01uee yuc/io MaTpyuU CMEXHOCTH
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C NnocjacaoBaTeJ/IbHO YIaJICHHBIMU CTPOKAMHK U CTOJNOLIAMM paBHO YHUCJIY KJIACCOB K-
BHUBAJICHTHOCTH, B HAIUEM CJIyda€ OHO paBHO 8; BbIIMTUUICM €11€ TPHU MaTpPHULIBI.
2 3 4 5 6 7 891011 121516
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Pa36ueHHI0 Ha KJ1acChl MOPsIAKA MOAAAIOTCS TONBKO Te oprpadbl, KOTOPHIE HE CO-
IIepXKaT KOHTYPOB U TieTeb, Eciu TakoBbie MMEIoTCs, TO Npexae HEOOXOTUMO MPOU3-
BECTU pa30MBKY Ha KJIACChl IKBUBAICHTHOCTH, a 3aTEM KAXKAbIi1 U3 KJIACCOB [IPUHATD
3a BeplUMHY HOBOro oprpada. B Hatuem cayyae 3ToT HOBBIH oprpad OyaeT conepxarb
BOCEMb BEPILUHWH, TPUUEM HX yNO-
psiiodeHue u3 puc. 3.26 BMOJHE
oueBuaHO. UTOOBI HE UTrpaTh C
UMTaTEe/eM B TIO/IABKU, BO3bMEM
B KauecTBe MCXOAHOTO oprpada
I, mojutexatero yrnopsiaode-
HUIO, DOJIEe CINOXHYIO CTPYKTYDY
Ha 18 BepuinHax, U300paxXeHHYIO

5
Ha puc. 3.32; 30ech yXc Hepap-
XMI0 BEPLUUH NpPeayraiarTs CiIox-
HO. 6

YrnopsiioueHne no mMarpuue
CMeXHOCTH A([;) Npou3BoOANTCS
cTporo no croadbuam. Eciu yno-
pSAOYEHHUE MPOUIBOAUTL IO
CTPOKaM, TO MoaydeHHasi uepap-
Xus OyleT COOTBETCTBOBAThL NMPO-
TUBOIMOJJIOXHOMY HAMpaB/eHHUIO
ayr. Mol npusoaum oba Buaa Puc. 3.32
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YIOPSIAOYCHUS, YTOOB NPOJEMOHCTPUPOB2TH WX pasianuune. Korma cnpauimsaercs,
U3MEHUTCS JIM pasbUeHME BEePIIMH 1Ha KJ1ACCHl TIOPSIJIKA NPY OJHOBPEMEHHOM cMeHe
HanpasaeHust Bcex ayr oprpada [, (pic. 3.32), 0GbIYHO OTBEYAIOT: «HET, KJIACChi OCTA~
HYTCS NpexXHUuMH», Ho 910 He Tak; yropsuioueHHe O HPOTHBOIOA0XHBIM HartpasJie-
HHSAM AT, T.€. 110 CTPOKaM MaTpuilbl cMexHocTu A(1h), cosfaer apyrue Kinaccol no-
pAJIKA.

Hrtak, onuiueM npsMoe pasjioxeiine oprpada 1a Kiacchl nopsjaka no croadiam
Matpuibl A([). g Haxoxaeuunst nepsoro xiaccea nopsigka C, nojAcyuTacM 4McIo
EIUHMIL B KAKJI0M CTONBIIC U BBITTMINEM PE3YILTATH B MEPBYIO CTPOKY TOI MATPHLIEH
A(l}). B Tpex nosuumsix, a uMeHHo: 5, 10 1 11, okazanuch, Hyau, Tak Kak B COOTBETCT-
BYIOLIHX CTO161AX OTCYTCTBYIOT CAMHHIILE. DTO 03HAYAET, YTO BepIuMHLI 5, 10 u 11 006-
pasoBasy CaMbli HHXXHMMA YPOBEHDL; HM He FIPe/IIECTBYET HY OTHA JIyTa; OHH SIBSIOT-
CA «MCTOKAMM»; 3TU TPH BEPIIUHBI 00pa30BaIH Knace nopstaka C.
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Hanee, «MBICISHHO» (YTOOBI HC BBIITUCHIBATH HOBYIO MATPULLY CMEXHOCTH) BbI-
4epKHeM U3 MaTpuubl A(/) Ha3BaHHbie CTPOKM U BHOBb NOACYMTAEM YHUCIIO eJUHUIL
110 CTOAG1AM, 4 PE3YJILTAT 3aMULIEM BO BTOPYIO CTPOKY 1O MATPULISH; HAa MECTaX Xe
5, 10 1 11 BIcTaBUM CUMBOUILI « * ». Bo BTOpO# cTpoKe HyJIK OKaxkyTesa B 8, 9 u 12 nmo-
3ULHSIX, 3HAYUT, BEPUIMHBI 1O 3TUMH HOMepamu o0pa3yioT kiace C,. CHOBa BhIYEp-
KMBaeM TpU CTPOKH, COOTBCTCTBYIOIINE yKe 9TUM BepiinHaM. HaunHaem uckats Bep-
IIHHBI TPETbErO KJlacca nopsiaka Cy U 1.4, B pe3yabrare [10JYYUM CeMb KJIaCCOB [10-
psiIKa.

O6parHoe pasnioxeHie oprpada Ha KilacChl TopsIKa 1o cTpokam Matpulist A(1p),
KOTOpoe Oy/AeT COOTBETCTBOBATL NPOTHBONONOKHKCOMY HANPABICHUIO YT, MO KOJHYE-
CTBY TOXE 14CT CEMb KJIACCOB, HO 110 COCTABY BEPIUMH TPH U3 HUX OTJIHUAIOTCS OT Ipsi-
MOTO Pa3aoXeHUs1. Buolnuinem /Aisi CPaBHEHUsI BCe KJIACChI MOPSLKA, TPAYEM KJIACCHl
Pa3JIOKEHMS 110 TIPOTHBOTIOIOXHOMY HATIPABICHUIO AYT ITOMETUM IUTPUXOM:

C,=1{5, 10,11}, C'=15,10, 11},
C,=1(8,9,12),  Cy=18,9,12),

2

i

il
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G={16,7}),  Ci={6T}
Co=1{2,3,13}, Cy={1,2},
Cs = {4, 15}, Cs=1{3.4, 13,15},

Cs = {14, 16}, Ci=1{14, 16},
Gy = {17, 18}, C5={17, 18}.

Ecnu 6b1 Ha KakoM-MBO BTane NMOSBUIACH CTPOKa (1S NIPSIMOTO Pa3loXeHUs )
WK cTo10el (1151 06paTHOro pasiioxelust) 03 Hyael, TO 3To 03Ha4YaIo Obl, YTO UC-
XOIHbIH oprpad [, cOAepXUT KOHTYPSI
n TpedyeTest nmpeaBapuUTeNbHAs MPoLE- 17)e-
nypa paznoxenus [, Ha noarpadul cu- R ~ A
JIBHO CBSI3AHHBIX BepUinH. ¥ Hac Takoil
cuTyaluy He Bo3nukiio. Ha puc. 3.33
U300pAXKEH YIIOPAIOYCHHBLH oprpad /[
MO OPSIMOMY Pa3oXEHUIO Ha KJlacchl
nopsiaka C,.

Tenepb noctaBuM rnepea codbol Ho-
By 3ajauy. [1ycTb Kaxaas [1lyra Hauero
yHnopsiioueHHoro oprpaca cHabxeHa
BECOM, KOTOPbBIH CKJIAALIRASTCS U3 CYM-
MbI BECOB MHIIMACHTHBIX el BepILUH. 3a
BEC BEPLUIMHb] TPUMEM €€ T1OPsiIKOBDIit
HoMmep. Tak, y Hac nMmeeTcs ayra, Wiy-
LLAST U3 BEPIIUHBI 2 B Bepliuxy 15, cie-
JIOBATEJIbHO, BEC 3TOM NYTH paBeH 17, ke mym
Hna narasanoctu Oyaem CUuTaTh, UTO —— 3 5y
oHa UMeeT JUIMHY 17 kunoMeTpos. 3apa- M™™ m
4a (GOpMYJIMPYETCS TAK: HANUTH jJRa
MYTH, COOTBETCTBYIOMIME MUHUMANI L Puc. 3.33
HOW Y MAKCHMaTbHOU MUTHHC.

[Tornck oniTUMaNbHOTO NyTH Ipeli-

MoJiaraeT pacCTaHOBKY HOMEHLUAA08 JUISI KOKAOW BePLINHBI, T.€. 00Pa3HO roBOpsl, He-
KO€ro LIUTA, HA KOTOPOM YKa3biBAETCsi KMIOMETpaX (MUH./Makc.). PacctaHoBka 1no-
TEHLMAIIOB HauMHaeTcs cBepxy. IloTeHUman ceapMoro ypoBHsi npyuHuMaercs 3a 0; no-
TEHL{UANBI APYTUX BEPUIMH MTOAYUAIOTCS U3 00Ul ATUHBI TYTH, OTCHUTAaHHOH OT Bep-
LIMH CAMOTO BEpPXHEro ypoBHS /10 JAHHON BEpIIUHBI, TIPU ITOM IOACUMTLIBAETCS
JITMHA BCEX MYTEH, BEAYLUMX K 9T0H BepuinHe. Tak, OT BEPillUHbi 2, MpHHamiexaliei 4
YPOBHIO, K BepuinHaM 17 1 18, npuramiekalumx ceibMoMy YPOBHIO, BEIYT CeMb Iy~
Tel; NEPEeUNCIUM HX 1O CTENCHU BO3PACTAHUS!

1) 17 + 32 =49, 2) 6+ 18 + 31 = 55, 3)6 + 18 + 32 =56,
4)6 +20+33=159, 5)6+ 20+ 34=060, 6) 17 + 31 + 33 =81,
7)17 + 31 + 34 = 82.

CrenosareasHO, MUHHMAaAbHBHL (10TeHIIMAT paBer 49, MakcuManbHblif — 82 KM~
nometpaM. Ecan noreruuanst sepiunH 4 u 15, nnpuHaiiexammx nsaToMy ypoBHIO, U3-
BECTHDBI, BLIMUCJICHHH MOHALOOUTCSE FOPa3a0 MEHbLIE; SICHO, YTO MAKCUMAJIbHBIA U
MUHHUMATBHLIN NyTh 15l BEPLIUHLL 2 onpeieautcs iyroi 8 17 KMJIOMETPOB, KOTOpast

Lh
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BeleT K BepuinHe 15 ¢ moteHunanamum 32/65. T1oaToMy pacctraHOBKY MOTEHHUAIOB U
PEKOMEH/1yeTCsl HQUMHATb C CaAMbIX BEPXHHUX BEPLUNUH, IBUrasiCh MOCAEL0BATENBHO O
YDOBHSIM BHU3.

TaxkuM 06pa3om, nojayyaeM MUHUMAIbHbBIN, paBHbIi 69 KnOMeTpaM, 1 MaKCHMa-
JIBHBIA, paBHBIA 133 KujaoMeTpam, noTeHiManbl. Janee ocraeTcst TOAbKO NMPOBECTH
OTJAMYHUTENIbHbIMH JIMHUSIMU JYTH, MHUMACHTHbIE BEPUIMHAM C MAKCHUMaAbHbIM U M-
HUMAJILHBIM MOTEHMATAMU, B3SITEIMU YXKE 10 KaXA0MY YpOBHIO. ECM paccTaHOBKY
MOTEHIIMAJIOB MBI HAUMHAIU CBEPXY, TO MPOBOJIKa ONTUMaJIbHbIX MYTEA HAYMHAETCS
cHU3yY. g o6paTHOTO ABUXKEHUSI CBEPXY BHU3 PACCTAHOBKA IOTEHLIMANOB HAUMHAeT-
Cs CHU3Y, a TIPOBOAKA NyTeil — cBepXy. XOTo PA3I0XEHUE BEPLIMH HA KJIACChl NOPSIA-
Ka JUist 0OpaTHOTrO JIBUXKEHUS OTIMYAETCS OT NMPSIMOT0, IJTHHA MUHUMAJIBHOTO ¥ MaK-
CHMAaJILHOTIO IyTei He MeHSAETCs, T.€. €C/IM Mbl €XaJIM OT MyHKTa A B IyHKT B 110 1opore
¢ MUHMMAJIBHOM JUIMHOM TTYTH B 69 KMJIOMeTPOB, TO 00paTHAas noe3aka U3 NyHkTa BB
MYHKT A 10JKHa COCTABUTD TOT Xe caMblii MUHUMaJLHBIA KUJOMETPaX U NPOXOIUTh
10 TEM X€ CaMbIM NPOMEXYTOUHbIM MTYHKTAM.

Booblite, cienyeT 3aMETUTD, 3a/la4a MTOUCKA ONTUMAJIBHOTO TIYTH 6 HPUHYUNE MO-
KeT OBITh pellieHa 6e3 peaBapUuTe/IbHOTO pa3bueHus Ha Kiacceh! nopsiaka. Pasbuernue
Ha KJIacChl B 0C000 3anyTaHHbIX rpadax 1K ilb CYLIECTBEHHO 061er4aeT 3TOT IOUCK.

Ilycte oprpad 7, (puc. 3.34) npencrasisier
cobOoM mparHcnopmuyio cempb, Kaxjaasi Jyra Ko-
TOpOU obsanaeT 3apaHee ONPENCJICHHON npo-
HYCKHOI cnocobrocmbio p (B Ka4eCTBE TAKOBOMH
rpuMeM yuciaa, Hymepyroinue nyru). Ilocra-
BUM 3a7a4y HaXOXACHMUS MAKCUMalbHOM Npo-
NYCKHOW CITIOCOOHOCTH CETU MEXIY €€ UCTO-
KOM Y cToKOM. [Ipy HaxoXaeHUH obuieeo ghak-
muyecko02o nomoka . HeodXoAMMO MOMHUTE 00
OUEBMIHBIX NMpPaBUaax: CyMMa MOTOKOB IYT,
BLIXOSIIIMX M3 UCTOKA TPAHCMOPTHOM CETH,

Puc. 3.34 NOJXHA ObITh PABHA CYMME MOTOKOB YT, BXO-

JSIIOUX B CTOK; ajiredpanyeckasl cyMma IoTo-

KOB IMpH 110001 BepuIHHE, He ITpUHaUIekaule it CTOKY UJIH UCTOKY, JOJIXHA ObITh PaB-

Ha HYJI0; MAKCUMAJbHbII MOTOK HAa MYTH OT BEPUIMHBI | K BepIIMHE j OTIpEAeNsIeTcs

IIyroi k, KOTOpasi UMeeT MUHUMAJILHYIO ITPONYCKHYIO CHOCOOHOCTD U3 BCEX YT, NPHU-
HaJIeXalux 3TOMY MyTH.

Ecnu nponyckHasi ciocobHOCTh k-1yTH |y, PaBHA HAYILEMY YePE3 HEE TOTOKY Ay, TO
TaKylo Ayry OyneM Ha3blBaTb HACbilyeHHOU, A MOOOU MyTh, KyAa OHAa BKJIIOYEHA, — Ha-
colugennbim nymem. Y Hac k-i HoMep Iyrv (UUCA0 BHE CKOBGOK) onpelessieT BETUUUHY
MIPONYCKHOMU CITOCOOHOCTH 1y,  UKCIIO B CKOOKAX TOBOPUT O (PAKTUUECKOM TTOTOKE Ay,
T.€. B HAIIMX 0003HAUCHUSIX UMeeM (X, ). OB NOTOK TpaHCTOPTHOM ceTH ByneT
MAKCUMAaJbHDBIM A .., €CJIH JI000H NMyTh, COCANISIOIIHHA NCTOK CO CTOKOM, OKAXeTCs
HACBILEHHBIM. B 3TOM ciyyae nortox A, CTAHET PABHBLIM MUHUMAJILHOM MPOILYCK-
HOM CIMOCOBHOCTH i,,j, Pa3pe3a, OTACASOUIENO CTOK OT UCTOKA. ’

B ¢Bg3M ¢ TTOC/AeNHUM 3aMeaHueM JIAAUM Oolipejie/ie HHue pa3pe3a MPUMEHUTEIBHO
K TPaHCNIOPTHOI ceTH. [TycTh CTOK NpHHALIEXUT HEKOTOPOMY MHOXECTBY BEpUIMH U
(oMM exart BHyTpH nipsaMoyrosibhuka). Toraa paspezom S(U) Ha3biBAIOTCS BCE X005~
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wue B BepIUMHDB! U HacblleHHBIe AyTu {B HaeM ciay4ae ato ayru 1, 2, 8 u 14); npony-
CKHad CIIOCOOHOCTD 6bix008uilix U3 BepluvH UAYyT Py 3TOM HE YUUTHIBAETCS (BBIXOAS-
LIMMU AYTaMH y Hac sBAsiioTesi 6 M 9). [Tonck MakcuManbHOro MOTOKA OCYILECTBIIAET-
cA IyTeM nepeGopa BCex BO3MOXHBIX HACILIEHHbIX ITYTEH OT UCTOKA K CTOKY, IIPUYEM
1P PACCTAHOBKE MOTOKA B Iyrax OPUEHTUPYIOTCS TOJILKO Ha TPY Bhillie cGOPMYIHPO-
BaHHbIX IpaBuia. B pesyaprare nepebopa noayumMM BETMUUHY MAKCUMAIIBHOTO 110TO-
Ka:
A =1+2+8+ 14 =25

TTockoibky U306pax)eHHbIi Ha puc. 3.34 oprpad A0CTaTOUHO NPOCTOM, NpeABaPH-
TeJIbHOM paboThl 110 pa3GUEeHUIO ero Ha CHIBHO CBs3aHHBIE KJIACCHI BEPILIUH C ITOCIe-
AYIOLUM YIOPSI04€HUEM HX MEXKY YPOBHSIMU UCTOKA U CTOKA NPOBOAUTH HEOOHA3a-
TEJILHO.

PasbueHue Ha KIaCcChi IOPsIAKA He TpeOyeTCsi NPOBOAUTS €li€ B ABYX BAXHBIX ClTy-
yasgx. Bo-neppuix, KOraa uepapxus BEPIIMH BO3HMK/1a caMa COO0M, 1o IPUYHHE BHYT-
pPEHHEH MPUPOIbI MATEMATHUECKOTO OOBEKTA, Npe/AcTaBlieHHoro rpadom. Jlyymei
WIHOCTPALMEN 371eCh ABISAIOTCH pewemiu, o0pasogantsie nodepynnamu. Kakoh Obi
CJOXHOM HU Oblia pellieTKa, ee BePLLMHbI BCerila 3apaHee pa3oMThl Ha KJIACChl HOPAM-
Ka, TIPX 5TOM B CAMOM HM3Y OKa3bIBACTCs BepIUMHA, NPEACTABISIONIAs TOXIECTBEH-
HBIil 2JIEMEHT, 4 Ha CAMOM BepXy BEPLIMHA, [1PEJICTABISIONIAsT BCIO IPYINY HEAUMKOM.
Y0 3JEMEHTOB B NOATPYITIIE SIBASCTCS ¢CTCCTBEHHbIM KPUTEPUEM YIIOPSALOYEHMS.
Bo-BTOpbIX, YNOPAIOUEHUE UBIUIIHE B KOPHEgblX depegbax: 4eM Aajibllie BepilMHA
PAcnooXeHa OT KOPHSI, KOTOPbI MOXHO NMPUHATD 3a NEPBBIN KJ1acc NOpAAKa, TEM
BBILLE KJIACC NTOPSiZKA paccMaTpuBaeMoil BepiinHbl. KoanuecTBo pedep, COeaNHAI0-
IUX JaHHYIO BEPIIMHY ¢ KOPHEBOM, 31€Ch TAKKE SABASCTCS €CTECTBEHHBIM KDUTEPUEM
ynopsiouenusi. C KOpHEBbIMU ACPeBbIMU Mbl, HAaNpUMep, BCTPeualyuch B pasfelie
Jloruka» npu paccMoTpermnn semoda pesoaroyui (cM. puc. 1.19). Janee Mbl mporoi-
JKMM M3YYEHHE CTPYKTYP APEBOBMAHON (POPMBL, HO yXE B pAMKaX TeOpUH KOAUPOBa-
HUSl U aBTOMATOB.

max = Hmin

3.4. Pemienue 3aga4 no TCOPHHU KOAHPOBAHHUA, ABTOMATOB ! A3BIKOB C HCII0Jb30BAHUEM Fpaq)OB

Kodupoearue npouzsodumcs ¢ 1easlo:

1) coxpanieHusa CMMBOJLHOIO TEKCTa MPH OTPAaHMYEHHOM KONMH4YECTBE KOHOBBIX
CHMBOJIOB ~~ ONMUMAABHOE KOOUPOBAHUE,

2) o6HAPYXEeHUS M UCTIPABAEHMs OLIMOOK NpU repesade U XpaHeHUU MHpopMa-
UMU — KOPPeKmupyroiiee Koouposaiue;

3) 3a1M Tl MHPOPMALIMY OT HECAHKIIMOHUPOBAHHOTO IOCTYIA — CeKpemHoe Koou-
posanue.

Penko, xorma Bce IepeymnclieHHbIe 3a/1aud BbICTYTIAIOT OTAEALHO; Ha IpPaKTUKe
yale OLIBACT COBMEILEHME IBYX WU Aaxe Tpex ueseil. OAHaKo 1Sl Ty4Lero NoHu-
MaHUSI IPEJIMETA pa3depeM Kaxablil MyHKT B OTAEbHOCTH, HAYUHasK C ONTUMAJIBHOFO
KOZUPOBAHMS.

[peanonoxnmM, HyKHO I1epeaaTh YeThipe COOOUIEHUS — a5, G, A3, A4. ITH COO0-
IEHUS MOXHO 3aKO/JMPOBaThL TAK, KaK 11okaszauo B tadn. 3.10.
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I1pu TAKOM KOAMPOBaHWUH BEPOSITHOCTb NOABICHUS COODILEHUI He YYUTBIBAJIACh
WM IPEATToJarajilach OAMHAKOBOM LIS Beex YeToipex coobuennii (p = 0,25). Mexny
TEM UX HOSIBJICHUE B UHMOPMAiIHOHHOM TEKCTC MOXET IIPOUCXOANTD C PA3TUIHOM Ya-
CTOTOI; NPEANOIOXKUM, BEPOATHOCTH TMOSABAEHUS COOOIUEHNH PABHEIL

=05 p,=0.25 py=0,125 p,=0.125

daxoe, yuuTbIBasI BEPOSTHOCTL COOBILEHH, TIPCUTOXMI CAEQYIONIee ONTUMATbHOE
koauposanue (tabsna. 3.11).

Ta6nuua 3.10 Tabnuua 3.11
CooblieHusn aq | a | az | as Ii Coobuierns a | a | a3 | a
Kozl 00 | 01 | 10 | 11§ Kokl 1 | 01 |001]000

ITokazareeM HPKOHOMUUHOCTY KOJIA CIYKUT cpednsis 0auHa k0008020 c108a, KOTO-
pasi ornpeneNsieTcs Kak

n
= le Dy
i=1
e /;— AJIMHA KOOOBOTO CJIOBA ;. P; -~ BEPOSITHOCTh [OSABICHUS @, 1 — YUCTO COOO1LIEe-
Huyi.
Hna xoamposxy coobwennil rno tabu. 3.10 cpeansas miuHa pasda 2, ano tabn. 3.11
— 1,75. CaenoBarenbHo, 3aKOAMPOBAHHBIA 110 MeToaMke Pano MHGOPMALMOHHBIH
TEKCT OKaXeTCst Kopoue.
Ha nepBblii B3rs1; KOauporatHe no metoay MaHo KakeTes U30LITOYHBIM, MOCKC-
JIBKY KOJIbI, TipefcTapiaeHubie Tada. 3.1 1, MOXKHO COKpaTHTb, HAIIPUMED, TaK, KaK 3TO

noxasaHo B tadbn. 3.12.
Ta6nnua 3.12

CoobuieHun a4 a | a3 | aa

Konwt 1 0 0t 00

Tenepb BO3bMeM cilenyiowinit 3akoaupopaHHisii Texer: 00101000, Cortacho
Ta6n. 3.12, 1aHHEIH TEKCT HE MOXCT ObITh ONHOZHAYHO AeluM(POBaH, TaK KaK Helo-
HSATHO, YTO, COOCTBEHHO, MO/Pa3yMeBaeTCsl: COOOIUEHUS BUAA — a,, a3, (3, Uy, Gy;
WM == dy, 04, (3, U3, Ay, Ay WK -— 0y, 4y, 4}, (5, 4, Gy, Gy M T.1. PaciiudpoBxa Xxe TeK-
cranotabin. 3.11 npou3BOAUTCA OHOBHAYHO — a3, dy, d4. B CBA3M € ITUM 3aMeyaTeNb-
HBIM CBOUCTBOM KoA (DaHo HasmiBaeTcst npepurxchoim. Hukakoe KogoBoe C10BO Tpe-
(PUKCHOTO KOJA He ABAgeTCs HAYAMOM APYroro KoAoRoro ciopa. Hapsiny ¢ metoaom
dano, cyuiecTsyeT Npe@rKCcHoe KoAupopatue no memody Xap@mana, 5KOHOMUY-
HOCTb KOTOPOTQ BRILIC TIEPBOTO.

JIts 3a1MThl TiepeaBaeMbix TEKCTOB O MOMEX UCTNIONLIYIOTCH Koppekmupyloujue
K00bl, KOTOPBLIE OCHORBIBAIOTCSI HA UH@CopMmanuoHHol ustbimounocmu. CaMblil IPOCTOR
cnocolG co3naHus U30bLITOMHOCTH JOCTUIASTCS MHOTOKPaTHbIM JyOJUpOBaHUEM TIe-
pellaBaeMblX CUMBOJIOB, T.€. 00pa30BaHIe CUMBOJLHLIX 010KOB; 0 — 000, 1 — 111. B
chiyuae cOosi, pewieHue nNpu JeiiudpoBke npruHUMaeTcst 1o 00IbIIMHCTBY OCTaBLIUX-
Csl ORHOTUITHBLIX CMBOJTOB B 010Ke. Camu G10KM MOTyT BKJIIouaTh Gosbliiee (ueM 3)
YUCIIO CUMBOJIOB, TOMIA CTENEH b 3alUHIIIE HHOCTH TEKCTa OKaxeTcs Beiwe. Ecau nnu-
Hy G710Ka BLIGPATL 3apaHee A0CTATOUHO OrpOMHON, TO MPAKTHYECKHU NI0ObIE OWHUOKU
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MOXHO MCKJIIOUMTH, FIpaBla, NPU 3TOM CKOPOCTE hepesiadyn MHbopMauuy ynajiaer
IPONOPUUOHAABHO KOJUUYECTBY CHMBOAOB B QJIOKE.

CyLICCTBYET OYCHB ITPOCTast, HO DM PCKTHBHASI 3aiLHUTa MHPOPMALUUOHHOTIO TEKCTa
OT 00uHOuH020 COOSI, KOTOPast TPeOYET MUHUMATLHYIO H30bITOYHOCTD B OJIMH AOTON-
HUTEAbHBIA CUMBO!I. DTO — npoeepra Ha yemkocmp. [pu IHdPOBKe K TEKCTY 100aB-
sstercest O w1 B 3aBUCUMOCTH OT YCTHOCTH MITM HEYCTHOCTU CYMMBbI €M HHKI B TEKCTE,
Ecnu npu semiudposke 00HAPYXUTCS HEUeTHOE YMCAO CANUHUL, 3HAYUT, TEKCT ObII
MCPEIaH HEBEPHO; EC/IU YETHOE — OWXOKYU IIpU Nepefadr He OLLo.

KoppeKTHPVIOUIHM i1 KO/I MOKHO 1TOCTPOKTh € TOMOL11bIO KBAAPATHONR MaTPH1IB], KO-
TOpast HE TONbLKO 00HAPYKUBACT OAMHOYHYIC OLINOKY, HO U ONPENENsICT €€ MECTOHA-
xoxaeHue. Tlvers tpedyeTes nepeaath AeBATHPA3PsAHOE MH(MOPMALIMOHHOE CJIOBO
=y ... Gy TOIIA K HEMY NPUOABISIOT CEMUPA3PSAHOE KOPPEKTUPYIOLLEE CI0BO
a'=dyy ... A4, CHMBOJBI KOTOPOTO VIOBACTBOPSICT COBOKYITHOCTH ITPOBEPOYHBIX COOT-
HOUICHH:

A=|%n 9 day

ay 43y dyy dy

(ay ay @y ay ] Ay =ay +ay +dy, Ay =4y +a0, +ay,
| 24 Ty Tan tay, Ay =4 Hayp ay,
| Gaq Thyy Ty hay, Qg3 A3+ a3+,
J

Aap gy day Qg ) Ay =4y +dgp Tdyy, Qa4 =Qyy +ay 3.

(cymMMuEpoBaHue ocyilsecTBasieTcs 1o mod (2)).
Ipenaonoxnm, moayueHo CAeayiolliee 3aK0AHPOBaHHOE COobLIeHHE:

A=aa’=011601011 {0100060.

Pa3MCUIa€‘M CI'0 B MaTpnie pasMepHOCTH 4 x4 u COCTaBJISICM IIDOBCPOYHBIC PABCH~
CTRa:
(0 1 10} 0=0+141, [=0+0+0,
Ao 001 0 0=0+0+1, 0=1+0+1,
01 1 0 0=0+1+1, I=l+1+1,
1

L1 010/ 0=11041, 0=0+0+0

ITpoBepoutLie COOTHOIMECHUA AJs hy, U @4 OUWHOOUYHbL, CISJORATEIILHO, BMECTO
ay; = 0, Ha camom aefe HYKBO OpaTh @y, = 1; HCXOAHAS NOCAEAOBATEIBHOCTD IOJDKHA
6bina BeirssyieTs Kak 011101011 1010000,

Htst 3acexpedneaniig npopMaLliii HCXOAHbBIC COOBINEHUSL MOTYT KOAUPOBATHCS C
TIOMOLLLLIO adpectoll mampuysi. J1eia0 8 TOM, ¥To 11060¢ cooblileHHe XpaHUTCS HA UH-
(POPMALIMOHHOM HOCHTEIE O CIIPCUACIEHHOMY aJPCCy U CUHMTHIBAETCS 110 OTPEACNCH-
HOMY KOMMYHHKAUUOHHOMY KaHany. [TycTh coobuicHne a xpaHures no aapecy A, Ko-
TOpPBIA BRIPAKEETCSA TPEX3HAUHBIM uHciom — A4 A;. KOMMYHMKalMOHHbBIE KaHAJIbI
0003HAYUM KAK €, ¢y, €3 H ¢4 AJIPECHAS MATPULIA IIPOrPAMMUPYETCH TaK, YTOObI Ha
HEil HPOMCXOANIIO CMEIUHRBAHHE AIPECOB U KOMMYHUKAIIMOHHBIX KAHAIOB, HATPH-
Mep, B CneaytomesM KOHKPETHOM BHJIE:

¢, = O AAiAy + ciApAi Ay A A A, F oAA A,
C’z = (74/40/41/42 + C:)’f/“r)A]/"v\, + (,']/4()441/42 + C}A()AlAz,
5 = A Ay A Ay T+ GAAA; F A Ay,
¢y = Ay Ay + oA A, F e dgA LAy + i ApA Ay
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Ecin nnpopmaunonnoe cooduienune umeet aapec 100 (4yA4,4,), To KOMMyHUKa-
LMOHHBIA KaHa ¢] NOAKIIOUAETCS K KAHAIY €}, KaHajl 5 — K MHBEPCHOMY KaHAJly Cy,
€ — K MHBEPCHOMY ¢; U, HAKOHEL, €y — K C,; €CJIW UAET coobIueHue ¢ agpecoM 101
(4yA4;4,), TO OCYLIECTBAETCA MOAKIIOUEHHUE KaHAla ¢; K MTHBEPCHOMY ¢4 M T.1. B pesy-
JIbTaTe MepeMellnBaHusI KaHAT0B HH(pOpMaLMOHHbIe COOOLLIEHUS TIONAanaioT Ha Jy-
XHe agpecHble MEeCTa, TaK YTO HECAHKLMOHUPOBAHHOE CUMTHIBAHNE CTAHOBUTCS He-
BO3MOXHBIM. TakoB OAMH M3 NMPHHUMTIOB 3aCEKpeIUBaHUS MHOpMALIHUH.

MBI pacCMOTPEN «a3bl» meopuu kKoduposarus. K CeKpeTHOMY KOIMPOBAHUIO MbI
Gonbllle He BepHEeMCs; KOpPeKTHpYlollee KOOUPOBAHHE OBLIO ACTAILHO PACCMOTPEHO
B ITOCHIEAHEM IOApa3eie ri1aBbl « [ pynbi»; 0CTAETCSI pACCMOTPETE METOMIBI OTITUMA-
JNLHOTO KOAMPOBaHMS, B yacTHoctH, Mavo u Xaddmana.

®aHo NpeUIoXWI CACAYIOLHI IPUHIIUIT KOAMPOBAHMS COOOLIEHHI, WMEIOIINX
BEPOSATHOCTHYIO XapaKTepuCcTUKY. Bee cooOLIeHHS BLITTMCBIBAIOTCS B TAOIHLLY 110 CTe~
MeHHU yObIBAaHHSI BEPOSATHOCTH M pa30UBAIOTCS Ha JiBe TPYNITbl paBHOM (HACKOIBKO 3TO
BO3MOXHO) BeposirHocTH. [TepBoii rpyriie npucpanBaetcs cuiMBon 0, Bropoit — 1. 3a-
TeM KaXAasi U3 TPYII BHOBb IEANUTCS Ha ABE MOATPYITIbI paBHON BEPOSTHOCTH, KOTO-
PBIM TaKXe MPUCBAUBAIOTCs cMMBOJibI O u 1. B pe3yabTate MHOTOKpaTHOTO MOBTOPE-
HUSI 5TOM npoueaypbl NoydaeTcsi Tabinua KORoBbIX cJI0B. [IpogeMoHCTpHUpYeM HaH-
HYIO METOIUKY Ha KOHKPETHOM TpHUMEDE.

TIpeanonoxum, HeoOX0MMO 3aKOAMPOBATh |3 coobLIEeHUIT, TPUYEM BEPOSITHOCTD
oaHoro u3 Hux pasHa 0,653, BeposiTHOCTb TPeX ApYruxX coobiueHuit pasHa 0,023, eme
yetbipex — 0,027, u, HakoHel, naTH ocTasimxcst — 0,034, CymMMa BeposITHOCTEN BCex
coob1eHNH paBHa 1. DTU BepOSITHOCTHU BHECEHBLI BO BTOPOit cTosibew Tabu. 3.13 B no-
pszike yObIBaHUS; NEPBbIA CTON0EL HYMEPYeT COOOLICHUS, a B TPEThEM 3alMCaHbl

OKOHuaTesbHble Koabl PaHo.
Tabnuua 3.13

Lu Koabi
0,653
0,034
0,034
0,034
0,034
0,034
0,027
0,027
0,027
10 0,027
11 0,023
12 0,023
13 | 0,023

i fm a OO

OO [N OO~ WIN= |3

._A_A_A_A_J,_A_A_A_A_A_A_Ao
Slalalmlajnlaio|ojoloio

— == OO 0|0

CpenHsist JUTMHA KOJOBOTO C0BAa PaBHA:
{=12,263.
Ipolenypa KoAUPOBAHHSI C TOMOLLBIO IBYX CUMBOJIOB MOXET ObITh MPEACTABICHA

bunaprbim depesom (puc. 3.35). JInuHa BeTBEH, paBHast JUIMHE KaXA0r0o KOAOBOIO Co-
Ba, ONpelessieT eCTECTBEHHbIE TOPANKOBble ypoBHU. B Halem aepese cumpoiy 0 ot-
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BeyaeT peOpo, OTKIIOHSIIOLLEECs
BJIEBO, a CUMBOJTY 1| — pebpo, oT-
KiIoHgwoleecs srpaso. Hanpu-
Mep, IsAToe CooDLIeHUE UMEET
kon 10101; cooTrBeTCTBYIONIAA
€MY BETBb BblAeNCHA XXUPHOM JIn-
HUEH.

Koabl Pano no onTUMaibHO-
CTH HECKOJILKO YCTYNaoT KoaaM
XaddmMaHa, KoTopblil nokasain,
4TO €70 METOAUKA AAET NPec/ib-
HOE CXaTtve MHMOPMaUMOHHOrO
tekcta. IlycTh Tpebyercsi 3ako-
JIUPOBATh BCE Ty Xe IMOCHeA0Ba-
TeABHOCTH coob1uenit. Kononast
tabnuia Xaddmana (taba. 3.14) HaurHaeT 3aMTONHATLCS co cronbua Py; cronben P
OepemM 3a ucxonHbld, a croadust K, K;, K, 1 T.A. noka octaBnsemM 6e3 BHUMaHHUIL.
B cronbiie P; 3atreMHeHHast BeposiTHOCTh 0,046 roslyuaeTcst yTeM CJIOXKEHHUS ABYX
HauMEeHBIINX BEPOATHOCTEI, OCTalbHbIe BEPOSITHOCTH 3alIMCHIBAIOTCA 63 U3MEHe-
HUI. AHAJIOTUYHO 3aIOHAIOTCS BCE NOCAeAyIonne cToadubl Py, P;, u 1.4, Hanee
XagdMaH paccyxual NPpUMEPHO cheaytoMmM obpasoM. JABa coobllieHUsI ¢ HAMMEHb-
MU BEPOATHOCTIMHU LOJIKHBI UMETh OIMHAKOBbIE JUIMHBI KOJOBLIX CJIOB M pa3inya-
ThCs mociaeaHumMy cumsonamu. floatomy B nocnenHem crondue K poTUB ABYX Be-
POSITHOCTEI BhICTaBISI0TC CUMBOJIBI O u 1. 3aTeM mayT no tabt. 3.14 B o6paTHOM Ha-
npaBieHuHU, 3aMonHss ctondust Ky, Ky, ... K;, K. [Ipu 3ToM cumBonsl 0 u 1 craBsites
IPOTUB T€X BEPOATHOCTEI, KOTOPHIE B CYMMe /1IaBa/iM 3aTEMHEHHYIO BEPOSITHOCTD. B
4acTHOCTM, CHayasia B ctonbile K|, Npotus BeposTHocTH 0,653 3anuceiBaem 0, a npo-
HB uncen 0,211 n 0,136 — 1. 3atemM K 3TUM eIMHUUAM NPUITUCHIBAEM HOBYIO Hapy
cuMBotoB 0 1 1, nomyvast koabt 10 n 11,

Ta6bnuua 3.14

nil P 1 K iP | Ky lPa Ko | Py | Ky | Py LKy ! Ps | Ks | Pg | Ko i Py | K7} Py [ Kg)| Po | Kol P1glKiolPry iK1y
10,6531 0 0,653 0 653 0 0,653 0 0653 0 0,653 0 0653 0 0653 0 0,653 0 0,653 0 0,653 0 0,653 0
20,03411000,046 1011 00501010 0,054 1001 0,0611100010,068 111 0,068 110 0,096 101 0,11510000,136 11 0,211 10

30,034 1101 0,034 1100 0,0461011 0,050 101010,05410010,061]10000,068 111 0,068 11010,09610110,15010000,136/ 11
40,034 11100,034 1101 0,034 11000,04¢ 1011 0,05010100,05410010,06111000/0,068 111 10,008 1100096101

510,034 11110,034 1110 0,034110110,034110010,046[10110,0501010/0,0541001/0.061{100010,068 111

6 10,0341100000,034{ 1111 0,634 1110/0.034 1101 0,034{1000,046101110,050101000,0541001

70,0271 00010,034 10000 0,034 111110,034 11100,03411010,0341'0010,046101 1

810,027100100,027 10001 0,034100600,034 1111 0.03411100.0341101

9 10,02711001 10,027, 10010 0,027100010,034100000,0341 1 | 1

100,027101000,02710001 100271001 00,02 710001

110,023]101010,027 10100 10,0271 00 L |

120,023]101100,023110101

130,023(10111
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Hanee obpaiaem BHUMaHHC Ha 3ateMHetiHoe uneno 0,211 cronbua Py; oHO moay-
yustoch nNpu cymmupoBarui ducest 0,15 11 0,096 cronbiia Py, ciegoBaresbHo, 3THM Be-
POSTHOCTAM COO0IRAEM OAMHAKOBLIK Ko 10 M TIpUIIMChIBaEM NO TPETbEMY CUMBOIY,
TAK uTO B ¢T10/10LE Ky BO3HHKat0T Kob1 100 1 101. dsa npyrux koga — 0 u 11 — mepe-
nucplralores B Ky u3 K, 0e3 namenenuii. I'lpoposkast a1y nponeaypy, Mbl 3a1I0THAEM
MOCEAHHH KOTOBbLA cTo10e 1l K, KOTOPLIH 06pa3yeT OKOHYATEBHYIO CUCTEMY KOO
BbiX CJIOB. 1o Heit Boiuepunsaem OuHapioc aepeso (puc. 3.36) Ha TeX K¢ IPUHILIUIIAX,
YTO U TIPelibIAYWEC AEPEBO, T.¢. OTKJIOHEHKE peGpa BACBO 03HAYACT HOMb, BIIPABO —
SOMHULLY.

AN

ol

™~
- ™~

a N\

RN
f AN @ﬂ R a”
T OREL
& OB O® 11 1i® de

Puc. 3.36 Puc. 3.37

Cpenuss iivHa coBa, 3aKkeuposaitoro no Xadibmany, papHa 2,252, 4T0 HECKO-
JIBKO MeHbiue, yeM no Patio. boabvuei onTuMu3aumy 10CTUY b HEBO3MOXHO, 33 UCK-
JIOUESHUEM TOTO Cilydas, eCjii BMecTo ABYX CUMBOJIOB (0 1 1) UCTIONB30BATh TPU CHM-
sona — 0, 1 v 2. Tpunaproe depeso Xaddmana usodpaxeHo Ha puc. 3.37. I'lo Hemy
JIETKO YCTAHOBUTD KOJAB COOOMIEHMI, eC/TH NOMHHTD, YTO 1A Kaxoro pebpa jieBoe
pebpo o3ravaer ), npaBoe — 2, a cepeamHHoe — 1. Metonuka, nc KOTOpoi paccUuThI-
BAIOTCH KOMAbI, TA XK€, Y4TO W B NIPEABIAVILEM CIYUAE, TOJIbKC CYMMUPYIOTCSH HE IBE HaH-
MEHbIINE BEPOSITHOCTH, a Tpu. JiMHa Ko/oBOro ciaosa py TpUHapHOH KCIUPOBKE
pashua 1, 592, 410 IOYTH B NOATOP& pa3a MeHbLIE, YeM PpY OMHAPHOM KOAUPOBAHHUU.

Konosbie nepebbst ®atio n Xagdmana MOXHO paccMaTpyBaTh Kak rpadudeckoe
3aHaHUe AITOPUTMOB riokcKa. [pH TakoM NTOHUMAaHUK CPpeatsist LTHHA KOAOBOTO CJI0-
Ba MPOMOPLIMOHAIBHA CTOMMOCTH ITOHCKA: YeM BBIIIE HACTOTA 00pallleHUs K KOHLE-
BOiT (BHEWIHE) BEpILIHMHE, TEM MEHbLIE 0JKHA ObITh AIMHA NYTH K Hell. C 3Toit ToY-
KM 3peHUst PACCMOTPEHHBIC AePeBLS SIBASIOTCS ONTUMAIbHBIMHK TOJIBKO B OTHOILIEHHH
oBpalic HHA K KOHSUHBIM BEPIIHHAM. A K4K HYXHO 66110 Obl H3MEHUTD aJITOPUTM 110-
CTPOCHHH OfITHMANLIOTO JAepeBa, ec/iv Gbi HApsly C BEPOATHOCTSIMU OOpauleHUs K
BHEHIHHM BEPWIHHAM ObLIH OBl 3aaHbl BEPOATHOCTH OGPAIUEHUA U K BHYTPCHHUM
BepuinHam?

FTyCTb 3anaH TOT Xe caMblit psij BEpOATHOCTEH, KOTOPBIH, ONHAKO, Mbl Pa3IEIUM
Ha IBE 4aCTH; TiepBast YacTh Oy/ICT CBsI3aHa C BEPOSTHOCTLIO (YaCTOTOM ) OOpalleHuUs K
eHewnumM BeplMHaM a; (Taba. 3.15), BTopast — ¢ BEPOSITHOCTBIO O0pallleHHUs! K GHYm-
pennum BepllimHam b; (tadn. 3.16).
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Ta6bnuua 3.15

BepuimHa ag \ a4 ap a3 E as dg
BeposititocTb 0,653 ! 0.034 | 0,034 | 0,027 | 0,027 | 0,023 | 0,023

Ta6bnwuua 3.16

T

BepusnHa o] ‘ b2 b3 b4 05 b@
BepoaTHOCTL 0,03410,034 0,034 | 0,027 | 0,027 | 0,023

Haxoxaerune OMHapHOro [aepesa 1o OMTUMAIbHOMY AOCTHXKEHUI) BHEUIHHX U
BHYTPEHHHMX BEPLIMH HAYHEM C f1o1yineHust. FIpeinonoxum, 4ro AepeBso #; ; yxe siBiis-
€TCS OTITMMANIbHBIM, @ BHYTPEHHSIS BEPIIMHA b, siBisieTcst eT0 KopHeM. Toraa aTo ge-
PEBO MOXHO Pa30MTL Ha JABA NTOAAEPCBA: I; ;. |, ABISIOIUEECSH ONTUMAIBHBIM HA MHO~
KeCTBE BEPWMH {ay, byyp. Gpyy oo, Dy, @iy}, M 1, SIBISIOIIEECS ONITUMAJTBHBIM Ha
MHOXCCTBE {Qy, Dies 15 Apyyy oo 5 by b B oTHOLIEHWH MHIEKCOB JIOJKHO BBINOJHATHCS
yeaosue: i < k </ CyMMapHast 4acToTa 00palleHUA K BepllMHaM ONTUMAJIBHOTrO Aepe-
Ba f;; PACCIMTBIBAETCA 110 hopmyic:

= qikj + nnn(r[.kvl + rkx/)’ iy = 4ij-1 + p(aj) + p(b/)’
rie p(a;) u p(b;) — BeposITHOCTH 00pailleHYst K BEPILHHAM ;U b;, a MHIEKC A 101 3HAKOM
min npoberaeT 3HAUEHUS OT { J10 j.

PesyabTathl pacyeTa 1o 370 (popmyie nydiie Bcero opopMUTh TabIuIel, B KOTO~
PO [0 rOPU3OHTANIU MEHSISTCH 3HAYEHUE MHIEKCA I, @ 10 BEPTUKAIN — HOMEP CTPOKH
h; pui 3TOMj =i + 1. B axayto kieTKy 1abanLipl GyAeM 3aHOCHTD 3HAYCHUS T [ U g; ;.

TToHATHO, YTO #; ; ABNAIOTCA «ITyCTLIMK» ICPEBBIIMH C KOPHEM BO BHEIIHEH BEPILM-~
ne a;(r;;=0, g;;=p;). Takum oOpasom, nepsasi cTpoka Tab1. 3.17 3anosHaeTcs 6e3 Bes-
KOTO NpeaBapUTeIbHOrO paciera. Bropas crpoka 3Toli Tabauibl TakKXkKe He TpebyeT
OO0ABIIMX BEIMUCIEHHH, MOCKOJBKY /Ul ACPEBBEB TUIIA 1; ;1 1, COCTOALUMX U3 IBYX BEp-
IIKH M OJIHOTO MHLIMIEHTHOTO UM pebpa, BbITIGAHACTCA YCIOBME: F; ;41 = §; 415 KOHK~
PETHO:

do1 = goo t p(ay) + p(by) =0,653 + 0,034 + 0,034 = 0,721,
q12= 11 T play) +p(by) =0,034 + 0,034 + 0,034 = 0,102,
¢3=0,095, g34=0,081, ¢45=0,077, g56=0,065.

Tpetbio cTpoky 1a0A. 3.17 BbluMCAAEM C Y4ETOM MUHUMAJILHON BEPOSATHOCTH HOJ-
JIEPEBbEB:

90,2 = Go,1 + p(ay) +p(by) = 0,721 + 0,034 + 0,034 = 0,789,

B [ Too ) B .
a2 =402 + (1;21322("0‘1 +r22J— 0,789 + 0,102 = 0,891,

g13= qy +pay) + p(by) = 0,102 + 0,034 + 0,027 = 0,163,
/

¥, +r
: 117723
ri3=4gis + mmL

rlwz +r3‘3

Jz 0,163 + 0,095 = 0,258; M T.I.
I<k<3

ITokaxeM, KaK BBITISAST KOHKPETHBIE (POPMYJIbl LISl BLIYUCIEHUS BEPOSTHOCTH F 6.
q6= Q15 T Plag) + p(bg) = 0,267 + 0,023 + 0,023 = 0,313,
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"1,1*’2.6\
Na2tre

Fio=dis + min|ris+rag | = 0,313 + (0,102 +0,327) = 0,742,
o Fig+7s6
Fis+ree

Tabnuua 3.17

G0=0,653 | g11=0,034 | g2=0,034 | g35=0,027 | gs4=0,027 | gs5=0, 023 | gs=0,023
.0 = 0, 000 r =0, 000 Ny= 0, 000 n3= 0, 000 rg4= 0, 000 r55 = 0, 000 6.6~ 0, 000
qo,1 = O, 721 12 = O, 102 Gr3= 0, 095 434 = 0, 081t q4,5 = O, 077 qs6 = 0, 069
roa=0, 721 | r3=0,102 | ry3=0,095 | r;4=0,081 | rg5=0,077 | reg=0, 069
qo2 = 0, 781 q13= 0, 163 4= 0, 149 q35 = 0, 131 q4.6 = 0, 123
2= 0, 891 3= 0, 258 n4= 0, 230 3s5= 0, 208 46 = O, 192
q0_3 = 0, 850 q1‘4 = 0, 217 g5 = 0, 199 ‘13,6 = O, 177
ro3=1,108 | ri4=0,400 { rp5=0,371 | ry=0,327
qo4 = 0, 904 q15= 0, 267 q2.6= 0, 245
r04=1,304 r|5:0,577 I‘26:0, 532
q0,5 = 0, 954 q16= 0, 313
r0‘5=1,531 I‘]6=0, 742
q,6 =1, 000
re=1,742

3nech MUHMMAIbHAS! BEPOSTHOCTD TIO/Iy4aeTCsi BO BTOPO# CTPOKe (7| 5 + 3 ) IIPH
3HAYEHNH k = 3, ClIe[lOBATEIbHO, KOPHEBOH BEPLIMHO IEPEBa f; ¢ C IOMIEPEBBAMHE 7 ,
U 1y ¢ Gyner by. Uak, Bee BHYTPEHHME BEPLIMHBI SBISIOTCS KOPHSAMU CBOMX MOIEPe-
BbEB; NONB3YSCH BLIYMCICHUSIMHU F;;, BLITIAILEM HX:

bitge=1to the brtia=t1thy  bifig=t,th

by ig=1t3 Ty bsihg=8atig bebg=1s T
IToce 3TOro MOXXHO MPUCTYNATH K BBIYEPYHBAHN IO GUHAPHOTO IepeBa ONTHMATBHOTO
nmoucka (puc. 3.38).

BepllMHBl MOCTPOEHHOI0 HaMH AepeBa
MOXHO GbLIO0 Gbl 3aKOAMPOBaTh. OMHAKO, C TOY-
KM 3pEeHHs] TEOPUU KOAMPOBAHMSA, MONYYalo-
HIW¥iCs IPU 9TOM Ko He ObUT Obl NPe(UKCHBIM.
TeMm He MeHee CPEIHION JUIMHY KOJOBOTO CIOBA
1 3[€Ch PACCUUTATH BO3MOXHO:

1=30 pla, )+ Y, +1)pib)),
i=0 j=1

rie /; — UJIMHA TIyTH 0 BHellIHel BEPLUUHHI a,,
/;— nnvHa nyTH 10 BHYTPeHHEN BEPILUMHBI b;.
Ecnau Bce BBIYMCIEHMST TpoleiiaHbl BEPHO,
TO CpeaHsisl JUIMHA KOAOBOIO CJIoBa / TODKHA B
TOYHOCTH COBTIACTh CO CTOUMOCTBIO TTOMCKA TT0
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JACPEBY 1 ¢ /= rp s HTO B HALICM Cydac UMECT MECTO. )Z[am—roe PAaBEHCTBO UIPacCT POJIb
NPOBCPOUHOI0 COOTHOLUCHUS.

Tenepn paccMoTpuM puc. 3.39, rae n3obpa-
XeHO 6ecKOHEUHOe OMHapHOoe JepeBo, IepeBo-
Jstiee BXOJAHYIO MMOCJIEN0BaTEIbHOCT U3 Hy-
Jeil M eAMHUL B BEIXOMHYIO. epeBo uMeer ABa
Tuna sepuind — 0 u 1, a kaxnoe pedpo cHabxe-
HO ApOOBIO; YUCAUTEIb 03HA4YaeT BXOXHOM
CUMBOJI, 3HAMEHATEJIb — BBIXOIHOM; KOHIIEBLIE
pebpa OKaHUMBAIOTCA CTPEIKAMH, YKa3bIBaiO-
LIMMU Ha BO3MOXHOE IPOJO/KEHHUE BETBEH.
KupHoit nMHKel BblIeeHA BXOJHAs MOoCAen0-
BatenbHoCTh X = 1010, KoTOpas npeobpasyeTcs
B BLIXOAHYI0 y = 1100.

beckoHeuHbIM OMHAPHDBIM JEpEeBOM 3a1aeT-
ca asmomam A, KOTOPBIf B 3aBUCHMOCTH OT

Puc. 3.39 BXOJHOTO CHMBOJIA MOXET 0Ka3aTbCsSl B OJTHOM

13 IBYX COCTOsIHUI. HavyajibHbIM COCTOSHHUEM

sisasietcst g = 0. Ecnu Ha BXoze aBTOMaTa oKa-

xketcsl x =0, OH He MEHAET CBOEro NEPBOHAYATBHOTO COCTOSIHUSA g =0, a Ha BBIXOJIE 110~

sapnsiercst y=0. Eciu Ha BXxofie x= 1, aBTOMAT [MepeXOAUT B COCTOSIHME ¢ = 1, a HA BBIXO~

Je 6ynet y=1. Oka3aBUIUCH B COCTOSSHUH ¢ = |, aBTOMAT BeJieT ce0s1 cleayomum obpa-
oM ecmn x=0,Toy=1ug=1l;ecnmx=1,T0y=0m¢q=0.

B o6uieM ciyyae aBToMaTt A MOXHO 33aTh YETBIPbMSI CITOCO0AMU;

1) OauH 13 crnocoBoB Kak pa3 u306paxeH Ha puc. 3.39, T.e. C MOMOILIbIO AOCTATOY~
HOro (pparMeHTa 6ECKOHEUHOTO AepeBa, BEPUIMHAMU KOTOPOTO SBJISTIOTCSI COCTOSHUS
aBTOMaTa, a Ha pebpax YKa3biBaloTCS BXOJHbIC U BBIXOJHBIE CHUMBOJIBI. DTO, OYEBHI-
HO, HanboJsiee TpOMO3IKOE NPeACTaBIEHHE aBTOMATA.

2) beckoHeyHOMY nepeBy OTBeyaeT 60siee KOMIaK-
THBIH CHABHO CBA3aHHBIA oprpad (puc. 3.40).

3) AnanuTtnueckasa dopma 3aaHus aBTOMAaTa Ocy-
IECTBAsIETCA ABYMS (DYHKUUSIMU: QyHKYUel nepexo-

Puc. 3.40 006 q'= ¢(x, q); Qyukuyuei 6bx0008 y = ¢(x, q). KOHK-

PETHBIN BUJA BTUX (PYHKUMK B HALIEM Clay4yae OYEHb

TPOCT — CiloXeHHue apryMeHToB o mod (2): ¢'=x + ¢, y=x+ ¢q. Ho, B 06111eM, BMeCTO
ornepauui « + » 31eCh MOXET 0Ka3aTbes A100ast — TUIbIOHKLIMS,, AMITTUKALIMSA U T 1.

4) OYyHKUHUY MOXHO 331aTh C MOMOLLIbIO TabJIULILI, [I€ B 3aTOJIOBKE YKA3bIBAIOTCS:
10 TOPU30OHTAIU — BXOJAHbBIE CHMBOJIBI X, MO BEPTUKAIN — UCXOIHbBIC COCTOSTHUS aB-
TOMATa ¢; B KJIeTKax TaGaHLIbI Ha [IEPBOM MECTE — HOBOE COCTOSTHUE ¢', HA BTOPOM Me-
CTe MOCJE 3ansiToil — BbIXOAHON cuMBOA y. Jlasi Hauiero npuMepa OyaeM UMeETh
Tabn. 3.18.

Hainm koHkpeTHbIT aBTOMAT A 001amaeT OMHUM 3aMeyaTeabHbIM CBOMCTBOM: OH pe-
arupyeT Ha 4YeTHOCTb YHCJIA §AUHULI, ITOAaHHBIX Ha ero Bxol. ITycTh B KauyecTBe Haya-
JIbHOTO cocTosinus 6ynetT ¢ = 0, B Ha Bxoa nojaetcst 6eCKOHEYHasl MOCEI0BaTE b~
Hoctek xu3 0 u 1 (Tabn. 3.19). Torna HeyeTHOE KOJUYECTBO eMHHMLL Ha BXOAE aBTOMATA
A GyjieT OTMEUATLCA EAMHULIAMH Ha BLIXOAE (¥)). ECi e B KauecTBe HaYaNbHOrO CO-

0/0
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CTOSIHHMSI BbIOPATh ¢ = 1, TO HEUETHOE YMCIO €IMHUL HA BXOJle OYIEeT OTMEYaThCst YXKE
HyAAMH Ha BbIXoae (¥;).

PaccMoTpuM ellle OIUH MPOCTOi NTPUMeEp aBToMaTa, Korjia (PyHKIIMs MepexoioB
MPUHUMAET 3HAYeHUEe BXOAHOTO cuMBOa (¢ = x), a (PYHKUMSA BBIXOJOB — 3HAUCHHE
coctosgHus (y = ¢). Tabauua hpyHKUME TaKOTo aBTOMara fipeacrasiaena taoi. 3.20, a
peaxuus Ha BXOAHYIO ITOCAEN0BATEILHOCTD [UISl PA3IMUYHBIX HAUANbHBIX €T0 COCTOSI-
HUSX — Tabn. 3.21.

Tabnuua 3.18 Ta6nuua 3.19
ql/x 0 1 X 001101000101 1..
o [o0,0]1,1 Yo 0010011110010 ..
1 1,110 0 Vi 1101100001101 ..
Tabnurua 3.20 Tabnuua 3.21
q/x 0 1 X 0011010001011
0 [0,0]1,0 ¥ 0001101000101 ..
110,111, 1 ¥ 1001101000101

W3 1ab6m. 3.21 BuaHO, UYTO aBTOMAT HA BBIXO/E HE3ABUCUMO OT CBOETO HAYaIbHOTO
COCTOSIHUS MPOCTO CABUTAET BCE BXOAHbBIE CUMBOJIBI HA OQHY MO3WIIHIO BIipaBo. Ero
HAa3BIBAIOT asmomamom 3adepicku Ha oauH TakT. CUIbLHO CBE3aHHBIM oprpad takoro
ABTOMATA IOKA3aH Ha puc. 3.41.

0/1

Puc. 3.41 Puc. 3.42

Kak BUIHO U3 puUcyHKa, oprpad aBTOoMara 3alepXku oOJIagaeT >1eMECHTapHO
rpyrmoﬁ CUMMETPUN OTHOCHTENBHO NEPECTAHOBKHU COCTOHHPIFI, a TaKXK€ BXOIHBIX U
BBIXOAHBIX CUMBOJIOB 0 # 1. J11060MBITHO MOCTPOMTL aBTOMAT 3a1ePKKH Ha IBa TaKTa:
6yneT au ero oprpad 00ganaTb CUMMETPUUHBIMU cBOcTBaMU? OTBET OKaXeTCs
YyTBEPAUTEIbHEIM (pHc. 3.42), XOTs YKCJIO €r0 COCTOSHHUI BO3pacTaeT A0 4, a YNCIIo
oyr — a0 8 (tabn. 3.22).

Tabnuua 3.22

q/x 0 1
0 0,0 1,0
1 2,0 3,0
2 0,1 1, 1
3 2,1 3, 1
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ABTOMAT 3aJIEPXKKH HA TPHU TAKTA TaKKe 00/1a1aeT DIeMeHTApHOM CUMMETpUE U
COCTOMT YXKE M3 8 COCTOAHHU U 16 ayr
(puc. 3.43). CuMMeTpusi O3Ha4AT He- ~(3)
1/1 1/0

U3MEHHOCTh PUCYHKA NPU ACHCTBHH
Ha COCTOSHMS JIEMEHTAPHOM 1MOACTA-
Hoskoit (07)(16)(254(34) u npu oo~
BPEMEHHOI CMEHE BXO/HbBIX U BbIXOJI-
HbIX CMMBOJIOB Ha ITPOTUBOTIONOX-
HBIE, TIPU 3TOM HamnpaBleHue Ayr
OCTaeTCsl TIPEXXKHUM, T.€. AYra, WAyILast
W3 BEPILIMHB! 3 B BePIIUHY 7, COXPaHsI-
€T CBOC HanpapjeHue M rnocjie repe- Puc. 3.43

CTAHOBKMU COCTOSTHUM, HO € npUcBau-

BaETCs XapaKTEPUCTHKA «BXOJI/BbIX01»

0/1 Bmecro 1/0 w 1.1

Tpu nocnennux oprpada SBISIIOTCS 3iHAepogbiMU, TAK KaK IS HUX CYLIECTBYIOT
HOAHbIE KOHMYPBL, BKIIOUAIOUIME BCE AYIH N0 0AHOMY pasy. [Tpuurnoil ToMy siBnsieTcs
TO, YTO JUIsl KAXKJIOH BEPUIUHBI UKWCA0 BBIXOUSILIMX M BXOASUIUX AYT YETHO. DTOTO (hak-
Ta 1OCTATOUHO, UTOOLI oprpad BLin sitncpossivM. O06xon oprpada, n3o6pakKeHHOro Ha
puc. 3.41, no 3¥isepoBy KOHTYPY COIMPOBOX/ALTCS BLIXOJHOMN MOCAe10BaTEIbHOCTBIO
0011, ecnur o6xon Hayats ¢ retau, uau 0110, eciu cHavana uaTy B BeplunHy 1. OaHaKo
5TO IBE OJMHAKOBBIX HOCAEJI0OBATEILHOCTH, CABUHYTBIE Ha MO3ULIMIO OTHOCHTEIBLHO
apyr apyra. [ToaroMy X NpHHMMAIOT 32 OHY ¥ CUMTAIOT, YTO B 3TOM rpace cyliecTBy-
€T TOJBLKO ONMH DiJiepoB KOHTYD. st oprpada, naobpaxeHHoro Ha puc. 3.42, cyuie-
CTBYIOT 1Ba 2¥NePCBLIX KOHTYPA C BLIXOAHBIMH nochenosaTebHocTIMu 00010111 n
00011101, Hakouneu, oprpad (puc. 3.43) umeer yxe 16 3ijiepoBbIX 00XONOB; IIpUBe-
aeM oavH 3 Hux: 0000100101101011.

Eciu BenMuMHY 33epXKH 0003HAUMUTD Kak f, TO MOJIYUYUM CleAyiole KoMOnHa-
TOpHBIE GOPMYJIbI: YUCIO BEPLIUH B Oprpade aBTOMATa 3a1ePXKH PABHO A = 2} YHCI0
pebep — m =21 uneno siteposbix KoHTypoB — N = 2"/m. Tpu nocnexsnx oprpada
COOTBETCTBYIOT 3HAUCHUAM f= 1, 2, 3. I1pH OTCYTCTBUM 3¢ PXKH, T.€. IpH =0, opr-
pad npeacTaBlieH 0O BepuIHHOI ¢ AByMst neTasimu — (/0 v 1/1. nsa atoro oprpa-
(ha BHITIOMHSIETCSI OAHO M3 BAXHEHIUX CBOMCTB BCEro psaja aBTOMATOB 3aepXKKH, a
HMEHHO; VTS KX A0 BeplunHb! (4 316Ch OHA OJHA) UMEIOTCSA ABE BXOJSIIIMIE U IBE BbI-
xopsuwe nyra. Ecin oprpad 0e3 3aaepxku (7= 0) 0603HaunM Kax [, a ¢ 3a¢pKKaMu
(r=1,2,3, .. )xak I}, I}, Iy v 7.1, TO B 2TUX 0003HAYEHUAX KAXKIbIM NOCAeIyIOMNN
oprpad 1, IBASICTCSI pebepHbim 11O OTHOWICH IO K npeabliyiemy [, Ycaosumest opr-
pad [;;, Ha3bIBaTH pefepitbim, CCIM KAXKA0i yre e; oprpada /;COOTBETCTBYET BepLUMHA
B Ly Kpowme toro, ec:iv e; — ayraoprpada [}, Hauaj1o KOTOPO €CTh KOHEL AYTH €,
TO B [ IMEETCS JIyTa ¢y C HAYATOM B BEPIUMHE ¢y YU KOHLIOM B BepHIuHE ¢,. IMeHHO
NPU STHX YCIOBUSIX U3 oprpada [, nyTem YAROSHMSI HUC/IA BEPLUWH U AYT NOMYy4aeTcsl
oprpad I; u3 I, ctpoutcs 1, v T.1.

Tenepb nepeiiieM OT PACCMOTPCHMS ABTOMATOB 3aJIEPXKHU K APYTOMY THIY aBTO-
MaroB. 1o cux rnop pacCMOTpeHHbIE HAMU ABTOMATbl UMEU CUAIBHO C8A3AHHblE 0pepa-
¢hut, T.€. 9TH aBTOMATbI MOTJIH U3 J1H0GOT0 CBOETO COCTOSIHMSA MEPeHTH B T0boe Apyroe,
MHHYSl KaKHe-TO MPOMEXyTo4YHble. A BO3MOXHO JIM CO31aTh aBTOMAaT, KOTJa Ka-

0/0
1/1
1/1 0/1
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KOe-TUOO COCTOSAHME CTAHOBUTCSI HEJIOCTUXXMMbBIM, HanpuMep, U3 HavanbHoro? Jla,
BO3MOXHO, B YACTHOCTU, TAKOBLIM SIBASICTCS ABTOMAT CO CAEAYIOUIMMU DYHKUMSAMUA
NEePEXOA0B U BLIXO/OB:

g'=xnqg, y=xvaq.

0/0 JanHp1il aBTOMAT ONUCHIBACTCS MPOCTO CEA3AHHbIM
0/1 oprpadom, U1 KOTOpOro BepuiHa 1 apisieTcss Heao-
(0) 1/1 cTvxuMoi u3 epliuHbl 0 (puc. 3.44).

Cyutectyer 00Jibliasi FPYINa aBTOMATOB, B YACT-
HOCTH, pAcnO3HAGAMENbHBIX, KOTOPBIE TOCIIE TIepBO-
ro BXOJHOro CMMBOJIA HMKOTAa O0JIblle He BO3Bpa-
LWIAKOTCA B CBOE HAYANbHOE COCTOSTHUE, DIeMeHTap-
HbIM pacnozHagamenem OyaeT aBTOMAT 3alepXkKKH,
n300paxeHHbIN Ha puc. 3.41, eciu K HeMy 106aBUTD
elie 0JIHY Beplinny 0e3 BXOASIIIUX B Hee YT
(puc. 3.45). DTOT aBTOMAT pACNO3HAET YETHIpE THNA
BekTopos: 00, 11, 10 u 01. Koraa Ha Bxojde aBTOMara
NIOSIBJISIETCS MOC/IEAH I CUMBOJI BEKTOPA, Ha BhIXO#e
dbopmupyercs cumsoa I unu 0: 00 - 0, 11 - 1,

Puc. 3.45 101,01 - 0.
Hannbiii aBTOMAT MOXHO TIiepeaeaaTh Tak, YToOb
OH paco3HaBajg TOJAbKO IBE MOC/I€I0BATEALHOCTH —
11 1 00. 5151 3TOro HY>KHO U3MEHHMTh XapaKTEPUCTUKHU AyT «Bxoa/Beixoa» 1/0 u 0/1 Ha
1/*u 0/ * Torna na BBIXOAE HOMYUNUM CACAYIOUIYIO PEaKIUIO HA BXOAHBIE BEKTODHL

000,11 -1, 10 = * 01 - * 4yTo NPOAEMOHCTPUPOBAHO Tab. 3.23.
Tabnuua 3.23

1/1

Puc. 3.44

x (0011010001011 10010
y*0*1*ﬁ*00***11*0**

PacriosHasartenn Tpex eanuull (ormedaercs 1) W Tpex Hysel (otMeuaercs 0) 3aaaH
Tabn. 3.24, a rpaduyeck — ¢ NOMOIULIO pyc. 3.46; Ha Bce APYyrue BXOMHBIE MTOC/IEI0-
BaTeJLHOCTH 3TOT aBTOMAT pearupyeT CUMBOAOM « * ». Oprpad Ui pacrno3HaBaHUs
YeThIpeX €IMHUL K HyJell OyieT COCTOSTL YXKe W3 CCMH BEPLUHH, HO NIO-TIPEXKHEMY OH
OyaeT NOAYUHATBLCS CUMMETPUH OTHOCHTENILHO
BCPTHKAJIM M B CBOE HavaybHOE cocTogHue ¢ =0
OH He BO3BpATUTCSI.

Tabsn. 3.25 3ajaeT pacrio3HaBarteb CNEAYIOIIEN
cucteMnbt Bektopos: 000 — 0, 111 — 1, 001 - 1,
110 — 0, na Bce ocTasibHble MOCAEA0BATEABHOCTH
n3 0 v 1 apToMart pearupyer « * », Ta6. 3.26 onpe-
JesieT aBTOMAaT Ui Pacno3HaBaHUSI TaKUX 1O~
caenosatenasHocteit: 000 » 0, 111 —» 1, 001 —» 1,
1100 0, 1101 — 1. UMes onpeaeeHHbIN OTTbIT B
TIPOCKTUPOBAHUHN paclo3HaBaTesnei, MOXHO CO-
34aTh aBTOMAT AJ1sl pErUCTpaiiy TI000H Mocneao-
BATENbHOCTY.,
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OO6paTHMCs K CUHTE3Y HOBOTO KJ1acCa aBTOMATOB — apeofpazosamensm. [Tokaxem,
KaK MOXHO HOCTPOUTH aBTOMAT A, KOTOPbI CIOCO0eH NPpeodpa3oBuiBaTh ONHY CHCTE-
MY TIOCJIEAOBATEABHOCTEN B APYTYIO:

¥ = Alx)).
Ta6bnuua 3.24 Ta6nuya 3.25 Tabnuua 3.26
q/x 0 1 q/x 0 1 q/x 0 1
0 |1 4" o | 1,*]4°" o | 1n*14-*
1 |2+ 4-" 1 |2 ]4°" 1 124"
2 2,0 4,* 2 2,01 4,1 2 2,0 41
3 |13 1] 3 | 1,0]31 3 2|31
4 {1,*[3°~ 4 [1,+138" 4 | 1,18+

C aToil ueiplo 3aaIMMCA KOHKPETHBIM CITUCKOM KOAOBbIX BEKTOPOB — BXOIHBLIX X; 1
BbIXOIHBIX y;:

y, = A(10) = 01, vy = A001) = 101, ¥, = A(01001) = 11110,
y, = A000) = 101,  ys = A(O11) = 110, g = A(11010) = 01010,
y;= A1) =011,  yo = A(1100) = 0101,  y, = A(110110) = 010111.

[TocTpoeHue aBTOMaTa A HAYHEM ¢ BblYePUMBAHUA OMHAPHOTO IepeBa, OTBEUAIO-
LIETO YKA3aHHBIM BXOAHBIM U BBIXOJHbIM CUMBO-
nam (puc. 3.47).

B sTOM nepeBe HeM3BEeCTHbLIE MOKa COCTOSHHS
aBToMata A 0003HaYEeHbl YUCIAMHK, HaulHasi ¢ 0 U
konyas 19. Jlanee pyKoBOACTBYEMCst CICAYIOLMM
[IPaBUJTOM: €Cll KOPEHb ¢ epeBa T, OMECTHTD B
BEPIUHHY ¢'M fIpU 3TOM pedepHbIE XapaKTepUCTH-
KM «BXO[/BbIXO/l» nonjepesa 7. LeJIMKOM coBna-
OYT C pebepHbIMH XapaKTepUCTUKAMH UCXOAHOTO
nepesa T, (PakT SKBUBAIEHTHOCTH XaPAKTCPHU-
CTHK JIyT IBYX [iepeBbeB 0003HaUnM Kak 7, = T,),
TO 6y/IeM CUUTATL COCTOSTHHSL ¢ N ¢ IKGUGUACHMHbL -
mu (g~ q'). Ilpouenypy ycTaHoBaeHUs] 3KBUBa-
JIEHTHBIX COCTOSTHMI HauMHaeM ¢ KopHsi 0 1 aanee
MOHJIEM COINAaCHO HYMEPallMK BCPIlIMH.

Coctosiniusa 0, 1 1 2, cyasd no xapakTepucTUKaMm
JIYT, SIBHO HEIKBHBaJIeHTHBLI. Ecinu B Bepuunuy 3
MOMECTUTh KOPHEBYIO BEPILUHY 2, TO COBMEILIECH-
HbIE AIYTU pacCMaTPUBAEMBIX JAcpeBbeB T3 u T, Oy-
AYT UMETb OAUHAKOBBIC XapaKTEePUCTUKHU
«BXO#/BbIXOn», T.¢. T3~ T, ciiesoBaTesIbHO, COCTO-
stHre 3 ~ 2. OTo 06CTOATEALCTBO aBTOMATUHCCKU
BJIEYET 332 cOOO0it DKBUBAJICHTHOCTD €111e ABYX KOH-
LIEBbIX BEPUIWH — 7 = 5, 8 = 6.

Puc. 3.47
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Paccmotpum sepiuriny 4. Ha nepsbliii B3r/s11 OHA 9KBUBaJEHTHA BepiunHe 0, Tak
KaK OTXOQ[IsIIIMEC OT HEE [iBE AyTH UMEIOT Te K¢ CAMBIEC XapaKTePUCTUKH, UTO U Y KOPHS,
T.€. 0/1 1 1/0. OaHako cienyiouine xapakiepucTUKY nyT, a uMenno: 0/1 (ayra, BeIXO-
Js1ast M3 BepHbl 9) 1 1/0 (yra, BeIxosiiias ki3 sepluutsl 13) He COBNAaaloT ¢ Xa-
pakTepucTUramu ayr: 0/0 (ayra, Bpixeadiian w3 sepladubl 1) n 1/1 (nyra, Bpixoaauas
U3 BEPILMHBL 3). 3HauuT, cocTositMst 4 M 0 HeDKBUBAJICHTHBI M BCE BEPLLMHBI [TOAIEpE-
Ba T (9, 10, 13, 16) ocrasisicm MMoKa Ioji MPexKHUWMH HOMEPaMU.

[TponycTum BepunHy 5w nepeiiem K gepiunne 6. YcraHasnusaem, yto Tg ~ T,
(puc. 3.48), crenoBarennto, 11 #3 =2, 12=4, 147~ 5, 15~ 6 = 1. [TockoabKy
Tis= T),umeem: 17=3=2, 18=4, 19=9. Dta npomexyrouHas ¢a3za aHATN3a SKBUBA-
JNIEHTHOCTU COCTOSTHMI aproMata-npeobpasopatest A oTobpaxeHna Ha puc. 3.48.

KoHuesnle BepuinHbl 5 1 10 Beerma cosMecTHMbl ¢ KopHeM 0, nosTtoMy 10 =5 =~ 0.
Bupouewm, cocrosanune 10 MoxHO Obl10 O1l MAEHTH(HUIMPOBATH KaK cOCTOSHUE 1, 2
v 3, pabora aproMata A, Kak MOXHO OVACT BIOCACACTBIU ITPOBEPUTD, OT ITOTO HE
MEHSETCS.

Ha nocnennem arane ycranapinBaeM 9K BUBAACHTHOCT: Tg= Th; Torma9=2,13 =0
u 16 ~ 2. B 3axsiioucHUe HALLETr0 anai3a BepUIMHY 4 HOMeTHM Kak 3, 4To6bl He Hapy-
HIATh YUCHOBOM MOCASAOBATE/ILHOCTH B 0003HayeHUsIX. OKOHYATENBHO, COCTOSHUS
OMHAPHOIO JIepeBa NOAYUAT TE HOMEPa, KOTOPhie u306paxkeHbl Ha puc. 3.49. ITo aTomy
JIePEBY YK€ MOXHO CTPOUThL oprpad 1ipeobpazosarenst 4 (puc. 3.50) v Tabnuily nepe-
XO[IOB M BBIXONOB (Taba. 3.27).

Henuuine pesyistat nocTpoeHus rpeobpa3oBaTessi A IPOBEPUTh HA KOHKPETHBIX
npeodpa3oBAHUSX KOJXOBLIX BEKTOPOR X B p (Taba. 3.28).

Puc. 3.48 Puc. 3.49
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Tabnuua 3.27

Ta6bnuua 3.28

01001 | 11010 | 110110

11110} 01010 | 010111

13202 | 21212 | 212132

gx | 0 1 x | 10 | 000 | 111
0o | 1,1 120 _y o101 o1
1 | 2,0 31 ¢ | 20123 ] 213
2 o1 | 1,1
3 12100

B omiuune oT aBTOMATOB-pacno3Hasareieil, paGo-
TalOWMX ¢ CECKOHEUHOW MOCIeJ0BATeIbHOCTLIO CUM-
BOJIOB, aBTOMATbI-NIpeodpPA30BATENH TPAHCHOPMUDPY-
JOT KOHEYHBIE KOAOBLIC BEKTOPHI, MPUYCM TEPBbIA
CHUMBOJI BXOJHOTO BEKTOPa JIOJDKEH MOCTyNaTh TOrja,
KOTJa aBTOMAT HAXOAMTCA B HAYAIbHOM COCTOSTHUM.

UU3yUnM npoGaemy sK8UEAIHMHGCMU COCMOSHUN aB-
TOMAaTOB HECKO/AbKO MOJ MHbIM YrioMm 3peHus. Ha
puc. 3.51a uzobpaxeH aproMart 4, BHellIHe CUJIbHO OT-
JuYaIMics oT aproMara A, M300paxeHHOro Ha
puc. 3.516. Mexay TeMm UX peakuus (y) Ha BXOAHBIE 10-
cnemoBateabHocTr M3 0, 1 1 2 (x) aGCOIIIOTHO OAMHAKO-
Ba (Ta6n. 3.29).

a) 0)

Favs

Puc. 3.51

Puc. 3.50

YCTaHOBUTb ITPUYMHY TAKOTO NOBENCHUS aBTOMATOB ITOMOTYT TabH B [TEPEX0OA0B
U BoIxo0B 1ist A (tabn. 3.30) u nna A'(tabn. 3.31). U3 tabn. 3.30 BUAHO, 4TO COCTOSA-
HUs 1 v 3 s aBTroMara A oAMHaKoBbl. [To3TOMY CTPOKY, OTBEYaroLIYIO0 COCTOSTHHUIO 3,
W3 3TOM TaBIMLIBI MOXHO TPOCTO BHIUEPKHYTD, & HUdph 3 u 4 3ameHuTbh Ha 1 U 3, co-
otBeTcTBeHHO. Torxa tadn. 3.30 nepexoaunt B Tabn. 3.31, KoTopas npeacTabisier nepe-
XOJBl M BBIXOABI Kak Oy/To OBl COBEPIIIEHHO APYTOro aBroMara 4"
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Ta6nuua 3.29 Ta6nuua 3.30 Ta6nuua 3.31

x{0122011121201 ... gx| 0 1 2 gxl o[ 112

ylo1o00101000011.. 00,0]41][30 0 lo,0]3 1]1,0

gloa32204120304.. 1 ]o 1l 1,1]20 1 1o, 1]1,1]2,0

¢]0312203120103 ... 22, 1]0 021 2 12,1]0,0]2 1
3fo1]1,1]20 3 lo, 1]1,0]1,0
4 o, 111,030

1 3 ]

Paccmotpum Gosnee cioxHyio cutyauuio. Tat:a. 3.32 3agaet GyHKUMU NEPEXOLOB U
BBIXOJIOB C/IOXKHOTO aBTOMATA, MPUHUMAIOLIETO JeCATh PA3IMYHBIX COCTOSIHUIA. Bee
CTPOKH TabJIU1Lbl PA3THUHBI, OJIHAKO MOXKET CIYUUTHLCS TAK, YTO HEKOTOPHIE U3 COCTO-
SIHMM OKaXYTCS 9KBHUBAJIEHTHbLIMU. TOraa npu oaMHaKoOBOM 0DO3HAY€HUM SKBHBA-
JIEHTHBIX COCTOSHUI B TaOMIIE MOABSITCA U OIMHAKOBbIE CTpoKU. OcTaeTcsl TOJIBKO

BBISICHUTb, KAKME UMEHHO COCTOSIHUS 9KBUBAJCHTHBI.
Tabnuua 3.32

x| 0 1 2 1l ¢
o[1,1]0, 11, 0] ¢
115 0/31]8.1] ¢
2 |1,0]6 009 1] &
39, 1/6.1(40] ¢
417,0l30[91!
517,0(80!31] &
6 13,119,112 0] ¢
7|5 0i6.118.1] ¢
8 |8 1]0,1]20] ¢
916,113 1[40} ¢

[Ipexae pazoGbeM BCe COCTOSIHUS Ha npedeaplimebHble KJ1aCChl SKBUBAJIEHTHOCTH
(C)), ucxonasi U3 OIMHAKOBOCTU BBIXOAHBIX CUMBOJI0B (KJIacCh! C; POCTABIEHHI B TI0-
cieaneM ctonbie tabn. 3.32). Tenepsb 110 OTAEIbHOCTU PACCMOTPHUM KAXIbIH M3 KJIac-
coB. 1151 aTOTO NsITh CTPOK Kinacca €, odopmuM Tabt. 3.33, B KOTOPOI BMECTO BBIXOA-
HOI0 CUMBOJIA OyJIeM YKAa3bIBaTh KJIACC SKBUBAJEHTHOCTH COCTOSIHHUSL.

Tabnuua 3.33

q/x 0 1 2 C;
ojitLalocliol 6
319 C 16 C | 4 C Cs
6 13, &G (3 G2 6 G
8 18 C |0 & | 2 6 (&)
916613 Cla4c | c

Ileprast crpoka Tad. 3.33 o NpUHAUIEXKHOCTH COCTOSTHUM KJIACCaM 3KBUBAJICHT-
HOCTH OTAMYAETCSI OT BCEX OCTAJIbHbIX CTPOK. 3HAuUMT, cocTosiHue 0 obpa3yer cBOM
COBCTBEHHBIN KJIACC 9KBUBATIEHTHOCTH, 32 KOTOPHIM MBI OCTaBUM oGo3HaueHue Cp;
cocrostHus Xxe 3, 6, 8 u 9 OyayT npuHanaexars Apyromy kiaccy — C; (CM. nocneaHHl
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cronbeu ta6a. 3.33). CorlacHO HOBOMY JIEJEHUIO HA KJIACChl, YEThIPE COCTOSIHUS
kiacca C; BHOBb ohopMuM Tab:. 3.34, rae nociie KaxInoro rnepexoaHoro COCTOsIHNSA
YKaXeM ero kjaacc. B pesynbraTe nosyuum OoTIMUHYIO OT APYTHX CTPOKY Al COCTOSA-
HUs 8, KOTOpOe Mbl OTHeceM K Kiaccy C;.

Haxkodel, ta6s. 3.35 roBOpUT HAM O TOM, YTO COCTOSAHUA 3, 6 U 9 NeNCTBUTENLHO
DKBUBAJIEHTHBI, [TOCKOJILKY BCE COCTOSIHUSA, CTOSILIME 10 CTPOKAM, MIPUHALIeXaT o/l-
HUM U TEM XK€ KJaccaM.

Tabnuua 3.34 Ta6nuua 3.35
q/x 0 1 2 C; q/x 0 1 2 C,
39666 |46 ! G 3 o |6c|ac| ¢
6 3, Cy | 3, & 2, & Cs 6 3, (3 3, Cy 2, Gy C3
8 [8 610 C | 26| ¢ 9 |6, |3¢c |40 G
9 (6,0 36|40 | G

Iepexoaum k aHanu3sy Kiacca C; (Tabn. 3.36). 3aeck Bce CTPOKH TabIMLIBI TIO TIPU-
HAUICXKHOCTH TEPEXOIHbIX COCTOSIHMN KaccaM 2KBHBaJEHTHOCTH OJIWHAKOBBIE,
3HAUYUT, HCXOAHbBIE COCTOSTHUS | M 7 MPUHAIIEXAT OTHOMY KAACCY SKBUBAJIEHTHOCTH.

I1py paccmorpenuu Tabs. 3.37, rae Boinucanbl cocTosivus 2, 4 u 5 kiacca C,, 06-
HapyXHBaeTcsl HEOKBUBAJIEHTHOE COCTOSIHME 5, KOTOpoe 00pa3yeT CBOM MHIUBUIYya-
JbHbIH Kitace Cs.

Tabnuua 3.36 Tabnuua 3.37
q/x 0 1 2 C; q/x 0 1 2 C;
1 5,0 | 3,0, | 8 Cy 2 2ltaleclocl o
7 5 G 6, C3 8, C4 Cq 4 | 7,01 13, C3 189 G Co
5 7, C1 8, Cs | 3 Cx Cs

Takum 06pa3oM, OKOHYATENbHO AECATL UCXOAHBIX COCTOSHHMIA pacIiaJiMch Ha
ECTb KJIACCOB 3KBUBAJIEHTHOCTH:
Co=1{0}, G, ={1,7}, C;={2,4}, C3=1{3,6,9},C4 = {8}, Cs ={5}.
CrnenosareibHO, MCXOAHAS TabNMUA [TePEX0JI0B U BHIXOIOB (Tabi. 3.32), Kyna BXxo-
WO IECATH COCTOSHUHN, MOXET OBbITh COKPallleHa J0 IeCTH COCTOSHMI (Tab. 3.38),
T1pHY 3TOM (YHKIIMSI aBTOMATA 110 11peobpa30BaH M0 BXOTHBIX II0C/IEIOBATEIbHOCTE N B

BbIXOAHBIE He MeHseTcsl. [IlecTb HOBBIX COCTOSIHUIM NOJYHYMHJIN CBOH 0003HayeHUs OT

MHJEKCOB CBOUX KJIACCOB 3KBUBAJIEHTHOCTH.
Tabnuua 3.38

q/x 0 1 2 C;
0 1, 1 0, 1 1,0 Co
1 5 0 3, 1 4, 1 C,q
2 1, 0 3,0 3, 1 Co
3 1, 0 4, 0 3, 1 Cs
4 4,1 0, 1 2,0 Ca
5 1,0 4, 0 3, 1 Cs
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[Tpy NMpoeKTUPOBaHWU ABTOMATOB MOIYT TOSBUTHLCA SKBMBANIEHTHBIC (JIMUTHUE)
COCTOSIHHS, KOTOPBIE HA TIPAKTHKE MIPUBOAST K NePepacXxony MATeplaibHbIX CPEICTB.
Ho 3apanumcst BONpocoM: KaKyio (DyHKIHOHAIbHYIO HATPY3KY HeceT Ha cebe IOHATHE
cocmostue? Benbh aBroMar-1peodpasoBaTe/ib, KOTOPbIH MOXHO Ha3BaTh aBTOMAaTOM
THIIA «BXOJl — BbIXOJ —— COCTOSIHUE», IPOCTO TpaHCchOpMUPYET BXOAHbBIC COOGIIIEHMS
(x;) B BbIXOIHBIE (y,); yUACTHE TPETbeH KOMIIOHEHTBI — COCTOSIHUE (g;) — 31eCh He-
HYXHO.

OKa3bIBaeTCst, MOHSTHE COCTOSHKS BOZHUKIIO B CBSI3U C peain3alveil aBTOMaToB
Ha KOHKPETHBIX YCTPOUCTBAX — mpueeepax, KOTOPbiE MOTYT HAXOIUTLCS B OXHOM U3
JIBYX COCTOSIHUI -— 0 nan 1. ABTOMAT ¢ OOJIbINUM UHCIOM COCTOSTHI I UMEET MHOXECT-
BO TPUTTEPOB U KX COCTOSHUS TeCHBIM 00PA30M YBA3aHbI C NOCTYMAIOLINMKU Ha BXOI U
CHUMAEMBIMH ¢ Bbixoaa curHanamM. Ho e npoGrieM peanusauuy 310 MOHATUE U3-
JIMIIHE. ABTOMAT A CUUTAeTCs aHAIMTUYCCKM 3aJaHHbIM, €CIM 3aaH CITHCOK CO00-
HeHui: y; = A(x;). Ilpyn rpaduieckom xe oToOpaxxeHMM aBTOMATa THITA «BXOJH -— BbI-
XO1» JOJOKHBE QUIYPHPOBATHL TOJILKO BXOAHbIC M BBIXOHBIE CUMBOJIbI. JIOTOBOPUMCS Y
JIYT ITUCATh BXOAHBIE CHMBOJIbI, B Y3J4X — BbIXOAHLIE, HAYIBHOE «COCTOTHUE» OCTa-
BUM MycTeIM. Torna cnucky U3 AeBsath chos OyAeT oTsevyaTh GMHAPHOE ICPEBO
(puc. 3.52), HanoMuHalouIce OUHAPHBIC JIEPEBbS, KOTOPbIE MBI CTPOMIN IS KOJLOB
Dano (3.35) u Xaddmana (3.36). [depesbs xe Pano u Xaddmana no cyTH ABISOTCH
ABTOMATaMU THUIA «BXOL».

N
0 1
101 101
Y Ya
0

- Punec. 3.52
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Hepepo, n3o0paxeHHoe Ha puc. 3.52, nMeeT BeplIMHBI ¢ OMHMHAKOBLIM HabopoMm
cumsonon: 01, 101 1 0101, Taxue BepiiMHLl MOXHO 00beIMHSITh. OAHAKC HaNOOb-
mrui addexr ot obbeiHeHMS BepuliH OyaeT Toraa, Xoria coobuieHus (CUMBOJIBI,
CAOBA, TIPEUNTOKCHUS, COOLITHS) 0DPA3YIOT 3AMKHYMOE MHOXECTBO.

OCHOBHLIM CBOMCTBOM cpynitbl, KAK W3RECTHO, SABIAETCS 3aMKHYTOCTb. ABTOMAT
«BXOJI — BLIXO», MPEACTABISIONINI rpynny, sSIBAseTCs] CWIBHO CBA3aHHBIM Oprpa-
dom. Tatn. 3.39, kak yactp TabauLbl TEPEMHOKEHUS JIIEMEHTOB KBATEPHUOHA
(tabn. 2.23), ssastercs Tabiiicii aBTOMAaTa «BXOA — BBIX0A». B KauecTBe BXOAHBIX CO-
obHIeHU i 3/1eCh BLIOpAHDbI 0Opasytelie @ v b, a B poaM BBIXOAHBIX BBICTYNAIOT BCE BO-
CceMb DJIEMCHTOB KBATCpHMOHA, BKJIIOUasi 06pa3ylollne.

Tabnuua 3.39

q/x a | b
_ e a. b_|
a | a | ab
& | & |
& | e | ba
| b | ba a2
B ab e
Lab | b | &
ba b3 a

Tabn. 3.39 onpenensier cummempuunyio CTPYKTYPY CHIIBHO CBA3aHHOIO oprpada
(puc. 3.53).

ITocTaguM Ha MecTo deMenTa e 3aeMenT b. Toraa nyru oprpada caMu yKaxyT HO-
BB MOPSIIOK PACCTAHOBKH OCTABHbBIX 2MeMeHTOB (pUC. 3.54).

Y1o0bl YOCAUTLHCS B TOM, YTO BePLUKHBLI ZaHHOTO oprpada NOAUUHSIIOTCS rpyrie
MOACTAHOBOK KBATEPHUOHA, HYKHO BMECTO TOX/ECTBEHHOTO /ICMEHTA e NOCNIE/l0Ba-
TEJALHO FMOACTABISITL BCE APYIHe DICMEHTL! IPYIibl, HE MEHSISI PACIIONOXEHHUS U Xa-
pakTepucTHk ayr. st yno6cTBa HanmucaHus 1M0ACTaHOBOK BCe BeplMHbI oprpada

Puc. 3.53 ' Puc. 3.54
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nponymepyeM. [Tocnie paccTaHOBKH «BBIXOIHbIX COOOLIEHUI» (pHC. 3.54) nerko 3anu-
CaTh COOTBETCTBYIOIYIO 3/1EMEHTY b noacraHoBky. Eciu BMecTo e momcTtaBUTh dJe-
MEHT @, ITOJIyYUM MOACTAHOBKY €lIe O/IHOI 00pa3yiolleil:

a = (0123)(4657), b = (0425)(1736).

L1 ka0 TpyIiibl MOACTAHOBOK MOXHO BBIYEPTUTDb CBOU CUJIBHO CBA3aHHEIN
oprpad, KOTOpPbI OJHOBPEMEHHO [IpeJicTaBIsieT coOOH aBTOMAT-IIpecOpa3oBaTeib
THIIA «BXOI — BbIXO/». TpyaHO NpuayMaTs 60Jee HarasaHyo (opMy rpadpuaeckoro
U300paKeHHUs TPYIIIib, IEMOHCTPUPYIOLLYIO €€ NPUPOAY 3aMKHYTOCTH. OHa coBep-
WEHHO HE NOX0XAa HA TE¢ TEOMETPUUCCKHME HHTEPNPETALMM, KOTOPbIE MBI JIaBajd B
pasznene «[pynne». deicTBUTe bHO, pa3se eCTb YTO-HUOYAL obllee Mexny oprpa-
oM, n300paxxeHHbIM Ha pUcC. 3.55, 1 n306paxeHUEM TeTpasipa Wik U300paKeHUEM
peLIeTKU ero noarpynmn?

Puc. 3.55

Ta nerkocTb, ¢ KOTOPOU NMONYHAIOTCS pecyaapHbie NOACTAHOBKU TPYNITL! TETpasapa
T, 3anucaHHble ¢ NOMOILLIO oprpada (puc. 3.55), CTaBUT agmomamHoe IIpeacTaBiIeHIe
rpyniibl T BHE KOHKYPEHLIUHU C €€ ceoMemputecKium N peulem4amsim TIpeiCTABICHUSIMU.
Boeinuiem pery/sipHbie NoACTAHOBKM Tpex o0pasylolux rpynnsl TeTpasapa 7Tt

a=(014)(2A6)(3B7)(589), b= (025)(193)(47A)(6B8), ¢ = (036)(1A8)(279)(45B).

Tabu. 3.40 apasercst TabNULIeH «BXOA — BBIXO/» sl ABTOMATA, NPEeACTABASIOLIETO
IPYITY TETPA3ApA C TPEMSsl «BXOTHBbIMHU COOOLIIEHUSIMU».
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OmHaKo Mbl XOPOLIO OMHUM, 4TO rpynny 7 MOXHO NOJAYYUTD U C TIOMOIIBIO ABYX
obpasyroux — a, b. CiaenosaTesibHO, CyUICCTBYET MHasl TAOJMLA «BXOA — BBIXOI»
(Tabn. 3.41), koTopoit OyieT OTBeYaThb U HECKOJIBLKO Apyroi oprpad. B mociaeatHem
cayyae M3 Kaxkaoi BepUWHBI OyAyT BBIXOAMTEL (M COOTBETCTBEHHO, BXOHUTh) HE MO
TpH, a TOJBKO 110 ABE AyTH, Takoi oprpad MOXHO NOJYYHUTb U3 TOTO, YTO H300PaXKEHO
Ha puc. 3.55, nyteM ynaneHus BCexX AyT ¢ BXOZHOMH XapaKTepPUCTUKOM ¢.

Tabnuuya 3.40 Ta6nuua 3.41
Ne (7...) q/x a b c Ne (4...) q/x a b
0 (0) e a b c 0 (0) e a b
1 (012) a a’ | ab | ac 1 (012) a a? ab
2 (123) b ba b2 a 2 (123) b ba b?
3| (013) c |ab | cb| & 3| (013) | B2a | ab | ba?
4| (021) a? e ¢ | cb 4 (021) a? e ab
5| (132) | 82| ¢ | e | ba 5 | (132) | B2 | B2a | e
6 (031) c2 | b2c?| ba e 6 (031) ab | ab? ba
7 (023) cb b ac | ab 7 (023) ba? b ab’a
8 (032) | b2c?| ac a b? 8 (032) ab? | ab’a a
9 | (01)423) | ba | eb | & | B2c? 9 | (0123) | ba | ba? | a2
Al©2)13) | ab | B2 | 22| & A | (02)13) | ab | B2 | ab?
B|(03)12) | ac | ¢ | ¢ | b B | (03)(12) | ab2a! a’b | b2a

MbI TakoKe 3HaeM, 4TO JUIsl 11000 TPYIIbl 10 YKMCTY 00pa3yIOLIMX UMESTCS HUX-
HSISl TPaHMLA, HO HET BEPXHEM, T.€. KOJAMUECTBO 00pasyoliux 1j1s1 KBaTepHUOHA MO-
KeT ObIThb PABHO BOCBMHU, a Atsl TeTpadapa AseHaauati. OTcioaa aBTOMATHBIS TIpea-
cTaBficHust KBaTepHUOHA (puc. 3.53) u TeTpasipa (puc. 3.55) AaneKo He e AMHCTBEHHBI.
BMmecTo pecyaaproeo oprpada ipynny MOXeT NpeACTaBaaTh noaubiid oprpad.

B 3akuroueHue 3TOro rnojapasaena pacCMOTPUM HECKOJIbKO IIPUMEPOB U3 TEOPUH
MOPOXIAICLINX rpaMMaTUK. Bo3bMeM NnpocToe npeatoxeHue:

Manenbkuli Marbyux uepaem 6 M.

Ecauv BoCIo/1b30BaTLCA KOMIILIOTEPHBIM [1epeBoAUMKOM Stylusv. 2.5, To monyuumM cie-
JYIOLIMH aHTAUMACKMHA DKBUBAJIEHT;

The small boy plays in a ball.
Ho o6paTHblit nepeBo ¢ UCIosib30BaHMEeM Stylus Mo CMBICITY JACT HECKOABLKO JAPYIYIO
bpasy:

Manenbruit masvux uepaem ¢ wdape.

O6parnmcest K popmanbHON cTopoHe aena. Mcxoanyio ¢paszy MOXHO IIPEACTABUTD
nopoxcoarouium oepegom (puc. 3.56). Cutyauust HANOMUHAET Ty, ¢ KOTOPOM MBI UMEJTU
neso B pazaene «Jloruxa» (. 1.10), koraa coctasisiam ITPOJIOT -nporpamMmet. B Ha-
LIEM CJIYUAe MOXHO ODOITHCH 0€3 NPeiMKaToB, a TAKXKE BMECTO 3aITUCH Y <= X UCTIOJb-
30BaTh X => ¥, KOTOPasi YUTACTCS 60J1¢C €CTECTBEHHO: « X 3aMEHHUThb Ha y ». [IporpamMMa:

1) npedaoxcenie = epynna nOOAEHCAWEL0, ePYRNA CKAZYEMOZ0.

2) epynna nodaexcaweco = onpedeacrie, nodiexcauiee.
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[ TIpeurokenue

I'pynna I'pynna
TIOUICKAIIETO CKa3yeMoro
/ ~\ p \
Omnpenenenue Tlopnexaniee Cxa3syemoe JonoiHeHHe
[ | [ | | | |
! Manenvruii J l MOABYUK il f uepaem , l 8 MA4 J
Puc. 3.56

3) epynna ckasyemoeo = cKasyemoe, 0onoaHeHuUe.

4) doroarenue = @ Mau.

5) dononnenue == & wape.

6) ckazyemoe = uepaem.

7Y nodaexcaujee => MAIBHUK.

&) nodaexcaiee => ManvHUUIKA,

9) onpedenenue => maienviuil.

10) onpedenenue = kpoxomiuiil.

11) onpedencnue = Huzkui.
Cuctema ripuopuretos Stylus yerpoeta Tak, 4To U3 11pesioXeHHOro Habopa CHHOHM-
MOB ObLIM BbiOPAaHbl C/10Ba NOA HOMepaMu 5, 7u 9, BMecto 4, 7 1 9; CylIeCTBOBAIN U
JIPYrvie BAPHUAHTHI.

Tenepb, cO06UINB NPUBEACHHDbIH NIPUMED, AalnM (POpManbHOE ONpeneneHUe no-
poxcoarougeli epavmamuru. Tlopoxaawoiieil rpamMmarinkoit G Ha3biBaeTcst CEMEHCTBO
YeThIPEX MHOXECTB:

G={V. W, S, P},
rae V- OCHOBHO WK NPEAMETHbBII CA0BAPh;

W — BcnoMoratenbHbiil MM CHHTAKCHYECKHI C/10BaAPD;

S — HauanpHOE MM KOPHEROE CAOBO, npuuem .S Heperca uz Wi

P — cnucoK 10orMUecKHX NPaBU/ BLIBOAA WM [TOACTAHOBOK.

B nipenpiiyleM nmpuMepe Ml MMeu:
V = {kpoxomuotti, Masrenviuil, HU3KUNL, MAABYUK, MATGHUIIKA, Uepaem, @ wape, 6 mMsy};
W = {npedaoxcenue, epynna nodaexcaueeo, epynna cka3yemozo, nodaexcauee,
cKkasyemoe, onpedencnue, O0NOAHEHUe),
S = npeonosrcenue;
P={ 1) npedaoxcenuie = epyinna nooiexscanieco, ePYAna CKA3yemoeo. ...
11) onpedescnue = HU3KUIL).
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H3zvicon L(G), cpopMUPOBAHHEIM T10JL BO3ASHCTBUEM NMOPOXAAIOUIEH PaMMATHKHU
G, Ha3bIBACTCS MHOXECTBO NPEAMETHbBIX CJIOB V, BbIBEACHHBIX M3 KOPHS S ¢ MCIOITb-
30BaHueM npasun P.

Bepuemcest kK HatteMy npumMepy. Ecamn yopaTh 3arsitbic Mexay CUHTAKCHYECKUMHU
CJOBAMH U BBCCTH MX B KAUECTBE Pa3e/iMTeis] MEXIY [PABHJIAMH, TO BhIILENPHBE-
JIeHHasl IporpamMma OyacT UMETh BHIL

DS=AB.2D)A=>CD,3)B=EF, ) F=a, 5 F=b 6)F=c,
NND=d, 8 D=e 9HC=/j 10)C=g 1)C=h

I1pu 9TOM ObLIY BBEACHB! JUII CUHTAKCHUYCCKIX CJIOR BOJIblIHE JATUHCKHE OYKBHI,
a JUIsl IPEAMCTHBIX — Mable. SI3bIK HAlLero npuMepa orpaHuyeH ABeHaLAThIO TIpe/ -
JIOKEHUMSMU, KOTOPBIC TIPOIMKTOBAHBI HOPOXCIAOUUM A6IMOMAMOM TUTIA «IIPABHIIO —
BbixoA». ' pady 5TOTO aBTOMATA NpCACTaBAsieT COOOM nepeBo. Mbl He CTaHEM BRIYEPYH-
BaTh €TO LEIANKOM, a [IPUBEAEM JIMUIL IBC BETBH, OIHA U3 KOTOPbLIX OTBEYAET BO3MOX-
HOMY XOJY BLIBOJIA NPE/TOKEHUs « MaIcHbKUIL MaTbUHK HTpaeT B MsIU» (puc. 3. 57a),
apyras — «MajeHbKWIl MAJIbUYMK HIpaeT B uiape» (puc. 3.576).

D s {48 }f—{ CDB }i»{ CDEF]—4«[ CI)Ea}—9—-{ fDEa }——6—-L fDea Il'{ﬂ_d
O[5 { )=k }—{ coer}{ coer | e} caer |4

Puc. 3.57

Hukaxkux 6xodusix c106 31CCH HCT, HO €CTh 6biX0dHble NPeOAONCEHUs VI NpasUAd Ux
gotecda. dyrn apromarta cHAGXKCHBI HOMEPaMH, OTBEYAIOIIMMHU TIOPOKAAIOHIMM Tpa-
BWiaM. Kaxaas jiyra urpaet polib UMITUITHTHON JOrHYeCcKOoM CBA3ZKH « => », C TTOMO-
HIbIO KOTOPOH OCYLIECTBASIETCS BCTABKA HYXHOYO C/ioBa. JiepeBo MOpoXAaoLmero an-
TOMaTa — 210 Haubonee npuemiemas popMa npeacTasieHus npoiecca GopMUpoRra-
HUS IPAMMATHUCCKUX MPEIITOXKCHUIL,

C MOMOLLBIO aBTOMATA «IIPABHJIO — BLIXO» MOXHO I'eHepHPOBAThH KOJIOBbIE CJIOBA.
[pefibax npetoxui BoceMb MPABHII UL BLIBOAA BCEBO3MOXKHBIX KOJOBEBIX CJIOB C
OJAMHAKOBBIM yncsiom O u 1:

1) 5= 0B, 3 A= 0, 5y A= 1AA, 7y A= 0S5,
2) §= 14, 4) B= 1, 6) B = (BB, 8 B=1S8.

3aech NO-TipexXHCMY OoJibilHE NATHHCKHC OYKBLI 0003HAYAIOT BCITOMOTAaTeNbHBIC
nepeMettible, a uncaa 0 v 1 gsisnorces npeaMeTHbiMu cumBosiami. Ha puc. 3.58 moka-
3aH BbIBOA ABYX cnos -— 011100 w 1001:

[,_s_}—l-{ 0B Lg-fms Li»{ 0114 [—i{ 0111/&1[—3"{ 01110AJLL011100|
|s lL7—-| 14 [——l{ 108 I--L{ 1004 }-4-»{ 1001 |

Puc. 3.58

OTH NpUMEpBHI €llie Pa3 FOBOPSAT B 1103y TOTO, 4YTO rpad), nmoaodbHO TeHH, clefyeT
32 0OBEKTUBHbBIM MPOLIECCOM, KOTOPLIN OH npeacTapfsieT. CTOMT MpOoLeaype UyTh U3-
MEHUTBCSI, U NpeXHUE rpaduueckue GopMsel, CTONbL XOPOUIO HJLTIOCTPUPYIOLINE
B3aMMOCBSI3b OTACAbHBIX (a3, BAPYr OTKAa3bIBAIOTCS paboTaTh.

Bcesikuii rpady ecTh apTOMAT 4151 TOJIYUCHMS] KAKMX-TO BbIXOIHBIX COOOIIEHHMIT 1O
3aaHHbIM TlapaMeTpaM. B 3aBUCMMOCTH OT 3TUX UCXOAHBIX NapaMeTPOB HYXXHO Bbl-
Ouparb U THR aBTOMaTa. Eciiu napaMeTpaMu j1/1s BBIXOJHbBIX COOOLIEHUI CTYXXaT TOJb-
KO BXOAHBIE CUMBOJIBI (KoauposaHue no Pano u Xaddmary), ynio6HO HCNOIL30BATD
rpag-aBTOMAT, TUIA «BXOJ»; €CJIM KaX/blH BXOAHONH CUMBOJ TIpeo0pa3yeTcs B ONpe-
JeJIEHHBIH BLIXOAHOM, MOXHO MCIMOJb30BaTh rpad-aBToMar TUIAa «BXOA — BBIXOI»
UJIU «BXOJ; -— BBIXO/l ~~ COCTOSIHUE»; CC/IU B POAU BXOHOIO CI0Ba (CUMBOJIA) BRICTYIA-
€T OJTHO KOPHEBOE, U3 KOTOPOTro 3aTEM T10 3a1aKHBIM MTPABUJIaM MOPOKAAIOTCS BHIXOL-
HBIE COOOLIEHUSI, TOT1A (b PEKTHBHCE BCErO MCII0IL30BaTh rpad-aBTOMAT TUTIA «IIpa-
BUJIO — BBIXO».
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3AKJIIOYEHHUE
1. Bo3MoxkHBIE IOAXO0bI K HCCJIEyeMOMY 00bEKTY

Hebonbuioi 3aK10UMTEAbHbIA pa3/1ea Mbl XOTEJIU Obl MOCBATUTD OTAEIAbHO KOHCMDYK -
MUEHOMY NOOX0Jy, ISl 1€ro BCIIOMHUM HUCTOPHIO MaTeMaTWKH, Kakod oHa Obula B
Erunte uethipe ThICAYU JIET Ha3a/1. J1en10 B TOM, UTO CUET IPEBHUX ETUTTSIH YIUBHATEI b-
HBLIM 00pa30M COBMNAACT C IIPOLEAYPOit, OCYIUECTBASIEMON COBPEMEHHBIMU KOMITHIO-
TepaMHU, KOTOPbIE HUUEIO He JOKA3bi8at0M, A TIPOCTO @bMUCASIOM 110 33JaHHBIM aJITO-
pMTMaM. OTO coBnaeHue TpebyeT OT HAC CAMOTO MPUCTaIbHOIO BHUMAaHHUS.

Kaxk n3BecTHO, rpexu 1aJIu MUPY aK CUOMAmMU4ecKuli Memod U BOOOL1E BBEJH A02UKY
dokazameabcmea MaTeMaTUYECKHX TIOJNIOXKEHWH. PUMIISTHE MepeHecsIM 3Ty KyJAbTypy
yMa Ha COLIMAJIbHYIO TTOUYBY — TaK BO3HWKJIO 3HaMeHUToe Pumckoe npago. Ilouemy xe
CTUNTSHE TIOUUIH 110 YTH kKoHcmpyuposanus? Kakas u3 ctpareruii 0osee mpoLyKTUB-
Ha — eTumeTcKast uiau rpeueckas? Mbi cBO#H BbIOOP ceaiu, OCTajloCch yOeIUTDb YUTa-
TeJist BbIOPATh €IHHCTBEHHO MPABWILHBIH 11yTh.

Ham xaxeTcs, yTo akcuoMaTuiecKkas (popMa rnpencraBjeHUst 3HAHUH KOHCepBa-
THBHA U JaXe JormartudHa B npuHuune. OHa npeanosaraet He3pl0AeMOCTh Onpele-
JICHHOW COBOKYIMHOCTH MOJIOXEHHWH, Ha KOTOPOWH BBICTPOEHA CTATUUYHAsi KOHLIEI-
uusa. CerofHsIHKME KOHCTPYKTUBHbIC (DOPMbI MOOUJILHB!, UYETO HUKAK HENB35 CKa-
3aTh MPO BbIYUCAUTEIbHLIE AITOPUTMbI ApeBHUX erunTtsaH. Ho 3Ta KOoHcepBaTHUB-
HOCTb, ITOXOXE, THITUYHA sl JIPEBHUX LUUBWIH3ALUMH. 3HAMEHUTbIH MarudecKui
KBaapaT 3 x 3, s KOTOPOTO CyMMa UHcesl 10 CToabLUaM, CTPOKaM U THaroHaIsIM
paBHa 15, BbICEUEHHBIU HA MAHLIMPE YEPETNAXU YTO-TO OKOJO IMSATH ThICSY JIET HAa34aM,
6narononyuHo aoulen 1o Hac (Tabs. 1). Ho noyemy nocnie oTKpbITHS 3TOro KBaaparTa
HU OJIMH KHTA€lL He TOoAYyMas Hall AaHAJIOTHUYHbBIM KBagpatoMm 4 x 47 Beab xenanue
MPEB30HTH MpeALeCTBEHHUKA SIBASIETCSt HEMCTPeOUMON NpUpoOaO TBOpYECTBA Yye-
noseka. Kazanock Gbl, ceroans Bce TOUWICALIKE A0 HAC TAHIUPH JOXKHBI OBITh MC-
MUCaHbl 9THMU KBaapatamMu. OnHako Mbl HabllojaeM MHYIO KapTUHY, 3Ha4yuT,
orpoMHbift Kutait yrosneTBopuacs AOCTUTHYTBIM. Ero Gosblilie NpuBAEKaIU Tpe-
LIIMHKHY Ha NaHLMpe, YTOORI IO HUM yTraabiBaTh cyabby, YeM NOUCK MaTEMAaTHYECKUX
3aKOHOMepHocTet, CeroaHst CyHIecTBYET KOMIIbIOTEpHAas ITporpaMMa Jijisi CocTaBie-
HHUS TakHX KBaapaToB. K cyacTbio, neT AeCiaTh Ha3al, Balll TOKOPHBIH CIyra o Hew
HUYEro He Cabllal MU yOUA ABa-TpH AHSI Kpsay Ha COCTaBJIeHUE MarMyecKoro KBaj-
para 10 x 10 (taG. 2). HuuTto Tak He pa3sBuBacT KOHCTPYKTUBHOE MBILLICHUE, KaK
pelietue nojoOHbIx 3ama4! YuTaTenb MOXCT j1€TKO YOEAHUTbCS B 9TOM, €CJIM BO3b-
METCS. BPYYHYIO COCTABUTL Marnyeckuit kpaapat 11 x 11.
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Tabnuua 1 Tabnuua 2

71132117183 19812417970 29
98 | 1 [ 84118822077 :22199| 4
5 96 6314054147 162137111 90

41912 95| 6 [ 5243 56|48 60|44 |92 9
31517 7 19449 5845|5341 /57|13 88
g8l 1.6 93 | 8 | 66|33 55|46 |67 |36 87| 14

12189139164 ,42]59|38|61|15| 86

91110 34|65 5150|3568 |85]| 16

3117212318025 |75{27 73|30 69
2 |97 (7812117626 ,74]128| 3 {100

Ppauueckie 00LEKTB MOTYT pea/ibHO CYLUIECTBOBATb, HO OBITh B CHUIY TeX WM
MHBIX TIPUYUH HEBUIUMbBIMH YEJ0BEKOM. AKTYaTM3aLMs 5TUX MATEMaTUYECKHX 00b-
EKTOB Ugpe3 MX BH3yau3alMIo He cBh3ata ¢ (hopMaibHO-TOrMYeCKUMU TIpUeMaMu
MblliieHUSI. Bosiblie Toro, MaTeMaTHKA U JIOTHKA B U3BECTHOM CMBICHIE ITPOTUBOCTOSAT
npyr apyry. IlpeaMeTom norMKu BasieTCsl MbllIeHUE CyObeKTa, KOTOPOE pa3Bopavu-
BaeTCs BO BpeMEHH, IMHEHHO U MOC1e10BATENBHO; IPEAMETOM MATEMATHKU SIBASETCS
HE3aBUCUMASI OT MbIUUIEHUS CTPYKTYpa OoObeKTa, KOTOpasi CYLIECTBYET KaK Hekas
MPOCTPAHCTBEHHASI JAHHOCTD BCSI LIe/TMKOM. B TakoM BMIe MaTeMaTHUECKast CTPYKTY-
pa He MOXEeT MPOHUKHYTH B HAllle CO31AHUE W J0JIXKHA ObITh NOCNE0BATENbHO IECT-
PYKTYPUPOBAHA. Ta MUCCHSI JICKHT Ha JIOTHKe. MOXHO ¢Ka3aTb, YTO Yyepe3 JIOTUKY
cyObeKTa CTAHOBUTCS AOCTYIIHA MaTeMaTHKa 00beKTa.

MaTteMaTUKa — 3TO CPEACTBO OMMCAHUsI A0CTPAKTHBIX CTPYKTYPHEIX MoAesel n
GYHKUMOHANBHBIX 3aBUCHMOCTei. OHA NPEROCTABISIET HEKOTOPbIE KOJINYeCTBEHHBIE
OTHOLIEHUS, BbIPAXEHHBIC YPABHECHHEM WJIU TOXIECTBOM, T.€. onpenejeHHou gop-
MOt 3KkgusaseHmuocnu. Mbl yKe TOBOPUM, YTO NIPU T1€PEXOJie OT JEBOU yacTH ypaB-
HEHUs K IIPABOYU HE MPOMCXOAMT NpUpalieH s NPUHUKITHATLHO HOBOTO 3HAHUS: Ta
uHGpOpMaUMsl, KOTOpasi COICPXHTCS B €70 JIEBOU 4acTH, OY/1eT CoAepXKaThCst M B Npa-
Boi#t. [Tpex/ae uem BAOKUTbL MH(GOPMALMIO B JICBYIO YACTh ypaBHEHMUSI, €€ HYXXHO YBH-
NETh, T.€. OHA 100bLIBACTCS OpraliaMu 3peHMUsI, 4 He FOBOPEHUsI. JIornyecKu it xe BbIBOI
NOJUMHSIETCS OTHOMIEHMIO AOPs0K (1, KOTOPOE COOTBETCTBYCT OTlepalli UMILIUKALIUA
TUna «eciu A, 7o B». 310 0THOLIEHUE TECHO CBI3aHO C HPUUYUHHO-CIeACTBE HHBIM OT-
HOUIEHHMEM, KOTOPOE HOCUT OOBSICHSIIOIMI XapakTep U T1epenaercs cioBaMu: «4 siB-
JISIETCSl JOCTATOUHBIM OCHOBaHUWeM jUist By, « B, oToMy uTo A», «A BneueT By, « B npu
YCAOBUH BBRITIOAHEHUS 4>, «u3 A crieayeT B> 1 T.4. 346Ch YXKE «MCTrHHasS» nHdopMa-
uMsi 3aKoueHUs B 1o cyiecTBy npeBocXoUT «MCTHHHYIO» HWH(pOpMaLNI0 HCXOTHOM
nocelnku A. Hapacranve 1ol undopMalium nporcXoiuT B ITPOLECCE pacCyXISHUS.
Cosmaercs BOGUATICHHE, YTO Mbl CIHOCOOHBI O3HATH MUP TOMBKO YCHINEM MbICIH.
Taxkas o1u6Ka BOZHUKIIA 13-34 OTCYTCTBMS HPUHUMITMATBHOTO Pa3rpaH UUECHUS MEX-
1y urdopmaliveit cydbekra 1 00LEKTA TEOPHU U, T.e. U3-3a CMe e HLs NO3NUM T Habar0-
damens (¢CTECTBOUCTILITATEIS, TPUCTANLHO H3Ydaloliero oObeKT) U Memanabawdame-
451 (OTOPBAHHOTO OT XHU3HHU dusiocoda), ¢ UeM Mbl TOBOPUIM B IoApa3jesie, ocBsi-
WIEHHOM NapajloKcy Jikella. B ieitcrBUTeILHOCTH Xe, UCTMHHAA MH(pOpMaLiis 0 MUpe
CBepHyTa B Hawux 3Hakax 4 i1 B D1y 18e OYKBBLI CRMraioT BCE MOCThI MEX/Iy HAMHU U
pPeANbHBIM MUPOM Beilel. DpeMepHoe KPYXKEBO CI0B, KaK Obl BOCXMTHUTEIBHO OHO He
O/MCTAI0, HUKAKOTO OTHOWCHUS K HCCHCAYEMbIM MPEIMCTAM HE UMEET.
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Jloruka — 2To Hayka qoKazaTeabCTsa, a TIPH 0KA3aTeNbCTBE Mbl BCEIIA UMeEeM B
BUAY KOTO-TO IPYTOro WK APYI'HX; JUTSI HAC CAMUX AOKa3LIBAEMOE BCErILA IPEACTaBIIsi-
eTCsl YeM~TO OYeBUAHBIM. TakumM obpasoM, JIOrMKa ectb yoeauTeabHOe CPEACTBO Tie-
penayr MHGOPMALIMK OT HAC K APYIUM AI0AsIM. 3HAUMT, JIOI'MKA eCTh 0C00ast I3bIKOBast
hopma. Ornucanue CObEKTHBHOIO MUPA NIPEXK/IE BCETO OCYUIECTRIISIETCS IOCPEICTBOM
OOBIKHOBEHHOIO SI3bIKA OO1HEH M, 4 3aTCM YXKe MaTeMaTuuecku. [ToaroMy normka Kak
TaKoBas BbICTVNAeT B QOPME 10eukU Guickasbicantil. UMeHHO 3Ta JIOTMKa UCTOpUYe-
CKHM BO3HHKJIA NMEPBOH B BUAC CLULIOCUCHIUKY APUCTOTENS, KoTopas 0e3 MU3BMCHCHUH
0J1aroTIOIYYHO IMPOCYUIECTBORANA BILAOTL 70 XX Beka.

B paznuuHbie nepuoibl MCTOPUM HayKH POJib JIOTMKH MeHsuIach. Beiin nepuosl,
KOTZa B Hel BMAEJIM OCHOBHOE CPEACTBO 1103HAaHUsS Mypa. B cBI3M C 3THM MOXHO
BCHOMHMTB CXOJ1aCTHKOB, I'eresl, a U3 HeJlaBHEero Nnpolioro NO3UTUBUCTOB U MapK-
CHCTOB, KOTOPBIE CJIMIIKOM MaJ10 00palllaii BHUMaHKE HA OHTOJIOTUYECKYIO KAPTUHY
MHUpa ¥ LEAUMKOM IOCBATHIN Ce0s MCCIeN0BAHUIO MCKJIIOYUTENBHO JOTMYECKHUX M
THOCEO0JI0rMUeCKHX MpobaeM. AIIPHOPHQO, TOJbKO U3 IMYOMH CBOET0 YMa OHM JYMAIH
yepnarb HOBbIE 3HAHMs. Mexily TeM, cama N0ruKa ecth AUMUIbL Opyare MO3HaHUA pea-~
JIBHOCTH, HO He caM 0ObeKTUBHLIH MUp. 1o dokazamenvcingom TOHUMAIOT OTHY -
CKH 0DOCHOBAHHbIH (hOpMani3M 1, TAKUM 0OpasoM, «TEOpHUs 10Ka3aTeNbCTBA» CTAaHO-
BUTCS Pa3e/ioM JOTHKH, U3Y4aloUICH pasIuuHoro poaa CyXJieKus Win yMo3akiode-
HUS. JIoruka 1o npeMMyuiecTRy M 8 rjlapHoN CBOei 4aCTH €CTh SA3BbIK paccyxaeHui. B
O4YEHDb MaJION CTENEHU OH4 AIeJUIMPYET K 3pUTEILHOMY 00pa3y U peajibHOMY NpeaMe-
TY: TOJABKO CUMBOJIbI O0BEKTOB U TOJILKO NEKCTBUS HAL STUMU CUMBOJIAMU OTHOCATCS
K Joruke. B a0ka3atenscTBax HAMEPEHHO UCTOMB3YIOTCS PUTOPUCTUYECKUE SI3BIKO-
BBIC CPEACTRA, CO3MAI0LIME RIIcHATNCHHe Be3ynpeuBoii ctporocTi. Hanpumep, BMec-
TO CJIOBA «PABHO» YIOTPEOAACTCS CNOBOCOUETAHHUE «TOXAECTBEHHO PABHO», BMECTO
«TOTAA, KOTAA...» — «TOT/Aa U TOJLKO TOI/14, KOTAA...» U T.JI. DTO ITOX0XE Ha TO, K&K ro-
BOPSAT B CYIIE: «KJISIHYCh TOBOPUTD ITPABAY M TOJBKO I1paBIy». 3a4aCTYIO 3a I0KA3aTEb-
CTBO NIPUHUMAETCSI HEKUU TEKCT, NPOCTO CHabXeHHbIN Moa3aroyiopkoM — «Jlokasa-
TEJILCTBO». [Jisi HEKOTOPLIX CaM 3TOT TePMUH SIBJISICTCSA BOJLLICOHBIM.

Mexay npouuM, pycckoe C/lOBO «/10Ka3aThb» M OIM3KHE K HEMY IO CMBICIY «YKa-
3aTh», «IIOKA3aTh», «BbIKA3aTb» 0OPA30BaHbI OT [JIA0JIa «Ka3aTh», T.¢., 1o Jladio, «1a-
BaTb BUIETb», «SIBNSATb» (Kaszanas deska 01080, Hekasanas 3040mo). JApyroit pan
CJ/IOB; «CKA3aTh», «BbICKA3ATL», «TPUKA3aTh», TAKXE 0Opa30BaHHBIN OT r/1aroja «ka-
3aTh», UMECT BTOPUYHOE 3HAUEHHE B CJIABSIHCKUX SI3bIKAX, CMBIC/ KOTOPBIX COCTOUT B
«MIPOTOBAPUBAHUM» YK€ VKa3aHol cuTyauun. Takum odbpa3oM, noaydyaercs, 4To Jo-
TMKAa BbICKA3LIBAHU T e11E Jafibllie YBOJAMUT HAC OT UCTOPUUYECKUX KOPHEH TEPMUHA «II0O-
KAa3aTb», 3TUMOJOTHS K€ BO3BPallACT HAC HE TOJNBLKO K HCTOPHH, HO U K CMBICTTOBBIM
ryOuHaM 3TOro NoHsTUs. [pynbl ¥ rpad bl CBUAETEALCTBYIOT, YTO UCTHHHOE TOKa-
3aTeNbCTBO TOABKO-TO M CBA3AHO C HENOCPEACTBCHHBIM BULCHUEM WM TMIPEeACTaBIe-
HUEM, HO HUKaK He C AckjapupoBaiiueM ciaoB. CyllecTBOBAHHE MAaTEMaTUYECKOTO
¢hakTa MOXHO CUMTATh YCTAHOBJICHHDBIM, €CJIH NT01y4eHa COOTBETCTBYIOILIAST €MY KOH-
CTPYKILINS B BHIe GOPMY, TabAULL U pUCYHKOB. CKpbITast UCTUHA YCTAHABIMBAETCS HA
OCHOBE OTKPBLITOM UCTHHBI, HEKOH BUAMMONM AAHHOCTH.

[Tpexue yeM peanbHOCTb OYAET NpeaCcTaBlAcHA B BUAE MaTeMaTHYeCKUX Popmyd,
OHa JIC/IKHA ObIThL OITHMCaHa ¢ TIOMOILLIO MOJACIU; UMEHHO Ha OCHOBE 3THX MOJeJei
NPOU3BOAATCS HeoOx0auMble BhrdnucaeHns. C Haleld TOUKH 3peHusT, BCIO MaTeMaTH-
KY, KaK HavVKy O KOJIMYECTBEHHbBIX OTHOLUEHUSIX M IIPOCTPAHCTBEHHBIX (hopMax, Mo-
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Jie3HO ObUIO Obl Pa3ACANTD Ha iBE 0DAACTH — KOHCMPYKMUGHYIO i 00Ka3amenbHyIo (TI0-
CIEHIO0 MOXHO Ha3blBaTh 102uteckou i gopmansroli). Teopema Mepma yoexnaeT
HAC, KaKKe MOpPOo KOJIOCCAIbHLIE YCHIIUSL YXOAST Ha 10KA3aTeIbCTBA MHAYKTUBHO OT-
KPBITBIX UCTHH. CTPOrocTh, KOTOPOit KHIMTCS MaTeMaTHKa, 4acTo 000payMBaeTCs Ka-
KOWH-TO 0COOOH MHTE/LIEKTYAbHOM (DOPMOIt Ma30XHU3Ma, UM BO BCAKOM CJIydae, He-
KOW NMCUXUYECKOH aHOPMATBbHOCTBIO. TICUXONIOTHS 10 CHX ITOp SIBASIETCS HAYKOM TeM-
HOMH, TeM He MeHee 0OpaTUMCS K HEKOTOPbIM e¢ acleKTaM, KOTopble, IyMaeTcs, OyayT
HE COBCEM OLUHMOOUYHDbIMH.

IlpencrapieHue, Kak 3M1eMEHT NCUXMUECKOH IesiTeILHOCTH, TATOTeeT K TIpo-
CTPAHCTBEHHOM, CTPYKTYPHOW OpraHu3ailum, 1oHsITHE — K BpeMeHHOM, (PYHKLMO-~
HaJIbHOW; MpeACTaBIeHUS 1aHbl HAM B OCHOBHOM uepe3 3puTesibHble 00pa3bl, IIOHS -
TUS — 4Yepes CJIOBECHbIE onpenencHust. [TOHATUS 1 NIPEACTARIEHUS TECHO B3auMO-
CBSI3aHbI: BCJE] 33 HA3BAHHBIM CJIOBOM B NMaMSITU BCIUIBIBAET 3pUTEbHBIN 00pa3.
Ecnu KaHaJIBI MOCTYIUIEH ST 4YBCTBEHHON HH(OPMALIMH OT BHELLIHETO MUPA NOJTHO-
CTb1O OJIOKUPOBAHDI, TO NIPEACTABIEHUSI MOTYT ObITh CTOIb OTUETAMBbI, UTO, KaXeT-
Csl, MAYT U3BHE, a HE U3HYTpH. Tak, cyOLEKTUBHbIE COOBITUS, UMEIOIIHE MECTO IPH
TAJUTIOUMHALIMSIX U BO CHE, MMPUHUMAIOTCA 32 00beKTHBHBIC. OTHAKO BELLU, JaHHbBIE
B TIPEACTABICHUSIX, MOTYT CHUJILHO OTAUYATLCS OT Bellei, JaHHbIX HEMOCPEACTBEHHO
BowyleHusax. Kpome Toro, He Bce, UTO AaHO B OIIpeAeNICHUSIX, MOXHO TPeJACTaBUTh
obpaszHo. Hanpumep, BOoOpa3uTh cedc oCTpOyroabHbIH MU TYTIOYTOMABHbIH TPEYro-
JIbHUK MOXHO, HO TPEYIONIbHUK BOOOIIE — HENb3si, XOTS OfIpeAesieHue ero cyuecr-
ByeT. B npoliecce mMo3HaHMs BelW YaCcTh 3HAHUH NPUXOAUTCS HA MTOHATUS 06 3TOM
BelM (DYHKLMOHAIbHbIE SJICMEHTHI), 4 HaCTh — Ha NpeAcTaBjleHUs1 0 Hel (CTpyK-
TYPHBIE DJIEMEHTBI).

EcTb 11011, KOTOpbIE BOCIPHUHUMAIOT MUP B OCHOBHOM 4epes aeuHuImu (onpe-
JeNIeHUs) U CUMBOJIbL. B nedbutnuusix purypupyer npeMMylIeCcTBEHHO TO, YTO YCTa-
HOBJIEHO B OfbITe. Y Ipyrux 0oAbllie pa3sBUTO 00pa3zHoe MbllilieHHe, IIPH KOTOPOM
KaXJJ0€ SIBIEHUEe HE MpOoCTo 0003HauaeTcs, a BOCCO34aeTCsi MO CYLIECTBY, TO €CTb
MMUTHUDPYETCS. 3[1eCh UMEeTCsl MHOXECTBO MCKYCCTBEHHO BBEIEHHbBIX NMPOCTPAHCT-
BEHHBIX 2JIEMEHTOB — KOHCTPYKTOB. OTCIO/1a BO3HUKAIOT M /1B BUJA HAYYHBIX KOH-
UEMNLU — gernomeronoeuveckuli v koncmpykmuetotid. ITpyu GeHOMEHOTOrMYECKOM Me-~
TOJIE OTXO OT 3aPETUCTPUPOBAHHBIX B OIIBITE AAHHBIX MUHUMAJICH, BCAKOE TEOPETH-
3UPOBAHME BOCIIPUHUMAETCSI HEOXOTHO, pe3yNbTaThl MIPEACTABASIOTCS B BUIE 3aKO-
HOB, KOTOPbI€ BbIPAXKeHbI B (DYHKLIMOHAIBbHbIX 3aBUCUMOCTSIX, KYAa JOJXKHBI BXOIUTb
TOJIBKO BKCMEPUMEHTaNbHO HallAeHHbIe mapaMeTpbl. KOHCTPYKTUBUCTHL, HATIPOTHUB,
AMEJIUPYIOT B OCHOBHOM K UMHUTALIMOHHBIM MOJIC/SIM, 03 KOTOPBIX, K&K OHU CUKTA-
10T, He MOXET ObITh NOJIHOLIEHHOH TeopuH. [Ipe/ioxKeHHble UMM MaTeMaTUYECKUE
BbIpAXKEHUSI 0OBIYHO NMOJYYEHbI U3 HX MCKYCCTBEHHbBIX MOJIE/IE, TO3TOMY B HUX 4aCTO
BXOIST NnapaMeTpbl aDCTPaKTHbIX MOJEIeH, a HE 3KCIEPUMEHTAlIbHO U3MEPEHHEIE.
TunuyHsiMU eHOMEHATUCTAMY ObUIU ApHCTOTENL, OCTBAJIBA, DUHIUTEHH, 4 TUIIMY-
HbIMK KOHCTPYKTUBUCTAMU — [demokpur, Operens, Makeses.

Taxas knaccudrKaumsi XOpoLla B €CTECTBO3HAHUM, HO HE B MaTeMaTUKe, XOTS Ma-
TEMaTUYECKU I KOHCTPYKTHBU3M HUUEeM OCOOEHHBIM HE OT/IMYAETCS OT €CTECTBEHHO-
HAy4YHOTO M 3TUM OH Hac npusickaeT. Bce Ke B MareMaTuKe CyuIeCTByeT MHOE J¢iie-
HHUE, 2 UMECHHO: Ha KOHCMPYKmUgucmos u gopmarucmos. B aToi Hayke, Kak pUHSITO
CUUTATh, HE MOXET ObITh (DEHOMEHOJOMYECKOro MoaxXoAa, NOCKOJbKY ToayJaeTcs,
YTO BCE €e «(PeHOMEHbI» B3SIThl M3 TOJIOBbI. MaTeMaTHK Bcerja, Kak MOJHO ceifuac ro-
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BOPUTb, UMEET AEA0 C BUPTYAIIbHOUN peanbHOCTbiO. I103TOMY Te, KTO CKJIOHEH MbIC-
JIUTh (PEHOMEHOJIOTHUYECKH,, KaXKeTCsI, TOJKHbI OyayT nepedexaTh B CTAH KOHCTPYK-
THUBUCTOB, a T€, KTO OB OBl B €CTECTBO3HAHUW KOHCTPYKTUBUCTOM, BCTAHYT B CTPOM-
HbIE psIabl hopmanucToB. KoMy, Kak He MOOHTENIM UCKYCCTBE HHBIX IOCTPOEHUH pe-
AJIbHOCTH, 3aHATHCS YOSAUTEJIbHBIMU JIOTHYECKUMHU CXEMaMM J1I0Ka3aTeJIbeTB. OTHAKO
B XXM3HK 10 06CTOUMT POBHO HAao60opoT. MakCBe/l CO CBOMMM MHOTOYHCIEHHBIMU
MoesIMU 3¢Upa — NYYLIMH NpeTeHAEHT Ha pojb JIMAepa B jlarepe MaTeMaTH-
KOB-KOHCTPYKTHBHCTOB, & 3HAMEHMTbIA DHHIITENHH CO ¢cBOE# TeopHelH OTHOCHTEb-
HOCTM MOT OBl BO3IMI4BUTh OTPOMHBIA B HBbIHELWIHWE BpeMeHa OTPSI MaTeMaTH-
KoB-opmanuctoB. [Touemy Tak, a He MHaye?

Heno Bce B ToM, 4TO MakcBesiia MHTepeCcoOBajia OO bEKTUBHAS PeIbHOCTD, a IS
DHHIITeiHA cCnpaBeTMBa XXKU3HEeHHAs (GopPMYJia parMaTUYHOro MO3UTUBUCTA: YPaB-
HEHME padoTaeT, 3HaylT OHO BepHo. Ecnu achup Hac B yeM-To HE YCTpauBaeT, NOJIoM
ero, oboiaeMcst H 6€3 Hero. A To, YTO 3/IEKTPOMATHUTHBIM BoJiHaM 6e3 CBETOHOCHOI
CpCABl HEere pacnpocTPaHATECS, HUKOro He N0/IKHO BoiHOBarTh. I J1aBHOE, yTOOHI B
JAHHBIH MOMEHT, Ha JaHHOM YYacTKe HayKH Aena unm ycneinHo. CerogHs U3 Bcex
KHUT ¥ Y4eOHUKOB MCY€3 BLIBOJ 3HAMEHUWTBLIX YEThIpeX ypasHeHU Makceenna. A
BE/b OH LEJIMKOM OIMTUPAJICS Ha MeXaHHueckKHe MoJiesiv 3pupa, KOTOpble BOSHUKIIN Ha
0a3e 6eCUMCIeHHBIX, THIATSJILHO 3aMUCaHHbIX POTOKOJIOB 2JIEKTPOMATrHUTHBIX OIThI -
toB Mapanesi. Kro 00 31oM ceifiac MOMHHUT M KOMY HYXXeH 5TOT BuiBoA? BceM BaxHO,
4y100BI (hopMmysia pabortana. Cefluac Hac CpAUIMBAIOT: «YpaBHEHHUs DHINTeTHA
YIOBAETBOPSIIOT HEMMOCPEACTBEHHO HabmonaeMbIM dakramM?». M MBI Ipy>XHO OTBeYa-
eM: «[la, koHeuHo!». — «Yero xe Bbl xoTUTEe?». Ham KaxeTcs, 4To (pakTop BpeMEeHH
31ech BHOBb aaet o cebe 3HaTh. PeHOMeHAIUCTLI BCerma CriellaT BbIAATh TOTOBYIO
dbopmyny. Knaccuyeckasi pusuka cosjapanach MeUIEHHO, B TEYEHHE HECKONBKHX
crogeruil. Heluewnsisi ke paarkaibHas TpancpopMaLmMs eCTeCTBO3HAHMS ITPOTEKIA
MOYTH MTHOBEHHO, B TEUEHUE OJHOr0-ABYX JECSTKOB JIET.

He ctaneM yrnybasiTbCsl B CHOP MeKAY KOHCTPYKTHBHCTAMH U (peHOMEHAINCTaMH,
paboTalolMMHU B 061aCTH €CTeCTBO3HAHMUA — 3TO JUIMHHASA NeCHsS. 3aMeTHUM JIMIIb,
YTO HAYAJICS OH ellle B aHTUYHbIE BpEMEHA MEX/Ty TEMH, KTO OTCTaAUBAJI TEOPHIO aTo-
Ma, CBSI3aHHYIO C IIPOCTPAHCTBEHHOU MO/EJIbI0 CTPOSGHHS BELIECTBA, U TEMH, KTO
TIPUAEPAKHUBAJICS KAUECTBEHHOTO B3MIS14a HA MUD, KTO OLIYLLIAJ TETUIOTY, XOJ0/, BJIaX-
HOCTb U CYXOCTb, T.¢. MIPHAEPXKNBAUICI TEOPUHU YETHIPEX JIEMEHTOB. YueHHe ApHCTO~
TeJist O YeThIpeX CBoMcTBax Marepuu B CpeHHe BeKa, NPeBPaTUBLIMUCH B AJIXMMHIO U
CXOJIACTUKY, 3aXBATHJIO BCE TU1ALLAAPMbI jIeraIbHOM HayKH, aTOMUCTHKA Xe JleMOKpH-
Ta ¥ ApXxyMeja yLuIa B MOAIIOAbE WM OCTATTACh Ha ee 3anBopkax. B HoBoe BpeMst 06
aToMax BCMOMHMJIM U KOHCTPYKTUBHBIH yx, Bo3poxaeHHbI KonepruukoM, Ianmie-
eM, Kenepom 11 Hp10TOHOM, cHOBa cTa TOCTIOACTBYIOLIMM B HayKe. OJTHAKO K Hava-
ny XX Beka OH yrac BO BTOPOM pa3, (ecHOMEHATUCTHI BHOBb CTAJIM IIPABUTH OATOM.
Heine dusmka iexxuT Ha GOKY, ee OCHOBHOM BeC B €CTECTBO3HAH MM HE3HAYUTEIbHDIH,
BCE 3aHSIThl OMOJIOTHEN, & TOUHES, FeHHON MHXKCHEPUEH.

B ueM xe coCToAT I1aBHbIE apryMeHThi GOPMATUCTOB OT MAaTEMATHKH, K KOTOPBIM
TpexXae Bcero HyxHo oTHecTu dasuaa Minvbepra? Ouu XoTeau NPeBpaTHTh BCIO Ma-
TEMATHUKY B eIMHYIO CUCTEMY CUMBOJIOB, 32 KOTOPbIMU He Oblsio Ob1 HUKAKOTO colep-
KaHust, PeanbHblil Mup Beerma Meiia hopMaTucTaM, U OHU BCAYECKHU TIBITATHCH U3-
GaButbest OT Hero. MeuTas 00 MaeaNbHOM JIOTMYECKONH 000JI0YKE, OHU CTPEMUIIUCH
HUCKITIOYUTH T100bi€ MPOTUBOPEUHUSI, KOUX B XKU3HH, KOHEUHO, HeMa0. BceobHOCTh
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W YHUBEPCAJILHOCTb TAKXE SIBJISICTCSA XapaKTEepPHON 4epToil X NOKTpUH. DopMain-
CTOB HUKOT/IA HE YCTPAHBAIU KaKMe-TO TaM KOHKPETHBIC MaTeMaTHyecKue 0ObEKTHI,
OHH XBATAJIUCh 33 «OCHOBAHUSI MaTeMaTHKW». M aGcTpakTHast, 0TOpBaHHAA OT peasib-
HOCTH CUMBOJIMKA TO3BOJISLIA CO3AaTh BULUMOCTD O0JIBILINX LOCTHXEHHIA B 3TOM TIPH-
JYMaHHOM UMM Mupe.

DopMaATHCTBI KPUTHKYIOT KOHCTPYKTHBH3M 33 TO, YTO MOXHO OBLIO 6B HA3BaTh
ecmecmeeHHOHAYHHOU KOMHOHEeHMOU Mamemamuyeckoeo 3Hanus. OHU HU Ha MUHYTY He
XOTAT NOKWAATH NoYBY HOpMaibHoOi tornku. O6pallieHHe K conepXaTelIbHOM CTOpO-
He JleJIa PACCMAaTPUBAETCS UMY KaK TTPECTyIUIEHWe. DTa CoepXaTebHas KOMIIOHEH-
Ta, pa3yMeeTcsl, Bcerda paspyllaeT CO3AaHHYIO MMM JIOrM4ecKylo cBg3anHocTb. Ho
KOTJa KOHCTPYKTHUBUCT GEPETCS 33 CTPOUTENBCTBO TOIO MM HHOTO 00beKTa, popMa-
JIUCT MIPEAYTIPEXAACT, YTO AEHCTBUS €r0 MPOTUBOPEYAT «OCHOBAHHUSM MaTeMaTHUKMU».
Takast UX KPUTHKA MOXET OLITh MOATBEpXIASHA CAeAYIOIUMH 3HAMeHaTeIbHBIMHI
CJOBAMU .

XapakTepHO#i 0CoBEHHOCTBIO POPMaNbHO AKCHOMATUKY — B OTJIMYME OT COAEPKATEb-
HOM — ABJSIETCA HeO6XOZ[HMOCTb YCMAROGACHUSA ee Henponueopeuyusocmu. Memy TEM COLECpXKa-
TCAbHast aKCUOMATHKa BBOAUT CBOU INMOHATHUA CO CCBLAKOH Ha HMCmmHﬁCH Y Hac OIIbIT, 4 CBOU
OCHOBHBI€E TIOJIOXEHHUS JTHOO CUMTACT OYEeBUAHBIMM (PAKTAMU, B KOTOPHIX MOXHO HETTOCPEACT-
BECHHO y6elIl'ITbCﬂ, nunobo cbopMym/lpyeT HX KaK UTOT OITpeACICHHOIO OIbiTa U TEM CaMbIM BbIpa-
2KaeT Hallly YBCPCHHOCTL B TOM, UTO HaM ya1aJ10Ch HANNACTh Ha CJ1¢/ 3aKOHOB MPUPOILI, a 3a04HO
Y Haiie HAMEPEHHE NOJKPENUTh 3Ty YBCPEHHOCTb YCNEXOM PA3BUBAEMON TEOPHM.

DopMaTUCTBI TIPE3PUTEILHO OTHOCATCS K KOHCTPYKTHBHCTAM, pacCCMaTpUBasi Co-
IEPXaTeJIbHBIH acleKT peaabHOro MUpa Kak BbIHYXX/IEHHOE «JIOTIONTHEHHe», TeM ca-
MBIM OHH TIOXOJSIT Ha 6e3rpelliHbIX aHTeJI0B, IS KOTOPBIX MATEPHAJIbHASI II0OTh MO-
KET JTUUIB OOpEeMEeHsITh UX HAcAlIbHOE CyllecTBOBaHHe. DOpMaTUCThl UCHOBEAYIOT
TPUHUMI «OTOPOLIEHHOW JIECTHHULIbI», KOTOPYIO, OJTHAX/IBI UCTIOJIL30BAB JIJIS ITOABE-
Ma HaBepx, MOXHO 3aTeM OTOPOCUTH 33 HeHagoOHOCThIO. DTa XU3HEHHAS] O3ULIUA
YYBCTBYETCSI B CJIEAYIOLIMX coBax’:

dopmanbHas aKCMOMATHKA 10 HEOOXOIMMOCTH HYXKI4ETCS B COACPXKATENBHOI KaK B CBOEM
JOTIOJHEHUU, IOCKOIbKY UMCHHO 3Ta NOC/ICAHSISI TOHAYany PYKOBOANUT HaMH B IIPOLIECCE BBi-
Gopa COOTBETCTBYIOLIETO (OPMANN3Ma, a 3aTeM, Korna ¢hopMaibHast TEOPHs yXKe MMeeTCs B Ha-
HIEM PACTIOPSIKEHUHU, OH4 TI0ICKA3bIBACT HAM, KAK 3TA TEOPUS [10JKHA ObITh IPUMEHEHA K pac-
CMATpUBAEMOMN OBJIACTH AEHCTBUTEIBHOCTH.

TToxoxe, amOuuMM GOpMaAIUCTOB BHIXOAST AUIEKO 32 NPEIE/ibl TPAIUIIMOHHOM 00-
JIACTU MAaTeMaTUKHU. DTU CHOOBI THYLIAKOTCH aHAIM3UPOBATH HE TOIBKO KOHKPETHEIE
00BEKTBI, C KOTOPBIMH UMeJH Aes0 HelotoH, Ditnep, Jlarpanx, Jarambep u aycc, Ho
CYUTAIOT HHUXE CBOETO JOCTOMHCTBA ONMYyCKATHCS 10 apU(METHKU U arebphr:

OcyLiecTBICHHOC HAMM PACCMOTPCHUE HAYAT APU(PMETHKH U areSpsl ObLIO IIPEAITPUHSATO
C LICJIbIO MTPOAEMOHCTPUPOBATD, KAK HA MMPAKTHKE MPHMCHSIOTCS M HCTIONB3YIOTCSI IIPSIMBIE CO-
JIePXKATEIABHBIC PACCYXKICHHMSA, COBEPIUAOIIMECS B BUAC MBICACHHBIX 3KCIIEPUMEHTOB Hall Ha-
[JISAIHO IPEACTABUMBIMU OOBEKTAMU M HC 3aBUCAIIYE OT NPEAINOI0XCHNNA aKCHOMATHYECKOTO
Xapakrtepa.

" JI. TunsBepr, I1. Bepuaiic. OcHoBanns MatemaTuky, — M. Hayka, 1979 ¢. 24

Tam k¢, ¢. 25.
Tam xe, ¢. 59.
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Jroasm, naneKuM oT BCAKOH MaTeMaTHKH, HanpuMep dunocodam, 09eHb HPABSIT-
csl «rJoDanbHbIE» paccyxaeHHss GopManrucToB. VX IPUBOANT B YMWIEHHE MIOJIOXEHHE
O TOM, YTO YMUCJIO TOYEK Ha JUHUM PABHO UUC/Y TOUEK Ha IJIOCKOCTU WiIH B 0ObeMe.
Teopueit Kantopa, roBopsit OHM, HE/b3s1 3abUBaTh FBO3AM, HO OHA BOCXUTHTEJILHA.
MBI Xe, HalpOTUB, HE CKJIIOHHBI JOBEPSITh TEOPUSIM, KOTOPHIE OITUPAIOTCS TOJIBKO Ha
MaHMITYJISILMIO CUMBOJIAMH, W MPEeX/€e BCEro, CMMBOJaMu, 0603HaYa0IUMHU GeCcKo-
HEYHOCTb. Bripouem, CHMBOJIbI MOTYT ObITH Pa3HbIMU.

WU nouamus, U npedcmasaenisi BHIPaXaiorcs yepes onpeaeie HHbIE CUCTEMbI CHMBO-
JioB. Ho /U151 CMMBOJIOB TNIpeACTaBACHU M BaXXHbI TIPOCTPAHCTBEHHbIE XapaKTEPUCTUKHU
(dbopma, pazMepbl, KOMITO3UIIMOHHbBIE COOTHOILEHMS ) — TOJBLKO B 3TOM CAydae reo-
MeTpust GopM obpazyeT aJleKBaTHYO Modeab. Hanpumep, BaXHO, YTOOBI 3J1eKTPOHBI
0603HavaATMCh WapaMy (a He DIUTMTICOMAAMMU MIU KyDaMHM), 0JAHOPOJHOE MAaTHUTHOE
MoJie — MnapaieSbHbIMU CUIOBLIMU JTUHUSMU ONpeaesieHHON MI0THOCTH, OPOUTHI
IUIAHET — IMPaBWILHBIMU 3JLIMTICAMH, 30HHbBIE CTPYKTYPbI MOJYPOBOXHUKOB JOJ-
>KHBI UMETh KOHKPETHYIO INUPUHY U O4epeTHOCTE. CHUMBOJIBL, OTPAXKAIOLIUE ITOHSATUS,
JIOMXKHBI ObITh KOMITAKTHDI, JErKO Y3HaBaeMbl W 6e3 Tpyla BOCHPOM3BOTUMEL. Tak,
CHMBOJIaMH CJYKAT CJIOBa OOBIKHOBEHHOTO SI3bIKa OOIEHUSI, CTIELIMAIbHble HAYYHBIC
TEPMMHBI, MHOTOYUCJIEHHBIE MATEMATUYECKHE CHMRBOJIbI, 0603HAYEHMS XHMHYECKUX
aneMeHTOB. HepaspuTtas cCUMMBOJIMKA CACPXKUBAET JOOON HayUHO-ITO3HABATETBHBIN
npoilecc. U3 MCTOpHUM HayK# XOpOoIIO U3BECTHO, YTO BBeJeHUE CIENUAIbHON CUMBO-
JUKM 110300 Jlarpanxky 1 I'unsbepry 3HAUUTENBHO NTPOIBUHYTH BIEPE TEOMET-
PUYECKYIO, 3 3HAUUT UCKJIIOUNTENBHO KOHCTPYKTUBHYIO, MeXaHUKyY HproToHa.

OaHako CUMMBOJI B HayKe He JOJDKEH CYLIeCTBOBATH COBEPLIEHHO 060COBIEHHO OT
COOTBETCTBYIOIIEH MPOCTPAHCTBEHHO-BpeMEHHOM (hopMbl. MaHUNYASIIMS CIMIIKOM
CIlelMaIU3UPOBAHHBIMU TEPMUHAMY WIM MHOCTPAHHBIMU CJIOBAMM IIPUBOIUT TOJIb-
KO K myTaHuie. Xopollo H3yUYeHHbIe 00BEKThl UMEIOT OTUETIIMBYIO (YHKIIMOHAIBHYIO
Y CTPYKTYpHYIO hopMy. TaKOBBIMU SIBJSIOTCS reJiMoLeHTpUYecKas Moaeab ConHey-
HOM cUCTeMBbl, 000J1I04eUHasl CTPYKTYpa aTOMa, KarneJbHasi MoJIeAb SKCUTOHHOM XU -
KOCTH, chepuyeckuit Kpuctani ¢ysaepeHa, nepyoanyeckas tabnuua Mennesneesa,
KiaccuUKalUs XUBbIX OPraHM3MOB, KJIETKA OpraHMYeCcKoif MaTepHuH, CTPYKTypa
monekyasl [JJTHK, cxema reosornyeckoii rmepuMoau3auuy HCTOPUM 3eMJIH U MHOroe
Jpyroe.

CTporo JeAyKTHUBHble YMO3AKJIOUE€HUS! MPOTUBHBI JyXy TBOPUYECTBA, MOCKOJBKY
OHM 3a4aCTYIO Pa3pyLIATEbHO AeACTBYIOT Ha MPOLECCHl CHHTETHYECKOTO MBILLIE-
HMsI; HOBOE 3HaHMWeE NOSIBASIETCS YacTO BOMNPEKH JIOTHKE, B pe3yJibTaTe Hekoi 6aro-
npUsITHOM MyTauuu. Ha yposHe uaeu maTeMaTM4ecKas CTpyKTypa yallie BCETro BO3HU-
KaeT B HalleM CO3HAHUU TIOMUMO JIOTUKU U JIa%Ke BONIPEKH €/, KOTIa MHOTHE HE00X0~
JWMBIE 3BeHbs /ISl IPABUJIBHOTO BbIBOJIA OTCYTCTBYIOT. 3aTeM yKe 3TOM unHdueuoyans-
Holi uaee coolliaercst obuie3HauyuMast Jorudeckasi popma, 910661 oHa Moryia ObITh
BOCTIDUHATA KOAAeKMUGHbIM CO3HaHKEeM. KOHCTPYKTHBHAS MAEOJIOTUsI TPEKPACHO U3-
JioxeHa B Kuure JIxopmka [Tolis «MateMaTnka v npaBaonogoGHbIe pacCyXIeHUsI»
(M., 1975), kotopyio 6bI Mbl HACTOSITETLHO PeKOMEHIOBaNu yurareao. He ctanem
[IepecKa3biBaTh €¢ CoePKaHue, HaJeeMcs, YTO Hallla KHUra B KaKOH-TO Mepe, MyCTh B
CaMOM He3HAYMTENbHOMN, 1oNoNHUT ee. Tlocsie 3TOro BCTYIUIEHHMS K HallleMy 3akJiTio-
YEHUIO, IIepeiieM, HAKOHEL, K erHNTsIHAM.

2. KOHCTPYKTHBH3M
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Hrax, Mbl CKa3ajiM, UYTO ETUTNITAHE @biuUCAAAU UCTHHEL, & He dokasweanu nX. [lepsoe, K
YeMy OHU ITPUILIK, OBUTH ApoGH, HanboNee pacipocTpaHeHHbIe cpean HUX — 1/2,1/3,
1/4,1/6,2/3,3/4,4/5. 1poGHBIMU BETHYMHAMU U3MEPSUTHCH JUTMHEBI, TUIOLIANU, 00be-
MEI, Beca, IEPHO/Ibl BpEMEHH, MY3bIKaIbHbIe UHTEPBAIBI M 1TP. JoLequInii 1o Hac na-
nupyc PuHna, narnpyemnlii ipuMepro 2000 r. no P.X., HayuHaeTcs ¢ Tak Ha3bIBaeMOi
KaHOKHu1eckoi mabauyb: IpeacTasieHus apobeil Buaa 2/n cymMMoi apobeii Buaa 1/k
(Tab. 3). B Hell yka3aHb! HeYeTHble 3HAMEeHATeIU ApoOH BUaa 2/n, U3MEHSIOLIHECS OT
3 mo 101, v mBa, TPH WM YeThipe 3HaMeHaTens1 Apobu Buaa 1/k. IlpuBeeM mpuMephbi
pasnoxenust apobeii 2/n Ha cymmy apobeii 1/k:

23=1/2+1/6, 2/5=1/3+ 1/15,2/7 = 1/4 + 1/28...,
2/13 = 1/8 + 1/52 + 1/104, 2/15 = 1/10 + 1/30, ...,
2/101 = 1/101 + 1/202 + 1/303 + 1/606.

Tabnuua 3
n K n K n K
3 2, 6 37 24, 111, 296 71 40, 568, 710
5 3, 15 39 26, 78 73 60, 219, 282, 365
7 4, 28 41 24, 246, 328 75 50, 150
9 6, 18 43 42, 86, 129, 301 77 44, 308
11 6, 66 45 30, 90 79 60, 237, 316, 780
13 8, 52, 104 47 30, 141, 470 81 54, 162
15 10, 30 49 28, 196 83 60, 332, 415, 498
17 12, 51, 68 51 34, 102 85 51, 255
19 12, 76, 114 53 30, 318, 795 87 58, 174
21 14, 42 55 30, 330 89 60, 356, 534, 890
23 12, 276 57 38, 114 91 70, 130
25 15, 75 59 36, 236, 531 93 62, 186
27 18, 54 61 | 40, 244, 488, 610 | 95 60, 380, 570
29 24, 58, 174, 282 63 42, 126 97 56, 679, 776
31 20, 124, 155 65 39, 195 99 66, 198
33 22, 66 67 40, 335, 536 101 | 101, 202, 303, 606
35 30, 42 69 46, 138

Hanee B manupyce PUHAA pUBOAATCS YCIOBUS U pelileHUs CBbile 80 pasiMyHbIX
3a/iay; pY pellieHHH HEKOTOPLIX H3 HUX eTUNITSIHE HCIIONb30BaNH JAHHBIE Pa3Ioxe-
HUA. OQHAKO noyeMy 13 6ECUMC/IEHHOTO MHOXECTBA Pa3/IOXKCHUH 1poby 2/n Ha CyM-
My Apobeit BuAa 1/k npuBeaeHbl MMEHHO 9TH, CKa3aTh TpyAHO. HampuMep, IerKo 1o-
Ka3aTh, YTO J1o6as 1pobb 2/n pas3naraeTcsl Ha IBe KOMIOHEHTHI Buaa 1/k:

2 1 i

Z= + )
n (n+1)/2 nn+l)/2
B yacTHOCTH, TIEpBBIE TPH PA3TOXKEHUS YIOBNETBOPSIOT 3T0M bopmyre. Ho 3auem no-

HaJ00MJIOCH MEHATD 3Ty NIPOUEAYDY AT APYTruX 46 3HaueHM# # (MCKITI0OYeHUE COCTAB-
asteT euie ApoOb ¢ 1= 23), HEMMOHSITHO.
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bosible TOro, KAHOHUYECKOE PA3JIOKEHUE, KOTOPBIM ETUMITSHE MOJIb30BAIMCh HA
NPOTSDKEHUH MHOTMX BEKOB, BAPYI B KaKkoe-TO BpeMs NMOABEPrajloch H3IMEHEHUSIM.
Hanpumep, cyuiecTByeT rmuHsiHas TaGinuka, OTHOCAUIAACH ITPUMEPHO K paHHEMY
nepuoay Hosoro uapctsa (1500 roa 1o P.X.), B KOTOpO# yXe BMECTO JBYYJEHHOTO
paznoxenus apobu 2/7 MCnonb30BAJIOCh TPEXWISHHOE:

2/7=1/6 +1/14 + 1/21.
Bce 910 0ueHb TPYIHO OOBACHUTD, XOTS HEJOCTATKA B TUITOTE3aX Mbl CEIOHS HE HCITEI-
THIBAEM.

Yro npeacrapisitoT coboit a1 3anaun? HeMasio U3 HUX OTHOCATCS K THILY «axas.
IocrieqHee ciOBO MOXHO MEPEBOAUTH KaK «KYyda» WM «MHOXECTBO», T.€. TO HEN3Be-~
CTHOE KOJIMYECTBO, KOTOpOE¢ HeOOXOAMMO HaiiTh M KoTopoe Mbl, moau 2000 roxna,
0603HavaeM Kak x. BoT, HanpuMep, KaK BbIDJISLIAT YCJIOBUE U pellieHue 3agauu Ne 26:
«Axa ¥ ee YeTBEPTast HaCTh BMecTe jaloT 15». Jlanee npeBHeernneTCKni nuceln namnm-
pyca Pumja npemiarat anroput™ petneHusi: «Cuurai ¢ 4; oT HEX ThI JOJIKEH B3SITh
YeTBEPTh, @ HMEHHO — |; BMecTe — S5». 3aTeM HY>KHO OBLIO IMPOU3BECTH ellle IBa Jeli-
cTBME: eneHue — 15/5 =3 u yMHOXeHue — 3-4 = 12. Takum 06pa3oM, HaXoOaMIaCh He-
HM3BeCTHAas «axa», T.e. x = 12.

CeroaHs 9Ty 3a1a4y Mbl pelianv 6bl MyTeM COCTABACHUA YPAaBHEHUST U PEIIEHUS
€ro OTHOCUTENBHO X:

x+ (1/4)yx=(5/4)x=15, x=(15/5)4=34=12.
HpeBHUIN Xe erKNTAHUH MCITONb30BAJ TAK Ha3biBaeMbIH METOJ «JIOXKHOTO IOJ0Xe-
HMS», KOTOPBIM T10/1b30BANKCE U eBponeiickue MareMaTuku B CpenHue Beka. 31ech
[TOJIOXKEHHUE X 3aHUMAET HEKOTOPOE UMCIIO 4, OT KOTOPOTO JIETKO NOJCYNUTHIBAETCA YET-
BepTas yacTh. BMecTo 4 MOXHO Ob1N10 OBt B34Th, ckaxeM, 8. Torma yerBeprasi yacTh paB-
Hanach OBl 2, yTo B cymMe ¢ 8 naBano 651 10. Ho pesyabTar, NpemioXe HHbi JaHHBIM aJT-
FOPUTMOM, OKaxeTcs TeM Xe, 1.e.x=(15/10)-8 =12,

ITpuBesem 3amauy U3 MOCKOBCKOro nanupyca, KOTOPbIit TaK Xe, Kak ¥ Manupyc
Punpga, HanucaH B 311oxy CpelHero LIapcTBa, HO B KOTOPOM YHMCIIO 3a1a4 B YEThIpE
pa3sa MeHbllle, YeM B manupyce, Xxpausiumcs B JlIonaoHe, 1.e. cBble 20 1mTyK (KCTa-
TH, pa3Mepbl TAMMPYCOB TaKXke OTINYaloTCst MpUMepHO B 4 pa3a: manvpyc Punna mMe-
eT rutoniamp 525 x 33 cM?, a MockoBCKMil — 544 x 8 cMm?).

Hrak, 3anmaya Ne 19 u3 nanupyca, Haxoasuerocs B Ilynrkunckom mysee B Mockge:

1 naroc 1/2 axa emecme ¢ 4 darom 10. Ymo ecmo axa? [lodcuumaii yucno, na Kkomopoe
10 npessuiaem 4. Hoayuuws 6. Croavbko pas nado e3sme 1 + 1/2, umo6ut noayuums 17
Bmo uucao pasuo 2/3. Bozemu 2/3 om 6. Hoayyuwe 4. Omeem Hailden éepHo.

B nanHoMm ciyvae ApeBHeerHNneTCKUIA MaTeMaTuK pelian ypaBHenue x + (1/2)-x +
+ 4 = 10 mpuMEPHO TaK Xe, KaK 3TO cleaany Obl MBI CETOAHS, T.€. 6€3 BCAKOTO «JIOX-
HOTO TIOJIOKEHUSI»:

3/2)yx=10—-4=6, x=6(2/3)=4.

3agaya Ne 32 manupyca PuHIa IeMOHCTPHUPYET aJITOPUTM MEPEMHOXEHUA ABYX
yuces, a UMEHHO: 12-12, KOTOPEIH NpakTHYECKH HUYEM He OTJINYaeTCs OT A/ITOPUTMA,
UCMOJIL3YEMOTO B KOMIBIOTEPAX, MOCKOJAbLKY OCHOBBIBAETCH OH Ha MPEACTaBICHUU
yuceJl B AROUMHON CUCTEME CuUCiHeHUs. Anroputm ocopmiieH B BUie Tab. 4, B 1eBoit
JaCTH KOTOPOI OH NMpeACTaBIeH Ha 13bIKE JIpeBHEETUNETCKUX HeporaudoB, B TpaBoi
Ke 4acTH 3arnucaH apabckumu 1undpamu,
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HApeBHeeruneTrckue Meporaudbul YMTAIOTCS CHpaBa HAJIEBO, MPUYEM CUMBOI [
o3Havaet enuHuny, N — 10, ¢ — 100; «<PE3VJIBTAT» uzo6paxancs B BUsie CBEPHYTO-
ro nanupyca ¢ neuaTtslo HaBepxy. [1pasasi yacTs TabIMLBL SIBJISIETCS 3€pPKATBHBIM OTO-
OpaXx€eHUEM JIEBOH C TOW TONBKO pa3HULIEN, UTO Bce MEPOIIMQbI NepeBeeHBl Ha CO-
BpeMeHHbI s13bIK. [1epBbIi MHOXHUTEb COCTABSICH U3 OIIpejiesIeHHOTO Habopa cTe-
MeHEH 2; B IaHHOM ciaydae — 12=4+ 8= 22428 (undpnl 4 ¥ 8 nucew OTMEYAT KOCOH
yepTOYKOH B BU/Ie anoctpoda). Bropoit cronbenr uuces HAaUMHANICS CO 3HAYESHUS BTO-
pOTro MHOXMUTENS, KOTOPbIH y Hac pareH Toxe 12, ITocieayionye yucaa rnojyyaiorcs
NyTeM YIABOEHUsS Mpeablayuinx. Pe3yabTar HaxomuTcs Kak CyMMa YMcel BTOPOTO
cTonbiLa, B3SITBIX U3 OTMEYeHHBIX anocTpodom cTpok, T.e. 144 = 48 + 96.

Ta6nuua 4
2000 roa xo P.X. 2000 rox nocae P.X.

[In 1 1 12

IS S B Walal I8 2 24

[TET AN [N - 48

Il

[IInnnnn TTHT - 96

I nnm 1111

& PE3YJIbLTAT
ITIInnnng 144

3ab0Ta 0 BocnUTaHUM U 00ydyeHHU Mostonblx moaeit 8 JJpesHem Erunre nexana Ha
Xpeuax. 3HaHUs — 3TO CHNa M BJACTb. BriojHe eCTeCTBEHHO, UTO XpeyecKasi KacTa He
CJTUILIKOM CTPEMMJIACH K MPOCBELUICHUIO ITMPOKUX MACC HAaceleHUst, b0, B MPOTUB-
HOM CJIy4ae, mpy paGoBJIaie/1bueCKOM YKIale XXKU3HA BOZHHKIIa ObI OTIACHOCTh ITOTEPHU
ynpasJieHust B obuiecTse. [ToaToMy MHOPME 3HAHUS NepeJaBaIiCh U3 «yCT B yIIU» 6e3
KaKo#-nubo 3anucu Ha MaTepuaibHbIX HOCUTEsIX. EC/iu moceatiue y1 UCnoip3oBa-
JIUCh, TO TOJIBKO JUTSI OUKCALIMH TPYAHO 3aNOMUHaeMoi HHMOPpMalH, KaK B Cllydae C
KaHOHWYECKHM pa3jioxeHueM Apobel Buaa 2/n. 1o Mbl TOBOPUM K TOMY, YTO B Ma-
nupyce Puxia ects uepornnduiucckuii TeKCT, KOTOPBL TPYIHO Ha3BaTh 3agayeid. He-
MTOCBSIHIEHHOMY CJIOXHO OBLIO JOrafiathesi, O 4eM, COOCTBEHHO, uaeT peub. Ho MBI,
MPOCBELIEHHbIE TIOAH, XKUBYLIME B OTKPbITOM ODLIECTBE, IETKO TOHUMAEM CYTh Jea.
Hraxk, pacimdpposka neporiu@os gaer cieayrouiuit Habop cjIoB M YHCe:

« Jlecmuuya
Jom 7
Kowka 49
Mbiib 343
Konoc 2401
3epHo 16807
1 2801
2 5602
4 11204

Bmecme 19607 »
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3aech peub WIET O CYMME TIHTH WIEHOB reOMeTPUUECKON NPOrpeCcCHu:
7+ 747+ 7+ T = 19607,

Erunerckuii Xpei, reoMeTpHIecKYIO IpoTpeccrio 0003HAYHIT HEPOTTU(OM «IeCT-
HULA». YCTHBIH TeKCT U1 3TOH 3a/1auy MOT Obl 3By4aTh NpUOIH3UTETbHO TAK:

IIpedcmasgome cebe yauuy, ede crosm cems domos. B kaxcoom dome npoxcusaem no
cemb kouekx. Kaxcoas kowka ceedaem no cemv mbiineli. Kaweoas moiub csedaem no cemb
koaockos. Ha kawcdom koaocke Haxodumes no cemv 3epen. Tpebyemces onpedeiums pas-
Mep «Ky4uu».

B nanupyce npuBOASITCSt BCC I151Th CTCMEHEH CEMEPKM, TPU IPOMEXYTOUYHBIX U
OTHA OKOHYaTeAbHasi CyMMbI. [TocBsleHHbIH B TallHBI apUdMETHUECKOTO CYeTa 10~
XeH ObLT YMETb COCTABJISATH TAO LBl TUTIA TA0J. 5, B KOTOPOU BCE OU€HBb XOPOLLIO BU[I-
HO: B [TOCJIGAHEN cTPOKE MPUBEIEHB! CTENEeHH YHCIA 7, B IOCAEIHEM CTOI0IE — MPO-
MEXYTOUHBIE U OKOHYATETbHBIC CYMMbI;, HCIOIL3YEMBblil AMrOpUTM CUeTa TOT XK€ ca-

MDIH, 4TO W B 3agaye No 32, 1.e. GUHAPHDIN.
Tabnuua 5

11 7 | 49 | 343 | 2401 | 2801

14 98 686 4802 | 5602
S

4 {28 | 196 | 1372 | 9604 | 11204
7 | 49 | 343 | 2401 | 16807 | 19607

MBI FOBOPWITH B OMpeaeae HHU HAyKu MaTeMaTHKH, TOMMMO KOJIMYECTBEHHBIX OT-
HOLLIEHWI, ellie ¥ O MPOCTPAHCTBECHHBIX hopmax. B caMoM fiene, npocmpancmeeHHoim
gopmam MaTEeMaTHKHU BO BCE BPEMeHA W BO BCEX CTPaHaX YAETSAIN CaMOe TIPUCTAIBHOE
BuuMaHue. [TocMoTpUM, KaK 372 CTOPOHA J€/1a OCBEHIANAaCh B IPEBHEETUTIETCKUX Ma-
mupycax. Ho nipexae 3amerm, uto B JpesHem Erunte pazniuuanoce TpY BUAA TIHCh-
Mma. B dpesnem uapcrse (3000—-2000 rr. mo P.X.) ucrions30Banock ueporuguueckoe
nucemo. [TMcUoB ToTma ObIJI0 HEMHOTO U BCE HANMUCH OHM TIHATE/IbHO TPOPUCOBBIBA-
au. Habop xynoxecrTBeHHBIX KADTUHOK NEpeiaBajl COREPXKaHUe IMPUMEPHO TaK Xe,
KakK B Haule BpeMst komukchl. B Cpeanem taperse (2000—1500 rr. no P.X.) 6nl10 yXe
paCTIpOCTPAHEHO TaK Ha3biBAEMOE LepamuyecKoe RUCbMO, MPU KOTOPOM AETAJIbHO
MPOPUCOBAHHBIE HeporrduUeckre H30OpakeHUsi 3aMEHSIINCH HA YITPOUICHHEIE 3C-
Ku3bl. Camu xe uepornudbl UCHONb30BAIMCH TONBKO B 0CO00 TOPXKECTBEHHBIX CIyYa-
sIX, HaNpuMep, OHW HAHOCHJINCH HA KPBILUIKHK capKodaroB yCOMIIINX BaXXHbB{X IEPCOH.
B HosoM uapcerse (1500—1000 rr. no P.X.) maoab! nipocBelieHUst 1anu o cede 3HaTh.
OrpoMHas Macca He CJIMIIKOM CTapaTeibHbIX MUCUOB TMOb30BANACh YXE¢ demMomuH4e-
CKUM RUCbMOM, IPA KOTOPOM CTHJIM30BAHHOE MEPATHUYECKOE MUCHbMO 3aMEHSIOCh Ha
ele Gojiee yrnpolIeHHYI0 CKOPOITMCHYIO CHMBOJTHKY.

HN.U. TlepenenkuH BbINOIHUI UeporTMdHUUECKUI IepeBOj COIepXAaHUS 3aladu
Ne [4 MockoBCKOro nanupyca, HarMcalHbIii HepaTUYeCKUM NMUCHbMOM. DTa 3aja4a

BKJIIOYaIa B ceBa cXeMaTUUeCKUH pUCYHOK (pUc. 1), MO3BOASIOIIMA HAM COPUEHTH~ °

pOBAaThCSE B OTHOLIEHHH TOTO, KAKUM 00pa30M APEBHEETUIIETCKME MaTeMAaTHKY 00pa-
WATHCH C TIPOCTpaHCTBeHHBLIMU hopMmamu. CoaepkaHue 3a1a41 CBOIUTCSH K IIPUMEDY
BBIYUCTIEHHS 00beMa (V) ycedeHHOM MupaMmabl ¢ KBaApaTHLIM OCHOBaHHEM, KOTAA
BBICOTA (/1) M CTOPOHBI HUXHETO (@) M BepxHero (b) KBalpaTOB 3aiaHbl B KOHKPETHBIX
qucaax. Ero MoxHO nepeaaTs CAeJyIOUIMMH CTOBAMMU:

324



Ecau mebe dana nupamuoa be3 eepuiutvl 6 6 A0KmMell 8 gbicomy, 6 4 N0KMA RO HUNCHEN
CMOpPOHe U 8 2 A0KMst NO 8ePXHell CIOPOHE, MO GbIHUCAEHUA HAYHU C HUXCHEll CIMOPOHbL, KO~
mopyio 6036edu 8 Keadpam; noayuuius 16; 3amem ymuoncs 4 na 2; noayuuwus 8; danee 6o-
3oMu 2 U 8036e0u 6 Keadpam; noayuuws 4; croxcu emecme mpu yucaa — 16, 8 u 4; noay-
yuwe 28; 6036MuU mpems om 0; ROAYYULUL 2, nepeMHONCh 3mo 2 ¢ yucaom 28; noayuuius 56.
Tot Hawen eepHo.

Kak BUAMM, aBTOP DTOT'0 JITOPUTMA PEKOMCHIYET HaM NOCIeI0BaTeIbHO ITPUAEP-
KUBATHCS IIKOJBLHON (hOpMYIbl BLIYUCAEHUST, & UMEHHO:

V=(a*+ ab+ b>h/3. (1)

Cxema (puc. 1), koTopoit 6bl1a cHaGxeHa 3anaua, B J1aKoOHUYHOW opMe nybaupo-
BaJIa MOAPOOHbBIA aIrOPUTMUYECKHH TEKCT 3a1a4H.

HamoMAuM, 4To BCe 3anucaHHbie HA HEX YyuCIA U i Arr
JEHUCTBHMS C HUMM HY>XHO TIPOUYMTBHIBATE CIIpaBa Ha-

neBo. Ha cxeMe, IOMMMO M3BECTHOTO Ham Hepornu- 1IN 1

¢a «pe3yyIbTaT», UMEIOTCA ellle IBa — «lIaralouime HIIn I SI Ei
HOTHW», TIPU3BAHHOTO CUMBOJIM3UPOBATL MATEMATH- [I1AAA 1

YECKMe NEeVCTBUS CJOXEHUst M BO3BeAeHHUs B KBag- IIInn

paT (4TO TAKXKe CBOAMTCS K CIOXKEHUIO, UepOrIUd HIAAA
«IIararoime HOrm» MOXHO ObUIO Obl NepenaTb aHr- IInA
JIUACKUM CJIOBOM «Z0», KOTOPLIM HA PYCCKUH A3bIK
MOXET [EPEBOIUTHCH HE TOIbKO KAK «HAH», HO U 1111
0oJjiee LIMPOKO KAK «HAuMHAW AEHCTBOBAaTb»), U IIIIN ITIII IIII  III A
«POT, OTKYCBIBAIOILMIt 4aCTh OT LeJ1oro» (B Hatem 1IN HIT I
clly4yae «OTKYCbIBa€TCS» TPETh OT LIECTH, T.€. ABOH- Puc. 1

Ka).

CamMoe NnepBoe CTosiee Hal ITMPaMUION UMC/IO YKa3biBaeT CTPOHY BEPXHETo ceye-
HMS M TYT K€ OHO BO3BOJUTCS B KRAAPAT (BO3MOXHO, aBTOP XKej1aJl TéM CaMbIM I10Ka-
3aTh, YTO PACCMATPUBACTCH UMEHHO 06beMHast (UTypa, a He I10CKasT Tparnelius, Kak
3TO MOXET MO0KA3aThbCsl Ha nepBblii B3Msa). [1oa HUKHUM OCHOBAaHMEM TIMPAMHIbI
CTOUT YETBEPKA, YKa3blBaloiliasi CTOPOHY elle OMHOTO KBaapara. BHyTpH mupaMuabl
HATIMCaHb IBa YUCIIA; epBoe 6, KOTOPOE YKa3biBACT BLICOTY ITMPAMU/LBI, BTOPOE 56 —
00beM nmupamuasl. Ha onHoit cTpoke ¢ 6 aBToOp 3anucan MaTeMaTUyecKoe IeHCTBUE —
«OTKYCBIBAHME OJTHOM TPETH OT LIECTH» — M TYT XKe NOMELIeH pe3yIbTaT 3TOro AeiiCT-
Busi — 2. CiieBa oT u300paxeHNss NUpaMMbl 3anKMcaHo OMHApPHOE NEPEMHOXEHUE
IBYX yncesl — 28-2 = 56. B caMOM HU3Y pHCYHKaE [10Ka3aHO, KAK N10JIy4aeTcst Yucio 28;
OHO ITOJIyYaeTCs nyreM clioxeHus 16, 8 u 4.

B uznoxeHHOM 3aaaye rpexjie Bcero nopaxaet popmyia (1), no KoTopoii cienyer
aaroputM pewienus. Ecnn otOpocuTh 3K30THYECKHE TIPEINON0XKEHUSI, CBSI3aHHbIE,
HATIPUMeED, C TIOCEIICHMEM CTPAHBI APEBHMUX NHPAMU/I HHOIL1AHETHBIMH [TPHLIENbLA-
MM, KOTOPBIE MOTJTH ObI I0ACKA3aTh GOPMYY, TO BCAKU I HCTOPUK HAYKHU 00SA3aH 10~
MBITATBCSI BOCTIPOM3BECTH XOJ MbIC/IM ApeBHUX MaTeMaTukoB. [ToHSTHO, uTO 6e3 Mo-
JICTMPOBAaHUSI NPOCTPAHCTBEHHbIMU (popMaMK BeipakeHUe (1) HE TOTyduTh.

CyuiecTBYIOT 1Ba BapuaHTa paccysxiacHuii. [TepBolit ocHOBbIBaETCS Ha TOM (akTe,
yTo B MOCKOBCKOM Ianupyce Kak 0yaro 6bl M306paxkeHa IpsiMOyrojibHast yceyeHHast
nupamMuga. B 3tom ciaydae MOXHO NMPOU3BECTH €€ pa3pe3 Ha YeThIPe YACTH, KaK 3TO
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[MOKA3aHO HA PUC. 24, BbICYUTATL OObEM KaXJ/IOH YaCTH M 3aTeM TPOU3BECTHU CJIOXKe-
Hue. PeaynbTupyioias ¢popmyiia OyneT MMeTh BUI;

V==>0* + b(a— byh+ (a— by h/3. )
3mech HYXKHO 3aMeTHUTD, 4TO dopmyIta s obbeMa MUpaMuab! 0b1ero Buaa 6puia
HU3BECTHA, BUAUMO, C OUeHb JIPEBHUX BpeMeH. DTOT 00beM paBeH OJHOM TPETH OT HPO-

a) b

6) M3BEACHHUS IUTONIAAH OCHOBaHMS IU-

b paMuIbl Ha ee BICOTY. Bo BCsikoM city-

yae, ee HEeCJIOXHO HaWTH SMIUpHYe-

CKHUM ITyTeM, KaK 3TO CIEJIai, B 4acT-

HoctH, demokput. OH COCTaBasiA U3

«ATOMOB», T.€. MAJICHbLKUX KYOHKOB,

CHayaia NUpaMuIy, a MOTOM U3 TeX Xe

CaMbIX «aTOMOB» U Ha TOM X€ CaMOM

OCHOBaHMU TIPSIMYIO TIPU3MY, KOTOpast

BCerjla 0Ka3plBajach Ha JBE TPETH

Puc. 2 HIDKE BBICOTH! NUpaMUABL. AHATOTUY-

HbIM METOAOM IOJb30BAICH ApXHMEN,

KOT/Ia OH f10JICYUTHIBAJ TUTIOIAAN KPU-~

BOJWHEWHBIX FeoMeTpUUeCKMX GUIyp: OH UX B3BEIIMBAI, TOMELIA] B BAHHBI C BOAOA

1 110 TIPOU3BENEHHBIM (PUBUUECKHUM ACHCTBUAM CYIUII O FeOMETPUIECKUX CBOMCTBAX
3TUX buryp.

IToaroMy nocnesHee craraeMoe B Bhipaxkenun (2) He BbI3bIBaeT BompocoB. Ho oHu
TYT XK€ MOSBATCS, €C/IN JaHHOE BLhIPAXKEHHE CPAaBHUTL ¢ BbipaxkeHHeM (1). [Touemy an-
TOPUTM PacCMaTpUBAeMOii 331441 U3 Nanupyca He BRICTPOSH cpasy 1o popmyne (2)?
Beab HeBO3MOXHO cebe 11peACTaBHThb, WroObl APEBHEETMIIETCKUE MATEMAaTUKU MOTJIU
TIPOU3BECTH CIIOXKHbIe aredpanyeckue npeobpaszosanus ot GopMynsl (2) K popmyne
(1). OHH ONMEPUPOBAAN TOALKO KOHKPETHLIMY YMCIAaMU M HY O KakKux OYKBEHHBIX
Npeo6pa3oBaHMsIX HE MOTJIH M [10,JyMAaTb (XOTs1 Obl NOTOMY, YTO TOTA HEe OBLI0 CAMOTO
angaBuTa).

Bonce npaBronogobGHLIM BAPHAHTOM PACCYXACHMS APCBHUX KAXETCA BTOPOM.
YcedeHHYIO TUPAMMIY, BbUIEILIEHHVIO, HATTPUMED, U3 ChIPO# IJIUHBI (TIpAYeM Heo0sI-
3aTe/IbHO NIPSIMOYTONLHOR (DOPMBI), MOXHO OLLIO Obl pa3pe3arth, KaK 3TO ITOKA3aHO Ha
puc. 26. Torna popmyna o6bema, BulpaKeHHAA Yepe3 CYMMY €€ COCTaBIISIoMX, OyaeT
BBITJISLICTh YK€ HECKOJIbKO OJIMXKE K ajiropuTMHUecKoil hopmyste (1):

V=dh/3 + b*h/3 + 2:(ah/2)b/3. (3)
MHorosexosoe O6pﬁlueHHC C KOHKPETHBIMHW YHMCJIAMU HE MOIJIO HE IIPHUBECTU

BHUMATEJILHOI'O UCN0BEKA K MBICJIH O CTPaBeNTMBOCTY KOMMYTaTHBHOTO U JUCTPUOY-
TUBHOTO 3aKOHOB!
ab=ba, ad+ bd+cd=(a+ b+ c)d

DTO 3HAUUT, UTO NYThL OT hopmMy:ibl (3) K dhopmyie (1) cyiiecTBOBAI ¥ OH HOCUJI SIBHO
KOHCIRpYKMUGHbIL XapakTep: 6e3 MaHUIYNS LMW Apocmpancmeernbimu 00pa3amu 34eCh
He 0001M0Ch. EruneTcKUX K peiloB He 3a00THIIHU dokazameabcmsa, OHU AYMaJIi TOJIBKO
0 @biMucAeHUY TIOATBEPXKIacMOTo NPAKTUKOI pe3ynprata. Kakosa ripyHUUNIMaNbHAsA
Pa3sHHLIA MEXIY HUMK?
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JJ1st pacKpbITUSI IPUPOALI JOKA3UMEAbCNB8a W UCHUCAeHUs OOpAaTUMCS CHavana K
LIKOJIbHOW hopmyIie:

(@ + b)? =+ 2ab + b

Ona uMeeT no KpaliHel mMepe ABa CHMAbHO pa3jinyualoimxcsa 060CHOBAHMS:

a) cumeonbHoe — (a + b)2 =(a+ b(a+ b)= a* + ab + ba + B

0) obpasznoe — cmotpy puc. 3!

B cuMBOJILHOM J0OKa3ateabcTBe (POpMY/ibl KBaapatHy-
HOTO 6MHOMA MHOTOE [10/Ipa3yMeBaeTCsi M HE BCE NTPOIUCHI-
BaeTcd B SBHOM Buje. B camom nesne, neiicteust Haa OykBa-
MM @ U b He CTOJIb OUEBUAHBI, KAK 3TO MOXET NOKA3aThCs C
nepsoro B3rsina. B yactHocTtH, Tpebyercs eie o0oOCHO- 2 ba
BaThb, UTO KBAJIpaT CKOOKHU paBeH NPOU3BEIEHUIO IBYX CKO-
00K U 4TO CKOOKH IEepeMHOXar0TCs TaK, KaK 3TO ITOKA3aHO;
4yTO ab paBHO ba v uTO cymma ab + ab MoxeT ObITh Npea-

ab b b

cTaBjiieHa Kak 2ab. OnHAKO Mbl OTJIMUHO 3HAEM, 4TO AOX L a+b
OYKBaMH a U b NMoapa3yMeBaloTCsl HEKKe uucia, Kotopele, ™~
KaK TM0Ka3aM MHOTOTbICSUEJAeTHNH OIbIT YeJI0BeYeCTBa, Puc. 3

ITOAYHHSIOTCS BCEM YIOMSIHYTBIM MPaBUIIAM.

Haute cuMBoLHOE JTOKa3aTeIbCTBO €CTh HE UTO MHOE, KaK coKpallleHHast ¢hopma
3alncH ucHucenus yucen. Jasa kakoro-Hubyab yHonIaHeTsiHMHA 3anuch (3 + 4)2 =
=32+ 2:34 + 4% BuirsisasT COBEPILUEHHO OAMHAKOBO 10 CPABHEHHIO C TIPEeIbIAYIIEH,
XOTS1 B [1€PBOM CJIy4ae Mo a v b Mbl Mopa3yMeBaeM aOCTpakTHbIE CUMBOJIbI, TPUHHU-
Malolue J00ble YUCITIOBbIE 3HAYEHHUSI, BO BTOPOM — KOHKPETHbIE YMciaa. Bripouem,
KOHKPETHOCTb CHMBOJIOB 3 ¥ 4 OTHOCHTEJIbHA, TAK KaK OHU, B CBOIO OUEPElb, ABJISIIOT-
CA TOBOJBHO CUABHBIM A0CTPaKTHLIM HOBOBBEACHUEM 10 CPABHECHUIO ¢ 6osee ApeB-
Hel 3aIMMChIO TUX Ke CaMbIX MaTeMaTHuyecKuX oObekToB — [T n 1V, Taknm ob6pasom,
dopmyna kBanpaTHuHOro GMHOMa B e MCTBUTEILHOCTH IPEACTABISIET COO0I CBEPHY-
THIM B IJIOTHYIO CUMBOJIBHYIO YIIAKOBKY HAL JOJTrMH MHAYKTUBHBIN OMBIT pabOTHL CO
CUETHBIMU OObEKTAMH.

ToT Xe XUBHEHHbIN OTTLIT 10 U3MEPEHMIO TIOILAIeH 3eMeJIbHBIX YYAaCTKOB ITPUBEIT
HAC K reoMeTpuyecKoii (opme 10Ka3aTebCTBA BhIPAXKEHUs JUTST KBAAPAaTUIHOTO OU-
HoMa. Bo3aMoxHo, Kakoit-HuOyab AOTOWHBIH (POPMATUCT 3asIBUT HAM, YTO Mbl CBOUM
pHcC. 3 He MpeacTaBUIIM HUKAKOTO J0Ka3aTeabeTBa. OH MOTpeOyeT BBEASHUS TAKMX 10~
HATUI KaK KOHEPYIHMHOCMb, T.€., COBMECTHMOCTh TeOMETPUUECKUX (DUTYD TIPH KX I1e-
peMeIEHH B NPOCTPAHCTBE, a TAKXKE CIeHATbHBIX ONPEAEIEHUH TPUMEPHO TaKOro
TATIA: APAMAS AUHUS He umeem moaujunsl. B TpOTUBHOM Ciyyae, CKAXET OH, MBI He
CMOXeEM YOEeINTL UMUTATESI B TOM, YTO MPU HATOXEHUM YeThipex QUryp, o60o3HaueH-
HBIX KaK az, b2, abv ba, Ha kBaapat {a + b)2 HEe TIPOU30UAET NepeceyeHMi B MECTax Ha-
JIOXEHUS JIMHMI. DTo OyJIeT 03Ha4YaTh, B CBOIO ouepeb, UTO ieBasi 4yacTh paccMaTpu-
BAEMOTO BblpaxXeHust He paBHa npaoil. Ha uto xakoi-HUOy (b HIXKETOPOACKUMA Kpe-
CTBTHUH PE30HHO 3aMeTUT: «JIa HEYXTO siUMEHHbIE ITOJIST IBUTAaTh MOXHO?» — U Oy-
JIEeT MpaB, TAK Kak HeT B CYILIECTBE CBOEM Pa3HWIBI MEXAY NOKa3aTelbCTBAMM
PaBEHCTBA, CKAXEM, IBYX MPAMOYIOJILHUKOB ab v ba, T.e. KOMMYTAaTUBHOCTH BEJIMYHH
a ¥ b, IyTeM coBMelleHUs (hUryp wiu rmyTeM c6opa OIMHAKOBOTO YpOXKas sIYMEHS C
JIBYX YKa3aHHBIX rojiedl. B 060ux cayuasix Mbl UMeeM JIENI0 € YETOBEYECKUM OIIBITOM,
OTJIMTBIM B PA3IMYHbIE XH3HCHHbIE (POPMBI.
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I'padmyeckoe moxazaTenscTBo (6) HUCKOMBKO He XyxXe cMMBosbHOTO (a). Kakue
CMMBOJIbl MBI BBEIEM, KAKYIO CJIOBECHYIO JOPOXKKY TIPOTOMUYEM K 3aBETHOU (popmy-
Jle — He CTOJIb yX BaXXHO. MOXHO MpoCTo yKazarh NalblUeM HA PHCYHOK — «Bot!s,
WY €Ka3aTh: «CMOTpHU pMC. 3!», T.€. ¢cAe1aTh HEYTO, UTO NPUBJIEUET BHUMaHHUE BCAKO-
IO XeXaoNero 3HaTh, KaK MOXHO PAa3BePHYTh KBAJIpPATUUHBI OMHOM, HAa HEKUI 00b-
€KT, JUISI KOTOPOTO yKd3aHHas hopMyiia cripaBe/tMBa. Kak HaM yaacTcs JOHECTH ee
qyTaTEsSIM: OYIET JIM 3TO MHTEPECHO H YOSIUTENbHO, WIN X¢ CKYUHO U NyTaHO, —
Bellib BTOPOCTEINMeHHast. PazyMeercs, XOpoLo, eciid 3TO cAeIaHO TpaMOTHO, odlie-
MPU3HAHHBIMM METOAGMM U XyXKe, Koraa GopMyia cBaTMBaeTCsi Ha HAC Kak OblI € I10-
ronka. Ho Het 6osiee HENPUATHON CUTYAUMH, YEM UMETH J1€J10 CO CXONACTHKOM, TIpu
KOTOpOM He CYIIECTBYET HUKAKOW OObeKTUBHOM peabHOCTH, a €CTh JIULLE CIICKYJisI-
LM HA MCKYCCTBEHHO BBEJACHHDBIX CUMBOJIAX Y Ae(PUHULIUSIX.

B noarBepxaeHMe CKa3aHHOMY O IPHOpUTETe 00BEKTa, NPENCTaBIsIOUIEero NaH-
HOE CUMBOJIbHOE BhIPaXeHHE, Hall CYObEKTUBHBIMU CPEICTBAMHU €T0 JOKA3aTeIbCTBA
ITPOIOJIKMM Halll TPUMEP B CTOPOHY YBeIMUeHUst cTereHu 6uHoMa. {151 KyOrmuecKkoro
6uHoma —

(a + b)3 =a + 3d% + 3ab’ + b

Takke uMeloTcest Ae GPopmbl 060-
CHOBaHMs1; 00pa3Has rMokKa3aHa Ha

f S j puc. 4.
5‘”‘1’_7/1/#7’#}/ HOnsa terpabuHoma, B CUIY

cBOoe0oOpa3ust BOCHPUSITHS YEJIO-
BEKOM (QPU3UUECKOTO IPOCTPAHCT-
Ba, rpaduyeckuil oObEKT Npona-

-

— e 1 r
i JNacT, XOTSI CUMBONBLHBIA BBIBOA
‘ &b GopMYy bl TPOAOIIKACT CYLLECTBO-
saThb. Huxecnenyomas gopMmyna
- SO z
Oe3yrnpevHo OTpaxXaeT JEUCTBUS C
Puc. 4 YHCTAMMU.

(a + b =a* + 4a°b + 64°6* + 4ab® + b*.
BO3BHUKIIYIO CUTYALMIO MOXHO CPABHUTb C BOCITPUITHEM YEJI0BEKOM 3JiIeKTpOMar-
HUTHBIX WY 3BYKOBbIX KosieOannit. I71a3 N yXo yjIaBiuBalOT MX B Y3KMX IHATIa30Hax.
Eciin kos1eGanns BLIXOIAT 3a Npeie/ibi ITUX ANATIA30HOB, YEJIOBEK NepecTaeT BOCIPHU-
HUMAaTh UX. Besikasi packpacka B IBETOBbIE TOHA YALTPAQUOJIETOBOrO MY HHppaKpac-
HOTO U3/yuYeH s OyneT CyObeKTUBHA W JIOXKHA, PACIIoIaTaii Mbl IIPH 3TOM MUJUIMOHAMHU
1IBETOBBIX OTTCHKOB.

Ho He BUaeTb MATEMATHYECKH I OOBEKT UETOBEK MOXKET HE TOJIbKO H3-32 CBOUX P~
suneckux orpannuenuit. o [Tugaropa rpeku HE NOAO3peBAIM O CYLIECTBOBAHUM HE-
COM3MEPUMBIX OTPE3KOB, YTO PABHOCHI LHO BOCIIPUSITHIO UMM TOJIBKO PALIHOHATBHBIX
gyucen. 3aTeM, 3a CUeT BBEAEHHUS UPPALMOHAILHOCTEN, AHATIA30H YMCET PACITMPUIICS,
HO cdepa TOCTPOSeHHUS FeOMETPHYECKUX PUCYHKOB OCTAaBaIACh OTPAHHYECHHOM HHCT-
PYMEHTAMY —- LUPKYIEM U JTHHEHKONI. JIeKapT CHSJI 5TU OrpaHudYeHUsa, ¥ MAaTeMaTH-
4ECKOMY aHAIM3Y NOABEPINIMCH HOBbIE I'Paduyeckiue 0ObeKTH — HUKIOWIA, ACTPOH-
Jd, Kapauouaa v rp. Xors U B aHTHUHOR reOMETPHH HCITOJB30BANCA HHCTPYMEHT 10X
Has3BaHHeM KoHxounaorpad, ckoHcTpyuposasHeliit Hukomeaom (250—150 rr. go P.X.)
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JUISl pelIieHUS 3aa4M O IeJIEHU W ITPOU3BOJIBHOTO YIJIa HA TPY PaBHBIE YaCTH («3alaya
TPUCEKLUHU YIi1a»). Konxouny HukomMena Henb3st ObLAO BIYEPTUTH C TIOMOIIBIO HUP-
KyJIsl M JIMHEHKH, OJTHAKO AaHAJIN3 €€ B @aHTUYHOE BPEMSI SIBJISITICS CKOPEE UCKITIOUEHHU-
eM, ueM npaswioM. B XIX Bexke uucioBas wikana, 61aroaapst BBEACHUIO TPAHCLIEH-
JEHTHBIX | MHUMBIX YHCEJL, €llle pacluupuiach. KOMIUIEKCHOE YUCI0 U KBATEPHUOH
TaK e, KaK ¥ MOHSTHS O PALIMOHAILHOCTH, UPPALlKOHAIBLHOCTH, TPAHCUEHIEHTHO-
CTH, CBSI3aHBI C FreOMeTpUYECKUMHU oOpazamMu. CerojHsi Mbl MOXEM FOBOPUTh COBEP-
LHIEHHO 00 9K30THYECKHX YMCIaX; C HEKOTOPBLIMY M3 HMX MBI y3Ke To3HaKOoMUIKCh, Ho
BEpHeMcCs1 K HamtuM HapaHam.

Brisoa dopmyn paznoxeHUst KBaIpaTUUHOTO ¥ Kybuyeckoro OMHOMOB — U CUM-
BOJIBHBIH, K TEOMETPUUESCKU I — OTHOCUTCSI K KOHCTPYKTUBHOMY BULY. IX TPyIHO OT~
HECTH K MOJHOUEHHBIM GopMam doxazamenbcmed, TIOCKONBLKY B HUX MPAKTHUYECKU
OTCYTCTBYET JIOTHKA B TOM €€ [TOHUMAaHHU, 0 KOTOPOM 3/1eCh TOBOpUIOCh. Takoro poaa
MOJIyYeHHE 3HAHKS Mbl HAa3blBaeM ucuucienuem. B ocHOBe BCSIKOTO MCUMCIEHUS, eCTe-
CTBEHHO, JIEXHT IpoLeaypa cueTa, KoTopasl B IPUMEHEHUH K OoJiee CIOXHBIM MaTe-
MaTUYeCKHUM 00bEeKTaM, YEM HATYPASTbHBIN psil UuCe, TpaHCHOPMUPYETCS B clieUa-
JIbHbIE aJIrOPUTMBL. B KauecTBe 00BEXTOB PEIbHOCTH MOTYT BBICTYIaTh OTAC/bHbIE
MpeJNTOXeHMs 1 UeJible TEKCThl. B 9TOM cityyae Mbl Oy/ieM UMETh ACJIO C UCHUCACHUEM
8bICKA3bIGAHUT, T.€., COOCTBEHHO, ¢ Mamemamuixoli. ECIyu BbICKa3bIBaHUSA MepecTaloT
ObITb IPEJIMETOM UCCJICIOBAHUSI U CTAHOBATCS HHCTPYMEHTOM CYOBEKTa TEOPUH, TO
MblL UMEEM JIEJI0 C A02UKOI KAK TAKOBOM.

B mateMaTHuyeCcKMX IOKA3ATEILCTHAX JIOTHKA U UCUMCIEHKE IPUCYTCTBYIOT B pas-
JIMYHBIX MPOTOPUMSIX; HX, TOPOI, TPYAHO OTAEAUTDb ApYT OT Apyra. B ogHoMm ciyyae
BCE JI0KA3aTEABCTBO MOXET COCTOSThL M3 0 1HOAKTOBOIO NPEACTABAEHUS 0ObEKTa, KakK
MBI YK€ 3HAEM Ha IMpUMEpe puc. 3 u puc. 4. B apyrux ciayvasx, A0Ka3aTelbCTBO BbI~
cTpauBaercs B hopMe HEKOTOPOI COBOKYITHOCTH CYXXIEHUH, KOTOpasi HapaBjeHa He
Ha TIOJIyUeHUE KOAUYeCn8eHHO20 PE3yIbTaTa, a B CTPOHY yCTaHOBJeHUS ¢akTa cyuje-
CMEOBAHUs TOTO UIN UHOTO 001LeKTA WM 0OBHApYKEeHUS JIOTMYECKOTO hpomueopesus.
B nByX HMKEMPHUBENEHHBIX 10KA3ATE/IbCTBAX MPUCYTCTBYET MMEHHO TaKasi OpraHu3a-
11151 BBIBOJA.

[TepBblit MpUMeEp B3SIT U3 AATEKOI0 NPelilioro. PACCMOTPHM, KaKUM 06pa3oMm -
paropeiiiibl NOKA3bIBAIM UPPAHOHATBHOCTb YUCAA V2, T.€. yCTaHABAMBAIM (PAKT He-
BO3MOXHOCTH €TI0 PALHOHATBHOIO COOTHECEHUST C eIMHULICH.

[1ycThb, pacCcyKiaaau OHU, MMEET MECTO TIPOTIOPLIMSL:

1:2=a:b.

Torua b = 2-a”. Otciona BuaHo. 4o b ueTHO. YeTHBII KBaJpaT MOXeT JATh TOJILKO
4eTHOE OCHOBAHMeE, 3HAUUT, b ueTHO. IlpeanonoxuM, uto b = 2-c. U3 ucxoaHo# npo-
TOPUMH U YeTHOCTH YUCA b BbITeKaeT HEUCTHOCTH yncaa a. Ho noacrtasum nocnen-
HEe PABEHCTRO B TIPE/ibiyIlee; 4t =2 wm a®=2-¢%, 1.e. a — vyeTHO. Bosnukio npo-
THBOPEYHE: LEI0E UMCITO MOXKET ObITh JIMOO UeTHBIM, TMOO0 HeueTHbIM. TakuM obpa-
30M, YHCIO V2 MPPALMOHANLHO.

BTopoe n1oKa3aTensCeTBG OTHOCUTCS K Hautum aHaM. OHo B3saTo U3 KHUTH para-
nuHa A.T. «MarematnuecKuit MHTYULIMOHW3M. BBeACHHE B TEOPUIO TOKA3aTEIbCTB»
(M., 1979, c. 15-16).

Teopema. Cyujecmeyrom 08a uppayuoHaIbHblX delicingumenbHulx Hucaa a u b maxue,
umo a’ PAUUOHAABHO. )
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2
HoxkasatenbcTso. PaccMorpuM uncno 2 . Eci 3T0 YHCIIO palOHAIbHO, TO Teo-
N
peMa JIoKa3aHa: 10CTaTOUHO MONOXHUTh a =~/2, b=~2. Eciv xe+2 "~ MppatuoHaNbHO,

. V2
TO HyXHbIE @ 1 b BHOBb MOXHO HANTH: IOCTATOYHO B3SITh a=+2 " 1 b=+/2. B aTOM CI1y-

yae a’= 2. Takum 06pa3om, npu JitoGbIX 00CTOATEILCTBAX HYXXHBIE @ U b CYIIECTBYIOT.

OO6paniaeM BHUMAaHUE Ha TO, YTO BO BTOPOM JIOKA3aTEJIbCTBE OTCYTCTBYET MTOMBITKA
yCTaHOBJNICHUS (haKTa pallMOHATLHOCTH HJIM MPPALMOHAIBHOCTY Yicen a U b. Tlepen
HAaMM THITMUHOE JIOTHUECKOE 10KA3aTeIbCTBO Ha CyllIeCTBOBaHMe. B nepBoM Xe 1oKa-
3aTEAbCTBE NPOLEAYPA UCHUCAEHUS MTPUCYTCTBYET HECKOIBKO B OOJIbILCH CTENMEeHU,
yeM BO BTOPOM.

Cuipto olIMBAIOTCA Te, KTO IYMaeT, YTO ¢ NTOMOLLbIO (DOPMATLHO-JIOTHYECKOTO
BBIBOJIA MOXHO J00bITh MPUHUHINANBHO HOBbIE 3HAHUS. MBI YK€ TOBOPHIIH, UTO JIO-
rMYecKHe J0Ka3aTeabCTBA HYXHbI MaTeMaTHKaM cKopee IS yOeXIeHUs KOJUIET B
cBoe#l mpaBoTe. B cpene mateMaTUKOB CYLIECTBYET HEMJIACHOE TIPABHJIO: PUCTYITAM K
IMOUCKY 10KA3aTeJIbCTBA TOJBKO MOC/Ie TOrO, KaK y6eausIcs B MCTHHHOCTH NPeIIoXe-
HMSI. DTO OUYeHb 3APAaBbli COBET. AKCHOMDI, JICMMBI M TEOPEMBI — BCE PABHO, YTO I0pH-
JUUYECKHe HOPMbI, PETYJUPYIOIIME OTHOIUEHUS oAeH B OOUIECTBE: OHU JOMKHBI
OBITh 3aBePIICHHBIMHU, HETIPOTHBOPEYHBBIMHM, JTAKOHUYHBIMHU U 001IENPH3HAHHBIMH,
YTOOBI HE BBHI3LIBATE MyTAHHLBL. EC/u Xe Bbl xOTHTe TPOHUKHYTE B peaIbHBIH MUP Ma-
TEMATUKH U f1I03HAThb OOBEKTHBHYIO KPACOTY (pOpMYJ, JIydllle BOCHOIb30BaThC I~
(PEKTUBHBIMU BbIMMCIHTEALHBIMH NIPOLEAYPAMH,

YToO0Bl NyYIlle YCBOUTh 3TY BaXKHYIO MBIC/b, AOKAXEM HECKOJbKUMU CIIOCOOaMH
ciaenyloulee ACMEHTAPHOE PABEHCTBO:

1+2+3+ . +u=nn+1)/2. 4)

Hoxazameascmeo 1 (no unoyxuyuu).

dopmyna (4) BepHa, ecau oHa BepHa g n= 1, n=4%, n=k + 1. [l1a nepBbIX ABYX
3HAYEHUH A UMEEM

I=1(1+1)/2, 1+2+3+ . +k=k(k+1)/2.
K nieBoit 1 npaBoi yacTsiM NocjiefHero paseHcTBa pubaBrm wieH psina & + 1):
1+2+3+ . +hk+{k+D=kk+1)/2+(k+1).
[TpaByio yacTb HETPYAHO NPEACTABUTL B BUIE
(k+ 1)k +2)/2,
YTO COOTBETCTBYET popmyJe (4) npu TpeTheM 3HAYeHUH A. Ternepb y Hac NOSIBUIACH
YBEPEHHOCTb B TOM, UTO 3Ta (hopMyJia OyneT padoTaTb I1pH JIHOOBIX LETbIX 3SHAYEHHSIX A
OmHAKO MBI OCTATUCH B ITOTHOM HEBeAEHMH OTHOCUTELHO TOTO, OTKY/1a B3s11ach Gop-
MYJa.
OuegHb 1erKo YCTaHABAMBALTCS, YTO CyMMa HeueTHBIX YUCesT paBHA KBAIpaTy YKACIa
craraeMbix:
,
l+3+5+..+0Q2n—1)=n" %)
HeicTBUTeIbHO, TOCNE/0BATEAbIO YBENHYUBAS JUIMHY CYMMHUPYEMOTI'O psiia, Mbl Obl-
CTPO YIaBJIMBAEM 3aKOHOMEPHOCTb:

P=131+3=4=2" 1+3+5=9=3 1+3+5+7=16=4 ...
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CpaBHUTEAbHO MPOCTO HAXOAUTCH (hopMyaa st CyMMbI Ky©OB HATypaJbHOIO
psiza:

P+2+3+  +n =+ 127, (6)
OHa BBITEKAET U3 CAESAYIOUIUX CYMM:
1P =1% P+22=9=32 1PP+2+3=36=6

P+2°+3+4-100=10% ...

Ho nomnpo6yiite nonodpath dopMyny Uit CYMMbl KBaapaTOB HATYPaJbHOIO

paga —

2=1, 1P+22=5 1P+ 22+32-14,

P+22+32+42-30, 17+27+ 32+ 42+ 5%=55,
3To caenarb yxe He npocto. [ToaToMy LeHHBl UMEHHO Te MaTeMaTUUYECKHUE METOHI,
KOTOpDbIE He TOILKO HOOMEEPHCOaionm, HO Y abigodam (popMyiy.

Hokazamenvcmeo 2 (015 cymmul apugpmemuueckoll npoepeccuul).

Onepauys CIOXESHUS TOTYMHISTCS KOMMYTATUBHOMY 3aKOHY. ClIoXeHH e WIEHOB
psna MPOM3BEAEM MapaMu, DISMEHTbl KOTOPBIX PaBHOYAANIEHBI OT KOHILIOB psija.
IycTh uKcIio 21eMEHTOB B psify OV/IET CHAauala YeTHbIM, T.e. # = 2k, TOrma

1+2+3+ ...+ 2k—2)+Q2k—-1)+ 2k=

={1+2k+2+Ck—D]+3+Qk—-D]+ ...+ [k+Rk—(k-1)]=

=[1+2k] +[1 + 2&] + [1 +2k] + ...+ [1 +2k] =[] + 2klk = n(n + 1)/2.
ITycTh yncO 3ieMEHTOB B psiay HEYeTHO, # = 2k + 1, Toraa

1+2+3+.. +k+k+D+Hk+2D)+ . +Q2k~1)+2k+Q2k+1)=

= [I+QRk+ D] +[2+2]+B3+QRk—D]+ .. +k+k+D]+(k+1)=

={2+ 2k +[2+2k]+[2+2k)+ ..+ [2+2k]+{k+1)=

=[2+2klk+ (k+1)=(k+ DRk+ 1.

Ipn k= (n— 1)/2 nonyuum n(n + 1)/2.
[Moao6HOe NOKA3aTENBCTBO CIIPABEUIMBO I1si BCEX PSUIOB @, 4y, 43, ..., 4, BUIA
a, a+d, a +2d, .., a+#n-1)d,
KOTOPBIE HA3bIBAIOTCS apu@memuueckumu npoepeccusmu. PasHocts (d) v repBbId WieH
(a,) apudMeTHHECKON NPOrPECCHU MOTYT OBITH TIOOBIMM ICICTBUTEIbHBIMUA YUCTAMH,
HO YHCJIO DJIEMEHTOB B PSIAY MO-TTPEKHEMY paBHO JING0 yeTHOMY, 100 HEYeTHOMY Lie-
jomy. IToaTomy cyMMBbl Tap paBHOYJAJIEHHBIX 3/IEMEHTOB, paBHbIe 24, + (n— 1)d, HyX-
HO pacCMAaTpHUBATh VISl YETHOTO U HEUETHOTO Uncaa 1. B o6oux cityuasx pe3ynbTar cBO-
JUTCS K PopMyIie:
"
Za,» =(a, +a,)n/2. ™
i=1
®opmya (7) nepexoant B hopmyiy (4) npu noacraHoskea; =1 u g, = h.
ITocnenHow0 GOpMYITy J1€rKo NOHSTD, €CJTH [TOHUMAaeTCs CAeayIoui (akT:
(a; + an)/2 = (02 ta,_ 1)/2 = (a3 + an—Z)/2 = e = (an/Z + an—n/Z)/z s
T.e. cpeaHee apu(PMETHUYECKOE JIBYX PABHOYIAJICHHBIX OT KOHILOB psijia 31eMEeHTOB
BCETIa pABHO OMHOMY H TOMY XK€ YUCITY — yeHmpy apumemuueckoid npoepeccuu. Ecnn
YUCTIO0 ITEMEHTOB IPOTPECCUM HEUETHO (1= 2k + 1), To LeHTp apUDMETHIECKOM ITPO-
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TPEeCCUM COBIMAIACT C LEHTPAAbHBIM YAEHOM Psijla {ay 4 | ); €CH YMCIIO 3/IEMEHTOB YeT-
HO (1= 2k), TO UEHTp paBeH cpeHeapudMeTUUECKOMY IBYX CEPEAUHHBIX SJIEMEHTOB
(a, + a4y)/2. BuactHOCTH, U1 HEYETHOTO 11 = 5 UMEEM
1+2+3+4+5=(1+355/2=15;
HEHTP apudMETHUECKON TIPOrpeccuM pUXoanTesi Ha onemenT 3: (1 +5)/2=(2+4)/2=3.
Jlnig getHOro 1 = 6 nMmeeM
1+2+3+4+5+6=(+6)6/2=21,
LIEHTD paBeH
(1+6)/2=0Q2+5)/2=03+4)/2=3,5.

Taxum 006pazoM, BTOpoOe 10KA3aTEALCTBO A0 HaM 00J1blUE, YEM Mbl PACCUMTHIBA-
JIM: Mbl He TOJIbKO MOATBEPAIIN U BbIBEAU (hopMyy (4), HO M HALLUIX CYILIECTBEHHO
Gosiee o6yt hopmyay (7). Tak, ecian HaM naHa apudmMeTruyeckas MPOrpecCus ¢ na-
pameTpamu: @, = — 2,54, d = 0,127, n = 57, To, BOCTN0JIb30BAaBIUCE hOpMYNOH (4),
MOXHO Ge3 Tpyaa rnojacuurars cymmy () Bcex ee 57 271eMEHTOB;

S=>a; =(a; +a)n/2=[2a, + (n — Ddln/2 =
il
= {2:(— 2,54) + 56-0,127]-57/2 = 57 912.

HeckoabKo HHOM B3TJisiA HA CYMMY S IPUXOAUT K HaM, €CJIM WieHbl apudmeTuye-
CKOH TIPOrpecCUM PacnoN0oKHTh O CIACAYIOUEH CXxeMe:

d
d d
d d d

d d d d
d d d d d

al al al al (l] ay

Toraa S MOXHO NMpeACTABUTH KaK CyMMY JIBYX COCTaBISIIOINX.S, U S5
S=8+5=57912,
S, =nma;=57(-2,54) = — 144,78 ,
Sy =n(n— 1)-d/2 =57-56:0,127 = 202, 692.
3nech st TIOACUETA BTOPOit coctapsiiolliei (S,) ucnonssyercs gopmyna (4).
Hoxazamenvcmeo 3 (cesizantoe ¢ OUHOMUHAABHBIM DA3AOMHCEHUCM).

B 61MHOMMHATBbHOES paziokeHue (x + 2=1+2x+x wwm (x+ 1)2 —x=1+2
BMECTO X TioouepeaHo byaem noacrapnstb uucna 1, 2, 3, ..., n. B pe3yjibTare oay4yum
CHEAYIGUIYIO CHCTEMY PABEHCTR:

22— 12=1+ 21,
3227 =1+22,
42 -3 =1+ 23,
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[Ipon3BeneM CIIOXEHHUE PABLIX U JICBBIX YACTEH HTUX PABCHCTB, TIOJIyUUM BhIpaXeHUe:
(n+ 1)’ —=1=n+2(0+2+3+..+n).
Hocne ogeBnanbix mpeoOpa3oBatiuii NPUXOINM K (4).
JlaHHYIO METOIMKY BbIBOIA MOXKHO PACIPOCTPAHUTD HA CYMMY KBAIPaTOB, KyOOB 1

6osiee BHICOKMX CTENMEHEN YMCe HaTYpaibHOTO psiia. B caMom nene, Bo3bMeM KyOu-
YeCKHUH OUHOM:

(x+ 1P =xP=143x+32.
Tloouepenno npucBouM xumcaa l, 2, 3, ..., n, a 3aTeM, MPOU3BOJIS Te XK€ CaMble ollepa-
MM, YTO U B HPEAbLLYILEM Cydae, HalaeMm paHee HeHalIe HHYI0 GOpMYJIy VTS CYMMBbI
KBaJpaTOB HATYPaJIbLHOTIO psijia:

m+ 1) = 1l=n+3nm+ DR+30>+22+ .. +nd);

bl

P+22+ . +nt=n’/3+n/2+n/6=n(+1)Q2n+ 1)/6. (8)
Ucnonb3ys rerpabuHom (x + 1)4, Haxoaum (6) u T.A.

ITpu noxazarenbcrBe GopMyant (4) ReodsA3aTEILHO OrPAHMIUBATLCS TOJIBKO CUM-
BOJILHOM MaHMNy/IsIUMei. Huxxe paccMaTpuBaloTcs ele TPy CIrocoba 10Ka3aTeNbCT-
Ba, IJie CYHIECTBEHHYIO PONb UrPAIOT Ofiepauun ¢ rpaduieckiM o0beKTaMH.

Hoxazameascmeo 4 (ceéazannoe ¢ npedcmagieHuem ueasix YUCel 2e0MempuvecKumi
MOoUKamu).

[TocTaBUM KaxXaoMy LEJOMY YHUCTTY . 80090
HATYPANILHOIO PSAIa COOTBETCTBYIOILYIO ° e 506068
COBOKYIHOCTb TOYEK HA ILTOCKOCTH. ° oo eoee s0C0ee
Torna cyMMa YUCIIOBBIX PSIOB Tipeii- ® 8¢ 000 oSs00 OO0
CTAHET Tepel HAauIMM B30pOM B Buae n=1 n=2 n=3 n=4 n=5

HEKOTOPOro MHOXECTBA Touek, o0pa- Puc. 5
3YIOIMX TPEYTOMbHUK (puc. 5).

Ha puc. 5 n1a caydas n = 5 noka3zaHo, KakMM 00pa3zoM MOXKHO OBUTO OB TIOACYU-
TaTh YUCJIO TOYEK B TPEYroJibHHUKE. sl 3TOIO HeOOXOAUMO NPOU3BECTH CIIeNYIOLIHE
JIFOPUTMUYECKHE ONEpalivU;

1) MoacYMTaTh YKCIO TOUEK B KBaJApaTe: na;

2) BBIUSCTDb U3 NOJYYEHHOTO YHCAA TOUKH, CTOAUIME HA IMATOHATH: i — n=n(n—1);

3) pe3ynbTaT pasgeauTh nomojaam: #(n — 1)/2;

4) X nocaeaHeMy YUCay NpubaBnTh PAHCE BHIYTEHHbLIC AMATOHANbLHBIC TOUKH:

nin—1/2+n=nn+1)/2

OaHAKO ¢ NOMOUIBIO TOUEK TPYJHO BbIBECTU CJAEAYIOLILYIO (DOPMYIY I1sI CYyMM, T.€.
dopmyny cymmot cymm:

1+3+6+10+ .. +n(n+1)/2=nn+1)Hn+2)/6. %)

IToncrasnsas s popmyny (Hn=1,2,3,4,...,0y-
aeMrnonydyarbuucina— 1,4, 10, 20, ..., KoTopbic
MOXHO NPOULTIOCTPUPOBATH TOYKAMY B ITPO- wed .
CTPAHCTBE, a UMEHHO, NTMpaMuiami (puc. 6).
Ho BbIBeCTM HENnOCPEeACTBEHHO M3 PUCYHKA
MpaByio 4acTb Gopmynl (9), ocTaBasch B 1pe-
Jenax pas’yMHOrO YUCAA aJrOPUTMHYECKHUX
NPOUEAYD, NPAKTHYECKH HEBO3MOXHO. Puc. 6

n=2
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Lokazamenvcmeo 5 (ces3anHoe ¢ gbiMUCAEHUEM NACAOU NOO NPSIMOLL Y = X).

Ha puc. 7 n3o6paxeHbl KOOPAMHATHBIC OCU U npsiMasa ¥ = x. Ha npsaMoii BozsMeM
TOUYKY M1 0T Hee Ha 00e OcH npose/ieM IepreHAMKYIsIpsl MM, u MM, Otpesku OM,
1 OM, onenuM Ha 1 YacTei, MPU 3TOM JUIMHY KaX/J0H 4aCTH IIPUMEM 32 a, TaK 4TO

OM, = OM, = na.
y [Moncuer momany S tpeyroipHuka OMM,
M MOXHO MPOU3BECTH ABYMSA CIOCOOaMHU:
e S=(OM)*/2=nr*d*/2 n

""""""""""""" S=5+85+85+..+85,

y=x o HenocpeacTsenHo U3 puc. 7 16rKo yCTaHOBUTD,
L KaK ITOACYUTATh INIONIaAb IPIMOYFONILHOM Tpa-
neuun Sy

e - Si=d —d)2, $=24"—d/,

________________ L Sy=3a" ~ d*/2, ..., S, = na® — d*/2.
58,0 S, LS, M, O7TC10/1a BbITEKAET PABEHCTBO!
0 a 2a 3a (n-1Ya na x S = (12(1 +2+3+ .+ 8-

w2/ = 22
Puc. 7 na’/2 =n‘a’/2.

Hakonel, u30aBUBLINCD OT az, HaxoauM dopmyiy (4):
1+2+ 34 .. +n=n/2+n/2=n(n+ 1)/2.

Kaxercst, 4TO 3Ty METOAMUKY MOXHO Ob1ji0 Obl PACIPOCTPAHKTD HA Tapaboiy y = X
(puc. 8) ¢ uesblo BeBeAeHUs hopmynsl (8).
Ho storo e vmaercs caenats. Ilnoumanb
1ioa napabooi, Kak 13BeCTHO U3 MHTerpa-
ALHOTO UCHUCTACHUSI, PaBHA OTHOW TpeTH
riomanu npsimoyronsHuka OM MM, T.e.
n3a3/3. YT10661 €€ BLIYUCIUTDL, HATIPOTHB,
TpedyeTcst HMEHHO 3HaTh ¢opmyJy (8), HO
HUKAK He HaoBopoT.

C nOMOLilbIO PUC. 8 yaeTcs elle BBIBEC-
™ popmyny (5) s IMHEHHOro psifa YMced.
HeitctBUTenbHO, NACUIAAL IPSAMOYTONBHU-
KOB .5, paBHa:

S = (13, S, = 3a3, Sy = 5a3, e s
S, =(2n— DHa'.

il

. EcnM 3aTeMHeHHbIE NMpPSIMOYTOJBHUKU CO-
X CTaBUTh OAWH TIOA JAPYIrUM, HOJYUYUTCH
KpaitHss npaBasi BEPTHUKAJbHAsS T0Joca,
{110Ualb KOTOPOH paBHa:

Ji
ZS, =a + 3@+ 52+ ...+ 2n — l)a3 = n’d.

i=l
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M36aBUBILIMCH B 3TOM BbIpAXEHUH OT a3, MOXHO HattiTy popmyny (5). Takum obpazom,
chepa pacliUpeHUsI METOJIMKH BbIBOJIA 31€Ch, KAK M B MPE/AbLLIYILEM Cy4yae, OKa3kIBa-
€TCd BeChbMa OTPaHMYCHHOM.

Jokazameavemeo 6 (cesszannoe ¢ npedcmasieniiem 0 ROAHOM 2paghe).

Kaxnoe pebpo rpada coeanHsieT aAse TOYKH, HO jtobas BepiitiHa rpada Moxer
OBITH MHLIMIECHTHA HCCKOJbKHM peOpaM. B cBI3M ¢ 3TUM BBOASIT NOHSTUE O RANCHMHO-
CMU WV cimeneHu CBA3aHHOCTH JAaHHOM BEPIIMHBI C IpYTUMU BepiimHaMu. [ToHsITHO,
YTO Ha KAXKA0E PeOPO NPUXOAUTCH 110 1Be BasleHTHOCTH. [ToaTomy uncno pebep paBHO
IMOJIOBHHE CYMMbl CTEIICHECH BCCX BEPILIMH:

m :%—id(i), (10)
i=l

TAE M — YHUCJI0 pedep, 1 — YNUCI0 BEPIUMH, d(i) — BANEHTHOCTL i~Oi BEPIIUHBI.

®opmyna (10) BLITEKaET HENOCPSIACTBEHHO U3 FeoMeTpuUueckoro obpasa rpaca u
TOMBKO YTO BBEACHHBIX MOHATHIA. [1po13BOaLHO BEIYepUeHHBIH rpad (puc. 9) moxun-
HAETCS 3TOMY COOTHOLLECHHIO!

4=Q+5+6+3+4+3+5)/2

'pad Ha3bIBaETCS M0AHbBIM, €CIIM KAXIAA €70 BePLUMHA CBsi3aHa peGpamMu O BCeMH
octanbHbIMU BepuiHamu. Ha puc. 10 npencrapieHst nmepsple 4eThipe MOJIHBIX Fpada
I,

”
Hnst nonHbix rpados popmyy (10) MOXKXHO ynpocTuThb, 3aMeHUB CyMMY NpoU3Beae-

HUEM IBYX BETHMUH: UMCITa BEPLIWH (/1) M BATEHTHOCTBIO OAHOM U3 BepluH (d=n — 1):
m=nd/2 =n(n—1)/2.

Tak, m1a nocaennero rpada [, n3obpaxenuoro Ha puc. 10, qucno pebep paBHO

10 = 5-4/2; nnst cnenyrotero rpacha I'g Oynem umeTb 15=6-5/2 u 1.4,

ITepexoast oT BepHIMHBI K BepllvHE W 10CIeJ0BaTeIbHO BblUuepKHBasi pedpo 3a
pedpoM, KaK TOKa3aHo Ha puc. 10, Mbl MOXEM MOACUNTATE YUCTIO M MHAYE, A KMEHHO
Kak CyMMy uucei oT 1 no n — |. Hanpuwmep, st [ nonyaum 10=1+ 2 + 3 + 4, ma
Iy —15=14+24+3+4+ Sut.n Orciona Bo3HHKAET cUcTeMa paBeHcTB: 5:4/2=1+2+
+344,6:5/2=1+2+3-+4-+5urt.a., KoTopas 1npu 0600ILLeHUH MOopoXaaeT HPopMy-
Jy (4), 3anMCaHHYIO HE ST A CjaragMmblX, a st # ~— 1.

1+2+3+..+m—=1)=nn-1)/2,
YTO, OJHAKO, HE MEHSIET e¢ CYULHOCTM.

5 1 7, I
3 1 1 2 1
1 N
7 5 2
2 2 g ; 4 3

Puc. 9 , Puc. 10
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HTak, Mbl pacCMOTpeIy LIeCTh pa3IHyHbIX CIIOCOD0B JOKA3aTeNbCTBA CTIPABE I~
BOCTM OJIHOH M TOM XK€ JOCTATOUYHO 3JeMeHTapHON dopMyibl. Kakue e BRIBOJHI B
CBSI3U C 3TUM MOXHO ObUIO OBl caenaTsb?

Bo-nepsblx, HET HUKAKUX OCHOBAHUI CYUTATh KAKOH-TMO0 BLIBOJ 60Jiee CTPOTUM,
bosiee yoeauTe bHbIM MM GoJiee UcuepnbiBaOIIMM. B MaTeMaTuke, Kak 4 B I0pUCII-
PYAEHUUU, HU OJHO W3 [J0KA3aTEALCTB HE MMEET NPEUMYUICCTBEHHOrO 3HAYEHUS.
OHM BCcEe UMEIOT PABHOE IIPABO HA CYLLECTBOBAHME: BLIBOJ (pOpMYAHI (4) C TOMOILLBIO
rpadpugeckux 00pa3oB (Touek, rIoniaaci uiu pedbep rpada) HUYEM HE XyXKe BbIBOIA
3TOM (hOPMYJIBI HA OCHOBE YUCTO CMMBOJbHBIX MPOLIEAYP HA OCHOBE MPEACTABICHUIA
00 apudMeTHYeCKOMH MPOrpeccHu Uiu GUHOME.

OnHako, U 3T0 BO-BTOpbIX, rpaduueckie crioco0bl BhIBOAA HE HMEIOT IPOJ0JIxKe-
Husl. OHM OrpaHUUYMBAIOTCA A0KA3aTEAbCTBOM JAHHON KOHKpeTHOH dopmymbl. Mix
METOAMKU HE IKCTPATIONUPYIOTCSI HA ApYyrue nogodusle caydau. I'paduueckre oGpa-
3bl MO3BOJISIIOT «BUIETh» 3jieMeHTapHblie popMynbi (4) U (5), HO OHU He JaI0T «yYBU-
IIETb» uyTb O0see CnoxHbie hopmynbl — (3) 1 (9). Tem He MeHee, ocobo noauepKHeM,
He HYXXHO npeHebperath NpoCTPaHCTBEHHBIMH 00BEKTaMU, KOJIb CKOPO UX YAAeTCH
MIpUBJIeYb K AHAJIM3Y TOH UM MHOH MAaTEMATHUYECKONR CUTYallMH, TTOCKOJIbKY PUCYHKH
coo0IAIOT aOCTPAKTHBIM 3HAHUSM Ty CTENEHb PeApe3eHmMAamueHOCMU, KOTOpasl Kax
HEJIb3s1 JIyullle CIOCOOCTBYET UX YCBOEHMUIO.

B ropucnpyaeHUMH B KAYECTBE ApI'YMEHTOB MOTYT BBICTYIIATh [TOKA3aHUS CBUIETE-
JIei ¥ BelleCTBEHHbIE YAMKH. B MaTeMaruke rpaduueckue obpasbl MOXHO OTHECTH 110
IOPHANYECKONK TEPMUHOJIOTUU K BELIECTBEHHbBIM, T.€. K apTyMEHTaM NPSAMOTo AeiicT-
BUSL.

OCHOBHAs! X€ HALIA MbIC/Ib COCTOUT B TPETbEM BLIBOJE, KOTOPELIA BBITEKAET U3
MpeICTaBIEHHbIX 31eCh A0KA3ATEAbCTB (bopMyibl (4). 3amyMaemcs, a mouemy, coocT-
BEHHO, CUMBOJ/IbHBIE JOKA3aTe/bCTRA (BTOPOE U TPEThE) OKA3ATUCH CTOJIb HPhEeKTUB-
Hbl? BhILLIO TAK, 4TO aHANIUTUUYECKAs MEeTO KA o0ocHoBaHUs Gopmynsl (4) okaza-
JIach 3HAUUTENBHO HEeHHeH caMoit GopMyJibl, TOCKOJIBKY OHA JaJ1a KJIIOY K OTKPBITHIO
HOBbIX Popmyii. He 1noToMy au, 4To psibl pasiniHbix apubMeTHYECKUX IPOTPeCCHi
U psiibl OT pa3BOpauHBaAHUA OMHOMOB PasIMYHOM CTENEHU CaMU 3a1al0T OTTpeIeeH-
HOTO POJIA pe2yaspHble RPoyedypbl, NOJUUHSIOIIHECS IMTPOCTOH anroputMusaumnu. Or-
cloja HanpaiuupaeTcs elile 6osiee apdeKTuBHAS METOAMKA ITPOAYLHPOBAHHS HOBBIX
hopMy1, IpH KOTOPO#M YUCITOBBIE Psijibl (€CJIH PeUb MIET O HUX) BOZHUKAIOT He OT CIIy-
Yast K CAY4Aalo, a MyTeM HATIPABICHIHOIQ Koxcmpyupoganus. Takoil KOHCTPYKTHBU3IM
NPUBEICT HAC K METONY UcyucieHUs: PSIAOB, KOIa UCTUHHHOCTD (GOPMYJIBI YCTAHABIM-
BaETCsi €€ €AMHCTBEHHBLIM ATPUOYTOM -- MECTOM B DHECKOHEUHOM psilly MOA0OHBIX
¢opmy. D10 M3BABASET HAC OT TPYAOEMKOU IpoLEeNyphI €€ CeHaILHOro 000CHOBA-
HUS JOTMUECKUMU METONAMU.

PaccMmoTtpium 1abii. 6, B KOTOPOM TpUBE/ICHbBI TAK HAa3bIBAEMbIE apudmemuueckue
PpAdsl, HaIne KooQOUIMEHTH pa3noxeHus 6unoMa HploToHa n-0if CTeleHH:

A+x0"=1+nx+nn—Dx2 +nn—1)n—2)x /3 + ... +
+ nlx(n — kK + )

336



Tabnuua 6

q 91 D [’k 94 gs g6 q1 g8
]l = 1 1 1 1 1 I 1 1
J2t 1 2 3 4 S 6 7 8 9
J 2 1 3 6 10 15 21 28 36 45
73 1 4 10 20 35 56 84 120 165
P4 1 5 15 35 70 126 210 330 495
Ps 1 6 21 S6 | 126 | 252 462 792 1287
Ds I 7 28 84 | 210 | 462 924 1716 | 3003
7 1 8 36 1 1201330 ] 792 1716 | 3432 | 6435
g 1 9 45 1 165 1 495 | 1287 | 3003 | 6435 | 12870

BunHoMuHanbHbIC KO3 GULIMEeHTR IS 1= 1, 2, 3, ... BbICTABASHBI B KOCHIE PSifIbl, HAYH -
Has ¢ BepxHeroseBoroyriaTtabn. 6,aumenno: {1, 1}, {1,2,1},{1,3,3, 1} uT.a. (oHu pac-
KpallleHbl B OIMHAKOBbBIE OeNble Uiy cepble ToHa). CyMMa OMHOMMHANbHbIX KO3 hu-
HMEHTOB JACT COOTBETCTBYIOILYO CTEIICHE 2, 4T BblTeKaeT U3 hopMyinbl {11) mpu noja-
CTaHOBKe X = 1:

L+1=2" 1+2+1=2% 1+3+3+1=2, ..

DneMeHTh Tabs. 6 06,1aM21I0T APYTMMH 3aMeYaTe/IbHBIMH CBOMCTBAMU: KaXIBIMH
MOCIEAYIOLINH 2]TIeMeHT TaOJIHIbl CKIAABIBACTCS U3 JIBYX NMPEAbUIYILNX, CTOSIIMX Ha
MpeablIyLEei CTPOKE H B PEAbLAYLIEM CTOABIe, HanpuMep: 56 = 35 + 21, 6435 = 3003
+ 3432 u t.a. KpoMe Toro, 110001 31eMEHT NOAYYaeTCs B pe3yJbTaTe CA0XKEeHUS Beex
MIPEILIECTBYIOLIMX €MY DJIeMEHTOB JINB0 Ha npeasiaylie cTpoke, 1Mbo B NpeablLy-
LIeM CTOJIOE, HAITpuMep:

495 =1+ 8 + 36 + 120 + 330,

495=1+4+ 10+ 20 + 35+ 56 + 84 + 120 + 165,
3003=1+8+ 36+ 120+ 330 + 792 + 1716,
3003=1+6+ 21 + 56+ 126 + 252 + 462 + 792 + 1297.

Taxkast pery1IapHOCTb NOCTPOCHUSI TAGIMLIbI TPUBOAUT K 33aKOHOMEPHOCTIM B (hop-
MyJax JUtsi IIoJAy4eHUs MOCAeA0BATEILHOCTEM UYMCE] HO TOPU3OHTAIBHBIM (p;) U BEp-
TUKAJIBHBIM (g;) psinam:

Po= gy =1,

pl:ql:n/l!a

Dy=¢ =nn+ 1)/2!,

py=qy=n(n+ D+ 2)/3, (12)

Pa=qy=n(n+ n+ 2n+ 3)/4,
BuaHo, uro dopmynsl (12) st ropr30HTAABHBIX U BEPTHKAILHBIX PSLIIOB OTIUYAIOTCS
OT AUATOHAIBHBIX POPMYJI 11t CUHOMUHANBbHEIX KO3 duiinenTos (11) TospKo 3Ha-
KOM, CTOSLIMM BHYTPH KaXIOH CKOOKH.

KTo-T0, B0O3MOXHO, MOcunTaeT undykmueaistil Cnocod ycraHoraeHust hopmyn (12)
HEIOCTATOYHDBIM Y TIOTILITAETCS HATH UM MOAKPETUIEHNE B KAKOM-HUOYIb aHAJTUTH-
4ecKoM BBIBOAS, Hanpumep, u3 dopmys (1) uaM w3 AByX BpllUeNPUBENCHHBIX
CBOMCTB TabAMUbL. DTO HE 03HauaeT, 4TO JAHHbIC MATEMATUKK U3JIMILIHE 00eCTIOKOe-
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HBI CBOEil npodeccuonaibHOM pernytaimeid. O4eHb MOXeET ObITb, YTO OHU UCKPEHHE
3aUHTEPECOBAHBI MO00JIbIIE Y3HATH 00 OOLEKTUBHOM YCTPOMCTBE YUCIIOBBIX PINOB.
IMonck 00BEKTUBHO CYLIECTRYIOIMX, HO MOKA HEBEJOMBIX HaM, CBsI3eil B AEUCTBUTE-
JIBHOCTY JajieK oT (HOpMabHO-JOrMYeCKOT0 MAaHUITYTMPOBAaHUSI CHMBOJaMH, Tak
WM VHA4Ye OH OYIEeT ITOXOJIUTh CKOPEe Ha METOIAMKY MCUUCICHUS.

Ta6:1. 6 Mbi CTPOVIIM 2NIEMEHT 33 JIEMEHTOM, PSL 38 PAIOM 110 CTPOFO OYIPEICTICH-
HBIM 3akoHaM. Hapyuienue 31ux 3akoHomepHocTeit B 10 man 10'° psifax HEBO3MOXHO
(eCJM TONBKO Mbl CAMH 3TOI0 He 3aX0TUM), 2 3HAUMT, HEBO3MOXKEH cO0il hopMmy s
Pro WK Doy - CyMMa udcesl HATYpalbHOrO pAna, T.€. Halua ucxonHas gopmyna (4),
OTBeEYaeT CTPOKE P, WJlH, UTO TO XKE caMoe, CToIbLy ¢, Tab. 6. Ycnex atoit GopMyibl 1
€e CUMBOJIbHOE [TpeJCTaBICHHE, TOMHMO BCETO Npoyero, o0ecreunBaloOTes elie U TeM
MECTOM, KOTOPOE OTBCACHO YHUCHEM, CTOS MM B COOTBETCTBYIOWIEH CTPOKE U CTONO-
ue. @opmyiie (9), KOTOPYIO MBI HC CMODJIM 10Ka3aTh rpayMueCKUMU criocobaMu, ecTe-
CTBEHHBIM 00Pa30M OTBOASTCH CJAeIyIOLIHE CTPOKA (p3) U cTonbel (¢3). Tak BO3HHKA-
€T Hehbii Kackal eauHoo0pasHbix GopMyi.

YTo6k1 HAWTH HOPMYAY VTSI CYMM KBaAPaTOB, KOTODBIE TAlOT MOCJIEI0BATEALHOCTD
yucena 1, 5, 14, 30, 55, u T.4. (ee Mbl TOXe HE CMOIJIM ONPENETNUTD), HYXKHO ITOCTPOUTH
HOBYIO TaDAUNY ADU(DMETHUYECKUX PAAOE, F1e Obl B Ka4eCTBEe OAHOM U3 CTPOK BBICTY-
najg KBaapaTHIHbli psii. HaM nocyacT/iMBUIOCh OTKPBITH 3aKOHOMEPHOCTD JUTSI CYMM
Ky608 (chopmyiia (6)), HO Kak ObITb ¢ CyMMaMHU YHCeJ, BO3BEASHHBIX B YETBEPTYIO, ST~
TYIO ¥ APYTUE Bbicliine cTenenu? 3aech HeT MHOro NMyTH, KaK TOAbKO NOCAEHOBATENb-
HO€ KOHCTpYMpoBarue Tabiuil apupMeTnieckux psanos. K 31oMy KOHCTpYNPOBaHUIO
MBI ceityac MpUCTYNHM, HO MIpex/e ciellaeM HeOobliuoe 3aMeyaHue B OTHOILEHHU
taba. 6.

Ecnu sneMeHTH apudpMeTnueckoro psia p, c003HAUNATD YEPE3 4y, 4y, a3, ..., DIE-
MEHTBI psida p,_; 1epes by, by, bs, ..., 3IeMEHTHI pAda p,_; Uepe3 ¢y, €3, €3, ... U T.4., TO
MOXHO COCTABMTb CUCTEMY pa3Hoctedl 1-ro nopsuika — by =a; — 0, b, = 0, — ay,
by=ay—a,, ..., paznocted 2-ronopsiika — ¢, =6, — 0, ¢, =6y — b, c3=b;—b,, ... uT.0.
U3BeCTHO, YTO UMEHHO ONEpPalMsi BLIMMUTAHMS JIEKUT B OCHOBE NPOLEeayphl dugighe-
penuuposanus. ECIuM, K Mpunepy, B3STh IPOU3BOAHYIO OT LENOYUCICHHON KBaapa-
TUYHOH (YHKLHHU py, TO B PE3yALTATE NOJYUUM JIMHEHHYIO (DYHKUMIO:

dp, d(n(n+1)/2) 1

N S A

dn dn 2
B Hauem ciiyyae npu nepexo/ie or Tperbeit Ko BTOpoH CTpoKe TaK Xe ITPOUCXOIHUT 0~
HMXEHYE CTeNeHN MOJIMHOMA, HO ViKe 0e3,100aBeHUs KOHCTaHTh 1/2, YTO MOXHO 3a-
MUCATh Kak

d(py) =p; = n.
JABmxenne no Tabauue CHU3Y BBEPX U CIIPABa HAJICBO OTBEYAeT NpUpoae dugge-
penyuposanss. OOpaTHOC ABHXeHHE T10 Tabauile, CBA3AHHOE C CYMMMpPOBaHUEM €€
INEMEHTOB, COOTBETCTBYCT UHMEEPUDOBAHUR

d([),,) = Dn-15 d((1/‘7) =lp-1s J‘(pn):;pn'l'l’ _‘.(qh'):qnﬂ‘
BaXHO MOHATD, UTO IPUPOId TUX ABYX BAKIEH I UX OTlepaLiM il MATEMAaTUYECKOTO aHa-

JIN3a B IIEPBYIO OHEPECAbL JICKKT Ha SJIEMCHTAPHbLIX ’deI(pMeTM‘IeCKHX onepanugx BbI4u-
TaHUA U CJIOXKCHUSA, M TOJBKO BO BTOPpYHO O4Ye€pelb HA OriepallK NPpeaACbHOro nepexoga
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K 0€CKOHEYHO MaJIbIM Pa3HOCTSIM (Ax —> 0) WK K 6eCKOHEYHO OOBIIOMY YHCITY Jielie-

HUS (n —> ).

Teneps nepeitaeM K paccMOTpeHUIO Tab. 7, KOTOpas y:Ke He CUMMETPHUYHA OTHO-
CHUTENBHO CBOEH AnaroHanu. Ee CTpouTenbCTBO HAYANOCh C TPEThel CTPOKH p,, TAE 3a-
MUCAHBI KBAAPATbI UMCES HATYPAIbHOTO psna. OCTalibHbIE 3JIEMEHTHI BHIYUCIISIOTCSE
M3 3HAKOMOTO HaM MPUHUMMA! KAXIbIA TOCAEAYIOIHHA 3J1eMEHT CKJIAAbIBASTCS U3
JIBYX TIPEALLIECTBYIOIIUX, Harpumep: 9 =2+ 7, 9438 = 5148 + 4290 u 1.4. B ta6n. 7. s
BCEX 3JIEMEHTOB BBITIOJIHSIOTCS T€ XK€ CaMble COOTHOLICHUS, UTO W U151 TA0J1. 6, B 4aCT-

HOCTU!

660=1+ 9+ 44 + 156 + 450,
660=2+7+ 16+ 30+ 50+ 77 + 112 + 156 + 210,
4719 =2+ 15+ 64 + 204 + 540 + 1254 + 2640,

4719 = 1 + 7+ 27 + 77 + 182 + 378 + 714 + 1254 + 2079.

(DODMYIH)I, 10 KOTOPBIM BLIYHCAAIKOTCH 3/IEMCHTDI TOPU30HTAJIBHBLIX U BEPTHUKAIb-

HBIX PsIJIOB OYayT TAKUMM:

po=2, gy =1,
pr=Q2n—1D/1, g =(n+ /1Y
Py =n(2n + 0)/2! = n’, gy = n(n + 3)/2!,
py=nn+ H(2n + 1)/3], gy =n(n + 1)(n+ 5)/3,
pya=n(n+ 1)(n+ 2)2n + 2)/4!, gy =nn~+ D+ 2)(n+ 7)/4,
Ds=n(n+ D(n+2)n+3)2n + 3)/5,... ¢s=nn+ 1)n+2)(n+3)n+9)/5,..
Tabnuua 7
Go . 41 | 9 gy | g qs 46 Vsl g8
ml—121212]212 2 2 2
Lt {3l 51709 11 [ 13115 17
p |l 1l aloitel 25 36 | 49 | 64 | 8l
py | 115 [ 140300551 91 | 140 [ 204 | 285
D4 I 6 | 20 | 50 {1051 195 | 336 | 540 825
Ds i 7 027 177 [ 1821 378 | 714 | 1254 2079
Pe 1 8 35 11212941 672 | 1386 | 2640 | 4719
D7 I 9 144 [156]450 | 1122|2508 | 5148 | 9867
s I 10 1 34 [ 2101660 | 1782 | 4290 | 9438 | 19305

Yucna, crosiiive B «IMaroHILHbIX» PsiiiaX, HauuHas ¢ BePXHero 1eBoro yria tabi.
7, TaKKe MpeacTaBasiior coboil KoaddhuuneHTbl PEryaspHbIX MOTUHOMOB JHOO0 7,

aubo s; BUAA:
r=x+2,
r=((x+ D(x+ 2),
r=(x+ DAx +2),
r=(x+ 1)°(x + 2),

sp=2x+1,
$H=x+D2x+ 1),

S =(x+ 1)2(2x + 1),
5, = (x + 1Y’Qx+ 1), ...
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Ecnu B /- ¢ s-NoJIHHOMAX PACKPBITL CKOOKU, TO NMepea pa3aMyHBIMU CTETICHSIMHU X KaK
pa3 u 0yayTCcTosATh yKazaHHble KOahpuumne HTI. s 3TUX KO3 (DULIMEHTOB BBHITONHS -
I0TCSE CACAYIOLLNUE BITOJIHE TIOHSITHBIC COOTHOLLIEHUS:

I +2=32" 1+3+2=32", 1+4+5+2=32% ..

B cBsizu ¢ 001nM BHAOM Tabst. 7 3aMETHM, YTO IIPEACTABIISIIOT ONpeAeieHHBIH WH-
TEPEC UMEHHO HECUMMETPUYHbIE TA0 ML, TAK KaK €CJii Obl nepBbiii cTOA0eL TabI. 7
COCTOSLT U3 2, TO Mbl BHOBb MMEJTH Obl JIETO ¢ [IPEABLAYIIUM CJIydaeM, OTOOpaKeHHBIM
TabJ1. 6, y KOTOPOi BCe DjieMeHThbl ObL11 Obl yMHOXEHEI Ha 2. AHAJIOrMYHAsA CUTYallusI
BOZHUKHET MPU Py = ¢, = 3 1 T.A.

Hakouert, paccMoTpuM Tab:. 8, B 4eTBEPTOH CTPOKE KOTOPOI CTOAT KyObl YHCe
HaTypajibHoro psiaa. CTpoeHue 5Toi TabIMUbl AHANOTHUHO CTpoeHUIo Tabu. 7. s ee
JEMEHTOB BLITIOMHAIOTCS 3HAKOMbIE HAM COOTHOILIEHUS, B 4aCTHOCTH: 127 = 36 + 91,
2892=1296+ 1596, ..., 574=1+ 10+ 46 +146 + 371 u T.a. [opu3oHTAIbLHDIE U BEPTH-
KaJbHbIE PSiIbl UMCET YAOBICTBOPSIIOT cucTeMe OpMYIL:

po =6, gy =1,

py=6n 6, g =n-+3,

pr=3nt =3n+1, g = (1" + 9n + 2)/2!,

py =1, g3 = n(n’ + 151 + 20)/3!,

pa=[n(n+ D27 =nn + D(6r7 + 60+ 0)/4, ¢, =nn+ D(* + 21n + 50)/4,
ps=n(n+ D(n + 2)(6n° + 12n+ 2)/5!,
gs = n(n + D)(n + 2)(n* + 27n + 92)/5,
pe = n(n+ D)(n + 2)(n + 3)(6n> + 181 + 6)/6!,
ge = n(n + 1)(n + 2)(n + 3)n* + 33n + 146)/6!, ...
pr=n(n+ D(n+ 2)(n+ 3)(n+ 4)(6n° + 24n + 12)/7, ...

Tabnuua 8

0] g1 9 E 43 44 ] gs g6 [ 97 l 48
pol — — 6 6 6 6 6 6 6
Pl - 6 12 i8 24 30 36 42 48
I 1 7 19 37 61 91 127 169 217
P 1 8 27 64 125 216 343 512 729
P4 1 9 36 | 100 225 441 784 1296 | 2025
ps i 10 46 | 146 | 371 812 1596 | 2892 | 4917
76 1 11 57 12031 574 | 1386 | 2982 | 5874 | 10791
D7 1 12 69 1272 | 846 | 2232 | 5214 | 11088 | 21879
Ps | 13 82 | 354 | 1200 | 3432 | 8646 | 19734 | 41613

Psabt p- vt g-GbopMyS NpepbiBAIOTCS, KOTa 3aKOHOMEPHOCTh UX ITOCTPOCHUS CTa-
HOBHTCS OYeBUAHOM. Tak, i g-hopMyIt onpeeIeHHYIO C/I0XKHOCTh BHavaje npei-
cTapisieT NOUCK KoadhuUMEeHTOB B rocnejiHeit ckobke. B yactHocTH, ko dunieH-
ThI fiepeN 1 YAOBJICTBOPSIOT MPOCTOMY YCIOBUIO: PA3HOCTH ABYX COCEOHHX KO3 H-
LIAEHTOB JAI0T 6:

15-9=21-15=27-21=33-27=..=6.
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Ho cBoBoaHbBIC 'WICH B! KBaAPATUHHON (POPMbI YIOBIETBOPSIOT yXKe 60J1ee ClI0XHOM CH-
CTEeME PaBEHCTB:
20— 2 =18 =36, 50 — 20 =30 =56,
92 - 50=42=76, 146 —-92=54=9+6, ...
W Bce ke 115 peureHus 3aaa4u no 0TbICKaHW0 KO3 GUIIUEHTOB HY>XKHA KAKasi-TO
o011ad MeTOIMKA, TaK KaK [axe, HanipuMep, 1as TpeTheit cTpoku {1, 7, 19, 37, 61, ...}
NMPaKTUYECKH HEBO3MOXKHO YHCTO BU3YATbHbIM MYTEM YJIOBHTH 3aKOHOMEPHOCTD I10-

JIy4EHMS O4epeIHOTO WieHa paia. Takast MeToMKa cyuecTByeT. B vactHocTu, 1s p,
HYXKHO COCTaBUTL CUCTEMY M3 TPEX YPABHEHUI U pPELLIUTD €€:

a+b+c=l, a=3,
4a+2b+c=7, b=-3,
9 +3b+c=19, c=L

Hns naxoxaeHust KoadduuneHToB ps Tpebyercs yke peliuTb CUCTEMY U3 LLIECTH YpaB-
HEHUI:

a+b+c+d+e+ f =1, a=1/20,
32a+16b+8c+4d +2e+ f =10, b=1/4,
243a+81b+27¢ +9d + 3e + | =46, c=5/12,
1024a +256b +64c +16d + 4e + [ =146, d=1/4,
3125a+625h +125¢ +25d +5e + f =371, e=1/30,
7776a+1296b+216¢ +36d +6e+ [ =812,  f =0.

3arem, NOCE COCTaBACHMS MOMUHOMA —

n/20 + n*/4 + 5n3/12 4+ /4 + nj30 = n6n® + 300° + 501° + 30n + 4)/5!
€TI0 HYXKHO [OIBITATBCS YTIPOCTUTh, I10J1CNHB MHOIOWIEH, CTOSIILIMI B CKOOKaX, Ha ABY-
gaeHbl (#+ 1)1 (n+ 2). BGonee cA0XHBIX Ci1yyassX MOKHO TTOMBITATLCS OThICKATH KOP-
HU NOAMHOMOB. PaccMOTpUM caMbiil HENPUSITHBIN JUIsT HAC Clyyail.

Ilycte aH ynucnoBoi psi:

1, 5,13, 25, 45, 81, 145, 257, 439, ...,
M HYXKHO HAATH hopMyIIy A1 ero #-0To uieHa.

B3sik riepBble TPH 3JIEMETA, Mbl MOXKEM BBIYMCIUTD MNOAXOASILNI A% OTOU Leau
nosuHoM: 21° — 2n + 1. Onnako npu =5 oH aaeT yncio 41 sMecto 45, [Mostomy co-
CTABUM M PEUIUM CUCTEMY M3 IMATH ypaBHeHHH. Tak Mbl HaiiieM HOBBIN MOJUHOM:
(n* - 10n° + 470 — 62n + 30)/6. Tlpu n =15, 6 1 7 OH HAC yCTpauBaeT, HO NIpU # = 8 JaeT
yncno 253 BMecTo 257. Takum o6paszoM, ¥ HaC HeT HUKOI/IA YBEPEeHHOCTH B NPABUIIb-
HOCTH HAXOXJACHNS MOJMHOMA ISt H-0TO HIeHA.

K cyactbio, HaMm Hevuero Gosarbest NogobHoli cutyaunu. Tabauubl YCTPGEHH! Tak,
YTO CTEMNEHb MOJAMHOMOB HAPACTALT PABHOMCPHO Ha eAMHUILY 11 Bce (POPMYIBI IS TO-
PUBOHTATBHDLIX U BEPTUKAILHBIX PAAOB OKA3BIBAIOTCS B3AMMOCBS3aHHBIMU. Bripodem,
st Gonbiiel YBEPCHHOCTH 3/1eCh MOXHO BOCITONb30BATLCSA NMPUEMOM, KOTOPBIA NpH-
MEHSLICS HAMU B CAMOM T1CPBOM JIOKA3ATENILCTBE CripaBeuivBoCTH dopMyIsl (4). s
Tab:1. 8 970 03HAYALT, YTO NONUHOM p| BEPEH, TAK KAK OH YAOBJIETBOPSIET IIONUHOMY Py

Gt =3n+ D +6n+1)—6=3n+12=3n+1)+1.
HOHﬂiiOM p2 BCPCH, TaK KdK OH YIOBJICTBOPACT no"ruxmorwypy
A3+ 1)} =3+ D+ 1=m+1)° urn
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Haxoxnenue r- 1 s-noJiuHOMOB 1o Tab,1. 8 He cocTaBuT GonbIOro Tpyaa. [lepeo-
HayaIbHBIMY 3HAYEHUSIMH MTOJIMHOMOB SIBSIIOTCS

r=x+6x+6, Sy =6+ 6x + 1.
Hanee MOXHO BOCNONb30BATLCS PEKYPPEHTHBIMU COOTHOUIEHUSIMMU:
ry4 =&+ Dr, 5,41 =+ s,

Cymmbl Ko GUIHEHTOB MOJHOCTHIO PACTTUCAHHBIX /- U s~ITOJIMHOMOB YJOBJIETBOPS-
0T PABEHCTBAM:

1+6+6=132", 1+7+12+6=132"
1+8+19+18+6=132° ..
HéCﬂmKHO HAMucaTh HAY A0 YMCIIOROHN Tabauuel, rae Obl 3a1ato1ei cTpoxoi Obi
MOJTHHOM py = n*. g Hee nepBbIM F~MOJMMHOMOM OyneT
r=x + 14 + 36 x + 24,
Tabamua co cTpokoit ps = n° UMEeT TAKOH F[IOTHHOM:
ry=xt 4+ 300 + 150x7 + 240x + 120.
TakuM 00pasoM, Mbl UMEEM CNEAYIOUIME PSAOLI HUCEN:
1

1 2

I 6 6

1 14 36 24

1 30 150 240 120

1 62 540 1560 1800 720

3aech OOHAPYKUBAIOTCS CBOH 3aKOHOMEPHOCTH. Tak, BTOpoi BEpTUKANBHBIA PsiJt
{2, 6,14, 30, 62, ...} nopuunseTcs npoctoi opmysie 2" — 2. Tlepseiii Kocoit paxn {1, 2,
6,24, 120,720, ...} npeacrasisieT coBOM Mocaea0BaTEbHBIC 3HAYEHHA (haKTOpHaIa il
A celtuac BHUMaHMe: OTHOLUEHKE 21eMEHTOB BToporo psiaa {1, 6, 36, 240, 1800, ...} k
COOTBETCTBYIOLMM DJIEMEHTAM [1€PBOTO psila HEOXKMAAHHC JAST XOPOLIO 3HAKOMbIH
HaM psia, noauunsiiomniicst popmyne (4):

I/1=1, 6/2=3, 36/6=6, 240/24 =10, 1800/120 =15, ...

Tax BOT, Mb! YTBEpXAAeM, UYTO T€ 3aKOHOMEPHOCTH, KOTOPbIE IPOSBHIIMCE BO BCEX
BHILLIETIPUBEACHHBIX TAOJIULAX, MOXHO TOBEPHVTh B CTCPOHY OGOCHOBAHHUSA DTOM
eIMHCTBCHHON (hopMyabl. ITpaBna, Mbl He 3HaeM, Kak 310 ¢aenats. OueBuIHO, TaKOH
NYThb BBIMUCIEHUIH Oy1eT CAHILIKOM rpoMOo3akuM. OiHAKO OH 6e3yCIOBHO CYHIECTBY-
€T, KOJIb CKOPO HAalla 3aBeTHas nocje0BaTelIbHOCTh Bhlaaia ceds 3nech. Eine pas
MOJUYCPKHEM, UTO K YIOMSIHYTBIM 3/16Ch 3aKOHOMEPHOCTAM Mbl TIPHLLIN HE B pe3y/ib-
Tate KaKOTO-TO JIOTUUECKOTO MBILIEHHS, 8 HA OCHOBE UCKJIIOUUTEJIbHO CBOUX 3PUTE-
JIBHBIX crtocobHocTeit, KpoMe Toro, Ml pyKOBOACTBOBATUCH HEKUM CBOOOAHBIM KOH-
CTPYKTHBHBLIM MPUHIIMTIOM, KOTOPLIA ONpeensieTcst CIOBAMU: Ymo Gydem, ecau no-
CmpoLms mabauyy...

B camom niese, Mbl CMOTPUM HA Tad/. 8§ U 3aMedacM, YTO OHA UMEEST TPU ITpoUuepKa B
MEPBBIX CBOUX STUEIKAX 10 CPABHEHUIO C OAHUM MPOYEPKOM B IBYX MPEABIIYIITHX CTY-
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yaax. Ymo 6ydem, ecau nocmpoums mabauyy, y KoTOPOi nmeppast CTpoKa cocTosuta Obl
U3 HIECTEPOK, HO UMeEJICsi Obl TOJILKO OJAMH NPOYEpK B NepBoit crpoke? Tako# 1war He
SIBJISIETCS A02UMECKU 0OOCHOBAHIIBIM, CKOPEE DTO HALIA TIPUXOTh, BEIb IIepel HAMM pac-
MPOCTEPTO MHOXKECTBO JA0POT, M Mbl BLIGMpPAEM OJAMH TYTh U3 GOJBLIOIO YKHCIA BO3-
MOXHbIX. B pesynbrare cBob0AHOro BbIGOpa nepel HaMM OKasalach Hopast TaGmuia
ypcen — tabu. 9.

Tabnuua 9
i A _

g0 1 g1 ‘ g L gs 44 4s L% 4z 43
|- 16166 6 | 6 | 6 6
| P 1 7 13 | 19 25 31 37 43 49
pp L0 1 8 10140 65 [ 96 [ 133 176 | 225
| D3 | 9 30 § 70 1 135 | 231 364 540 765
| P 1 10 | 40 {110} 245 | 476 | 840 | 1380 | 2145
| Ds 1 11 051 |16l ] 406 | 882 | 1722 | 3102 | 5247
D6 ! 12 1 63 [224| 630 | 15123234 | 6336 | 11583
Py 1 13 ] 76 1300 930 | 2442 | 5676 | 12012 } 23595
D3 1 14 | 90 1390 1320 | 3762 | 9438 | 21450 | 45045

1' | I

EcrecTBeHHO, Mbl OCTAHABIMBAEM CBOI B30p HAa CTPOKE pi, [JIe PaHbIIE CTOSUIU
KyGbI uncen. CpasHupas asa psinauncen: {1, 8, 27,64, 125,216, 343,512,729, ...} u {1,
9, 30, 70, 135, 231, 364, 540, 765, ...}, Mbl HCOXHAAHHO 115 €6 OTKPBIBAEM XOPOIIIO
3HAKOMBbII HaM psii uncest: {0, 1, 3, 6, 10, 15, 21, 28, 35, 56, 84, ...}. KoHeuHo, MOXHO
6610 Ob1 OOMAHYTh YHUTATEA H BECh TEKCT M3JOXEHUS MOCTPOUTD TaK, YTOOLI OH C
XeJe3HON HeoBXOAUMOCTDIO TOABOAN uHTatesns K popmyne (4). Ho ME He craHem
PasbITPLIBATL M3 ceBs1 HEKYIO JIOMMUeCKy10 MailinHy U [IPU3HAEMCS, YTO BCE BBILIUIO a6-
COJIFOTHO Cy4anHo.

ITo MHepUWU MBILIEHUs] Mbl HauMHaeM OGpAa30BBIBATh PA3HOCTH MEXIY BCEMHU
OCTIBHBIMU JIEMECHTAMH JIBYX TalJIMIL, B Pe3y/IbTATe Yero BOZHMUKAET €Il OJHA Tab-
Juvua — tabna. 10.

Ta6bnuua 10
qu . 91 | 9> k] 44 4qs qs q7 g8
lpol =1 =1 = 0 0 0 0 0 0
I 1 1 1 1 1 1

h | = 1 2 3 4 5 6 7 8
310 1 3 6 10 15 21 28 36

' ps | O I 4 10 | 20 35 56 84 120
s 1 0 | 5 151 35 70 126 210 330
el 011 6 | 21 | 56 | 126 | 252 | 462 792
;i 0 1 7 128 | 84 | 210 | 462 | 924 | 1716
g | 0 1 8 36 1 120 | 330 | 792 | 1716 | 3432

Taba. 10 ominyaercs oT Taba. 6 epBOI CTPOKOM U NEPBHIM CTONOLIOM, COCTOSILIM-
MM U3 HyJieit. Tenepb K HAM NPULITIO MTOHUMAHHKE TOTO, TTOYEMY PA3HOCTH MEXILY YJIe-
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HaMH psna p; Tabn. 9 u tadn. 8§ nonyuyuImuch, MMEHHO TakuMu. PazyMeeTcs, Tako# pe3y-
JIbTAT He ObLT CiiydalHbIM. MOXHO rOBOPUTD, UTO OH CO BCEH A02uuecKoll HeobXodumo-
CMbi0 BBITEKAET M3 NpaBUJIa CIIOKEHUs Tabiu1l apMPMETHUCCKUX PSIIOB, XOTS Ha CaMO
MIPABKJIO Mbl HATKHY/JINUCH AOCTATOYHO CJYy4YalHO.

Ecan pazHoctb Mexay Tabn. 9 u taba. 8 nana taba. 6, To HeJIb3s 1M, HATIPUMED, K
Tabn. 8 COOTBETCTBYIOIIUM OOpa3oM NpudaBUTh Tabu. 7? [a, Takol «3KCIepUMEHT»
yIaeTCsl OCYLIECTBUTDL, B pe3yabTaTe noaydaeMm tada. 11.

Ta6nuuya 11
q 4] D 43 q4 qs q6 q7 g8
wl-1-=-1-1561l 56 6 6 6 6
pl =1 —-l1al21 2 | 3 38 44 50
nl - 8 22 1 42 68 100 138 182 232
N 1 9 31 73 141 241 379 561 793
P4 1 10 | 41 114 | 255 496 875 1436 | 2229
Ps 1 11| 52| 166 | 421 917 1792 | 3228 | 5457
Ps I 12 1 64 | 230 | 651 1568 | 3360 | 6588 | 12045
P71 1 131 77 | 307 | 958 | 2526 | 3886 | 12474 | 24519
3 1 14 1 91 | 398 | 1356 | 3882 | 9768 | 22242 | 46761
Tabnuua 12
o 1491 | 4 ! g3 | 94 i qs g6 q7 g8
|l -1 =l —1T-Totl o 0 0 0
nl-1=1~-1111 I 1 1 ]
pl=-1=1l11213] 4 5 6 7
il —Jol 1l 3]lelo] 15 21 28
P4 0 0 1 4 10 20 35 56 84
pslodt ol v 51153 | 70| 1261 210
pe | 0 10| 11 6121 56 | 126 | 252 | 462
pplo o1 7 (281 8 |210] 462 | 924
s 0 0 1 8 36 | 120 | 330 792 1716

BHOBB ycTpemiisieM CBOM B30pbl HA AL p; U BHOBb CPAaBHUBAEM €TO C PSIIOM Dy
taba. 9. PazHocTh aTux psaos onsth nopoxaaet psia {0, 0, 1, 3, 6, 10, 15, 21, 28, ...}.
CnenosaresibHo, Tabu. 11 otaudaercst oT tabs. 9 Ha Taba. 6, y KOTOPOH HYJIAMU YXe 3a-
HSTHI [IEPBbIE ABa cTOJIOUA (Tabn. 12).

Tax wiar 3a 1IaroM K HaM MPUXOAUNT r11y0oKoe NOHUMaHHWe ITPUPOobl TaGIU1I apud-
METUUYCCKUX PsiioB. OKa3bIBAETCS, KaXjlas Takass OeckoHeuHas Ta0nu1ia IpeaCTaBIIsI-
€T COOO0M LeNBbHBIM MaTeMaTUUeCKUd 00beKT. DTH 00BeKTH!, KaK U YUCId, MOXHO
CKJIAZIbIBATh U BBIYUTATL. OHU MOAAIOTCS KnacCU(PUKALIMU, B YACTHOCTH, IO KOJTHYe-
CTBY IIPOYEPKOB B JIEBOM BEPXHEM YTy TabOJIULIbl, T.€. MO YUCIY A4€eK, IS KOTOPbIX
He BBIMOJIHAOTCS NMPOBO3MallleHHbIE paHee MPUHUMILI 06pa3oBaHUs 3JeMeHTOB, K
HYA€80MY KAACCY MOXHO ObLI0 Obl OTHECTH TabJ1. 6. 3TO eAMHCTBEHHAs TA0IU1IA, KOTO-
pasi UMEeT OAMHAKOBbIE (POPMYJIbE 1151 BEPTUKANLHBIX M TOPU3OHTATBHBIX psiioB. OHa
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HUIpaeT posib €AMHUYHOTO JIEMEHTA B MHOXeCTBEe apHM(PMETHUECKUX TabNnll. 3aTeM
UAYT TabIULIBI nepoeo Kaacca TUTIA Ta0. 7 M Tadi. 9. OHHM OTIMYAIOTCI TEM, YTO MOJIH-
HOMBI, BRIpaXXalCllIKe 00IIME WIEHB FOPU3OHTANbHbBIX ¥ BEPTHKATbHBIX TOCIEHOBATE-
JIBHOCTEH, UMEIOT AeHCTBUTENbHBIE KOPHU. DOpMYIIbI p- U g-OTMHOMOB IJIsl Tabn. 7
yKe BbITUCHIBAIMCH. [IpuBeneM cooTBercTRYIOUIME HOpMYIibl 11 Taba. 9:

Po =06,

py = (6n—5)/1,

Py = n(bn — 4)/2!,

py=n(n+ 1)(6n — 3)/3,

Pps=n(n+ 1)(n+ 2)(6n - 2)/4!,

ps=n(n+ )(n+ 2)(n+ 3)(6n—1)/5,

Ppe=n(n+ 1)(n+ 2)(n+ 3)(n + 4)(6n — 0)/6!,

It

pr=n(n+ D(n+ 2)(n + 3)(n+ 4)(n + 5)6n + 1)/7,
pg=n(n+ 1)(n+ 2)(n+ 3)(n+ 4)(n + 5)(n+ 6)(6n + 2)/8!,
g =1,

g, = (n+ 5)/14,

g =n(n + 11)/2!,

g3 = n(n + 1)(n + 17)/3!,
gq = n(n+ D(n + 2)(n + 23)/4,
gs = n(n + 1)(n + 2)(n + 3)(n + 29)/5,

ConocrapJisist 3T popMyasl ¢ hopmynaMu st Tabi1. 7, MBI JIETKO YTaBIMBAEM 3aKOHO-
MEpHOCTH MX HarucaHusi. Ternepb 6e3 BCSIKUX TaOJMMH Mbl CMOXEM BHIIIUCATH p- U
g-¢opmynbl cp,=3,4, SUT.A.

Ko emopomy kaaccy Tabani MOXHO OTHECTH TalJ1. §, KOTOPAasi UMEET TPH SYEHKH C
MPOYEPKOM U Ul KOTOPOU p- U ¢-TOJIMHOMBI He MOJHOCTHIO PACKIAABIBAIOTCS Ha
[IPOCTHIE JBYY/IEHBI C JeHCTBUTENBHBIMHU KOPHSAMH. B MX COCTaB BXOAAT KBaJpaTHd-
HbIE COMHOXMTEJIN ¢ KOMIUIEKCHBIMH KOpHSIMH. K mpemobemy xaaccy oTHOCSATCS TA0-
JIMLBL THIIA Ta61. 11, y KOTOpo# yxe 11ecTb NpoyepkoB. B cOCTaB p-NMOJTUHOMOB y Hee
BXOHSIT HEPA3IOXHUMBbIE KyObl:

py = (60 + 60> — 121 + 6)/3!,
Py = n(6n° + 20n* — 6n + 1)/4!,
ps = n(n + 1)(6r° + 34n* + 16n + 4)/5,

Tab6a. 10 v Tabn. 12 naiT npeacTaBIeHUE O POJIU «€IUHUYHOTO DJIEMEHTAa» B MHO-
XeCTBe apudMETUYECKHX TabJIMLL U TIOSICHSTIOT TIPaBUAA CJIOXKEHMSI U BBIYMTAHUS CO
CABUIOM Ha CTPOKY WJIM CTOJIOEI. MBI TAKXKE MPUITOMUHAEM, YTO CKJIaJABIBATh U BBIYH-
TaTh MOXHO He TOJIbKO LeJIbIe TTOMIOXUTEAbHbIE YUCIIA; CIeIOBATENBHO, TaOJIHIIbI MO-
ryT GBITh 3aNOJTHEHbl IeHCTBUTENBbHBIMY MM KOMITJICKCHBIMU YKciaMu. BEciu yura-
TENb 3aX0YET, OH MOXET OCTATOK CBOEH XM3HMU LEIUKOM TOCBSATHTH U3YYEHHUIO
CBOICTB 3THX TabJIMI: OHU — BTIOJIHE AOCTOIHb! 3TOT0. YTO XKe KacaeTcs HAc, TO IO~
3BOJIBTE 3aKOHUUTb 3TOT MOCJESAHNH MOAPA3AeT MOBTOPEHHEM TJITABHOTO BBIBOJA.
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Beskuit ckaxeT, yTo Tabauibl U p-, ¢-QopMyIbl HU4ero o0ILIEro He UMEIOT C PH-
cyHkaMmH. TeMm He MeHee, YCTaHOBIEHHbBIE 3aKOHOMEPHOCTH FIPUMLIUTY K HaM 6GJ1aroaa-
pst BHUMaATeNbHOMY paccmampusanuro vx. L1ndpbt U1 GykBeHHblE 0603HAYEHUS MbI
0603pesaem TOYHO TaK Xe, KaK TOYKH U JIMHUU, 0Opas3yioliue pUCYHKH, T.€. IpH pac-
CMOTPEHUH TeX U APYTrUX 3aeHCTBOBAHBI ONHHU H TE Xe CHXUYECKHE MeXaHM3MbI. He-
pe3 uudpbl U GYKBBI K HAM NPUXOJAT TIOHATHA O uyucie, (POPMYJie H OTHOLIEHUSIX
MEXy HUMM; uepe3 TOUKU U IMHUHU — TTOHATHUS O Pa3IMYHbIX (UIYypax ¥ TOXKE OTHO-
HIeHUSIX Mexxay HUMU. TTo popMmynam U Tabiu1iaM Mbl CBOGOIHO CKOJIb3UM B3IJISIIOM
TaK Xe, KaK 10 pUCYHKaM, W 3[IeCh HeT MecTa JUTst TOTHKU. OT popMyIsl K opMmyie
Mbl HEPEAKO NPUXOAUM Yepe3 npouedypy evivucaerus. Jlornka, KOHEUHO, IOMOTAET
OOMIATBCS M JEJIACT TIOHSTHBIM BCE TO, YTO 3aT€M M3JNIaraeTcsl APYrUM JTIIOASAM, HO Ha
JTane UCCAeZOBaHMS WM JIaXe I1epBOr0 3HAKOMCTBA C HEBEIOMBIM OOBEKTOM OHa
TJ10Xas MMOMOIHMLA. MOJIOABIM JHOASAM, XAXKAVUIMM 103HATh UCTUHY Bellel, HyXHO
YCBOUTb UMEHHO QUA0COQUIO KOHCIMPYKMUBUIMAL.
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